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Plan

I Classical mechanics

I Heisenberg–Euler effective theory
I QED: muons
I QCD: heavy quarks

I Method of regions

I Bloch–Nordsieck effective theory
I HQET



We don’t know all physics up to infinitely high energies
(or down to infinitely small distances)
All our theories are effective low-energy (or large-distance)
theories

(except The Theory of Everything if such a thing
exists)
There is a high energy scale M where an effective theory
breaks down. Its Lagrangian describes light particles
(mi �M) and their interactions at pi �M (distances
� 1/M); physics at distances . 1/M produces local
interactions of these light fields.
The Lagrangian contains all possible operators (allowed by
symmetries). Coefficients of operators of dimension n+ 4
contain 1/Mn. If M is much larger than energies we are
interested in, we can retain only renormalizable terms
(dimension 4), and, maybe, a power correction or two.
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EFT in classical mechanics

I Slow motion – characteristic time 1/ω

I Fast motion – characteristic time 1/Ω

Ω� ω

Average over fast oscillations
Effective Lagrangian describes slow motion
Poincaré, Krylov, Bogoliubov, Kapitza, . . .
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EFT in classical mechanics

mẍ = −dU
dx

+ F F = F0(x) cos Ωt

x(t) = X(t) + ξ(t)

mẌ +mξ̈ = − dU
dX
− ξ d

2U

dX2
+ F + ξ

∂F

∂X

I Fast oscillations

mξ̈ = F ξ = − F

mΩ2

I Smooth slow motion

mẌ = − dU
dX

+ ξ
dF

dX
= − dU

dX
− 1

mΩ2
F
dF

dX
= −dUeff

dX

Ueff = U +
1

2mΩ2
F 2

= U +
m

2
ξ̇2
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mẌ +mξ̈ = − dU
dX
− ξ d

2U

dX2
+ F + ξ

∂F

∂X

I Fast oscillations

mξ̈ = F ξ = − F

mΩ2

I Smooth slow motion
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Kapitza pendulum

Ω�
√
g

l
λ =

a2Ω2

2gl

Ueff = mgl

(
− cosϕ+

λ

2
sin2 ϕ

)
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Photonia

Here physicists have high-intensity sources and excellent
detectors of low-energy photons, but they have no electrons
and don’t know that such a particle exists.

We indignantly refuse to discuss the question “What the
experimantalists and their apparata are made of?” as
irrelevant.
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Photonia

Quantum PhotoDynamics (QPD)

L = −1

4
FµνF

µν

+ c1O1 + c2O2

O1 = (FµνF
µν)2 O2 = FµνF

ναFαβF
βµ c1,2 ∼ 1/M4
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Photonia

We work at the order 1/M4, there can be only 1 4-photon
vertex

No corrections to the photon propagator

= 0

No renormalization of the photon field

No corrections to the 4-photon vertex
No renormalization of the operators O1,2 and the couplings
c1,2



Qedland

Physicists in the neighboring Qedland are more advanced:
in addition to photons, they know electrons and positrons,
and investigate their interactions at energies E ∼M . They
have constructed a nice theory, QED, which describes their
experimental results.

They don’t know muons, but this is another story.

They understand that QPD (constructed in Photonia) is
just a low-energy approximation to QED.
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Matching
c1,2 can be found by matching S-matrix elements

=

k

n

=
1

iπd/2

∫
ddk

Dn
= Md−2nV (n)

D = M2 − k2 − i0

V (n) =
Γ
(
n− d

2

)
Γ(n)
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Matching

T µ1µ2ν1ν2 =
e4

0M
−4−2ε

(4π)d/2
Γ(ε)

(d− 4)(d− 6)

2880

× (−5T µ1µ2ν1ν21 + 14T µ1µ2ν1ν22 )

Heisengerg–Euler Lagrangian

L1 =
πα2

180M4
(−5O1 + 14O2)
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Wilson line

Physicists in Photonia have some classical (infinitely heavy)
charged particles and can manipulate them.

Sint = e

∫
l

dxµAµ(x)

Feynman path integral: exp(iS) contains

Wl = exp

(
ie

∫
l

dxµAµ(x)

)
The vacuum-to-vacuum transition amplitude is the vacuum
average of the Wilson lines



Potential
Charges e and −e stay at some distance ~r during a large
time T : the vacuum amplitude e−iU(~r)T

T � r

0 ~r

T

= e−iU(~r )T

Coulomb gauge

D00(q) = − 1

~q 2

Dij(q) =
1

q2 + i0

(
δij − qiqj

~q 2

)
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Wilson line

= 0

0 ~r

T

τ

τ + t
= −i e2 T

∫
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Coulomb potential

U(~q ) = e2D00(0, ~q ) = − e
2

~q 2

U(~r ) = −α
r

No corrections
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Contact interaction

In the presence of sources

Lc = c (∂µFλµ)
(
∂νF

λν
)

q q

µ ν
= 2icq2

(
q2gµν − qµqν

)
Uc(~r ) = 2cδ(~r )
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Qedland

D00(~q) = − 1

~q2

1

1− Π(−~q2)
U(~q) = e2

0D
00(~q)

In macroscopic measurements ~q → 0

U(~q)→ −e
2
0

~q2

1

1− Π(0)
= −e

2
os

~q2

On-shell renormalization scheme

e0 = [Zos
α ]1/2 eos A0 = [Zos

A ]1/2Aos

D00(~q) = Zos
AD

00
os (~q) D00

os (~q)→ − 1

~q2

Zos
α = [Zos

A ]−1 = 1− Π(0)
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MS renormalization scheme

e0 = Z1/2
α (α(µ))e(µ) A0 = Z

1/2
A (α(µ))A(µ)

D00(~q) = ZAD
00(~q;µ) D00(~q;µ) = finite

U(~q) = e2(µ)D00(~q;µ)ZαZA = finite Zα = Z−1
A

α(µ)

4π
=
e2(µ)µ−2ε

(4π)d/2
e−γε

QPD
e′0 = e′os = e′(µ)
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Charge decoupling
Macroscopically measured charge is the same in QED and
QPD

eos = e′os

e0 =
[
ζ0
α

]−1/2
e′0 ζ0

α = [Zos
α ]−1

e(µ) = [ζα(µ)]−1/2 e′(µ) ζα(µ) = Zαζ
0
α =

Zα
Zos
α

1 loop

k

k + q

µ ν
= i
(
q2gµν − qµqν

)
Π(q2)

Π(q2) = −4

3

e2
0M

−2ε
0

(4π)d/2
Γ(ε)

(
1− d− 4

10

q2

M2
0

+ · · ·
)
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1 loop

[ζα(µ)]−1 =
Zos
α
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= Z−1
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α

4πε
+ ·
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µ

M(µ)

)2ε
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Electron charge

RG equation

d logα(µ)

d log µ
= −2β(α(µ)) β(α) = β0

α

4π
+ · · ·

Initial condition
α(M) = α′(M)

Contact interaction

c = − 2

15

α

4π

1

M2

Uc(~q ) = − 4

15

α2

M2
Uc(~r ) = − 4

15

α2

M2
δ(~r )



Electron charge

RG equation

d logα(µ)

d log µ
= −2β(α(µ)) β(α) = β0

α

4π
+ · · ·

Initial condition
α(M) = α′(M)

Contact interaction

c = − 2

15

α

4π

1

M2

Uc(~q ) = − 4

15

α2

M2
Uc(~r ) = − 4

15

α2

M2
δ(~r )



Full theory and effective low-energy theory

QED

L = Ψ̄0 (i /D0 −M0) Ψ0 −
1

4
F0µνF

µν
0 −

1

2a0

(∂µA
µ
0)2

QPD

L′ = −1

4
F ′0µνF

′µν
0 − 1

2a′0

(
∂µA

′µ
0

)2
+

1

M4
0

∑
i

C0
i O
′0
i + · · ·

Bare decoupling

A0 =
[
ζ0
A

]−1/2
A′0 + · · ·

a0 =
[
ζ0
A

]−1
a′0 e0 =

[
ζ0
α

]−1/2
e′0
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MS renormalization scheme

QED

A0 = Z
1/2
A (α(µ))A(µ)

a0 = ZA(α(µ)) a(µ) e0 = Z1/2
α (α(µ)) e(µ)

Zi(α) = 1 +
z1

ε

α

4π
+
(z22

ε2
+
z21

ε

)( α
4π

)2

+ · · ·

α(µ)

4π
= µ−2ε e

2(µ)

(4π)d/2
e−γε

Dµν(p) =
1

p2 [1− Π(p2)]

(
gµν −
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MS renormalization scheme

Renormalized decoupling

A(µ) = ζ
−1/2
A (µ)A′(µ)

a(µ) = ζ−1
A (µ)a′(µ) e(µ) = ζ−1/2

α (µ)e′(µ)

ζA(µ) =
ZA(α(µ))

Z ′A(α′(µ))
ζ0
A ζα(µ) =

Zα(α(µ))

Z ′α(α′(µ))
ζ0
α

RG equations

d log ζA(µ)

d log µ
= γA(α(µ))− γ′A(α′(µ))

d log ζα(µ)

d log µ
= 2 [β(α(µ))− β′(α′(µ))]
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On-shell renormalization scheme
QED

A0 = [Zos
A (e0)]1/2Aos

a0 = Zos
A (e0) aos e0 = [Zos

α (e0)]1/2 eos

At p→ 0 Dos
⊥ (p2)→ D0

⊥(p2) =
1

p2

Zos
A (e0) =

1

1− Π(0)

QPD
Z ′os
A = 1 Z ′os

α = 1

Photon field decoupling
At p2 → 0, Dos

⊥ (p) = D′os
⊥ (p) = D0

⊥(p)

Aos = A′os

ζ0
A(e0) =

Z ′os
A (e′0)

Zos
A (e0)

= 1− Π(0)
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1 loop

ζ0
A =

[
ζ0
α

]−1
= 1 +

4

3

e2
0M

−2ε
0

(4π)d/2
Γ(ε)

= 1 +
4

3

α(µ)

4πε
Zα(α(µ))Z−2ε

m (α(µ))

(
µ

M(µ)

)2ε

Γ(1 + ε)eγε

where M0 = Zm(α(µ))M(µ)

ζA(µ) = ZAζ
0
A = finite

ZA(α) = Z−1
α = 1− 4

3

α

4πε

ζA(µ) = ζ−1
α = 1 +

4

3

α(µ)

4π
L
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2 loops

k1

k2

k1 − k2

n1

n2

n3

Γ
(
d
2
− n3

)
Γ
(
n1 + n3 − d

2

)
Γ
(
n2 + n3 − d

2

)
Γ(n1 + n2 + n3 − d)

Γ
(
d
2

)
Γ(n1)Γ(n2)Γ(n1 + n2 + 2n3 − d)

A. Vladimirov (1980)
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2 loops
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2 loops
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Define M(M̄) = M̄, then L = 0
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2 loops

Alternatively use Mos

M(µ)

Mos

= 1− 6

(
log

µ

Mos

+
2

3

)
α

4π
L = 8

α

4π

ζA(Mos) = ζ−1
α (Mos) = 1 +

π2

9
ε
α(Mos)

4π
+ 15

(
α(Mos)

4π

)2

For any µ = M(1 +O(α)), ζα = 1 +O(ε)α +O(α2)
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Qedland

Physicists in Qedland suspect that QED is also a
low-energy effective theory. They are right: muons exist
(let’s suppose that pions don’t exist). Two ways to search
for new physics:

I increase the energy of e+e− colliders to produce pairs
of new particles

I performing high-precision experiments at low energies

We were lucky: the scale of new physics in QED is
M � me, loops of heavy particles also suppressed by αn.
µe agrees with QED without non-renormalizable
corrections to a good precision. Physicists expected the
same for proton. No luck here.
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Dimension 6

Massless electron. Dimension 5 operator

ψ̄Fµνσ
µνψ

violates the helicity conservation

Dimension 6 operators – contact interactions

On = (ψ̄Γnψ)(ψ̄Γnψ) Γn = γ[µ1 · · · γµn]

conserve helicity at odd n

(∂µF
λµ)(∂νFλν) = ψ̄∂νF

µνγµψ = O1

equations of motion

ψ̄∂λFµνγ
[λγµγν]ψ = 0
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Contact interactions

The q2 term in the muon loop

∆L = cO c = − 2

15

α

4π

1

M2
+O(α2) O = (∂µFλµ)(∂νF

λν)

EOM O = e2O1

c1(M) = − 2

15

α2(M) +O(α3)

M2



Matching

=

2ic0
1 = i

e2
0

q2

4

3

e2
0M

−2ε
0

(4π)d/2
Γ(ε)

d− 4

10

q2

M2
0

⇒ − 4

15
i

e4
0

(4π)d/2
1

M2+2ε
0



O3

c3(M) =
O(α3(M))

M2



Decoupling
Full theory: QED with muons

L = ψ̄0i /D0ψ0 + Ψ̄0 (i /D0 −M0) Ψ0−
1

4
F0µνF

µν
0 −

1

2a0

(∂µA
µ
0)2

Effective theory: low-energy QED

L′ = ψ̄′0i /D′0ψ
′
0−

1

4
F ′0µνF

′µν
0 −

1

2a′0

(
∂µA

′µ
0

)2
+

1

M2
0

∑
i

C0
i O
′0
i +· · ·

Decoupling: fields

A0 =
[
ζ0
A

]−1/2
A′0 +

1

M2
0

∑
i

C0
AiO

′0
Ai + · · ·

ψ0 =
[
ζ0
ψ

]−1/2
ψ′0 +

1

M2
0

∑
i

C0
ψiO

′0
ψi + · · ·

Decoupling: parameters

e0 =
[
ζ0
α

]−1/2
e′0 a0 =

[
ζ0
A

]−1
a′0



Electron field

ψos = ψ′os +O
(

1

M2

)
ζ0
ψ =

Z ′os
ψ (e′0)

Zos
ψ (e0)

Zos
ψ (e0) =

1

1− ΣV (0)
Z ′os
ψ (e′0) =

1

1− Σ′V (0)
= 1

ζψ(µ) =
Zψ(α(µ), a(µ))

Z ′ψ(α′(µ), a′(µ))
ζ0
A =

Zψ(α(µ), a(µ))Z ′os
ψ (e′0)

Zos
ψ (e0)Z ′ψ(α′(µ), a′(µ))

I UV cancel in Zψ/Z
os
ψ , Z ′ψ/Z

′os
ψ

I IR cancel in Zos
ψ /Z

′os
ψ

I Z ′os
ψ = 1: UV and IR cancel



Electron field

ΣV (0) =
2(d− 1)(d− 4)(d− 6)

d(d− 2)(d− 5)(d− 7)

(
e2

0M
−2ε
0

(4π)d/2
Γ(ε)

)2

+ · · ·

ζ0
ψ = 1− ε

(
1− 5

6
ε+ · · ·

)( α

4πε

)2

+ · · ·

Zψ(α(M̄), a(M̄))

Z ′ψ(α′(M̄), a′(M̄))
= 1 + ε

( α

4πε

)2

ζψ(M̄) = 1 +
5

6

(
α(M̄)

4π

)2

+ · · ·



Electron mass

Σ(p) = /pΣV (p2) +m0ΣS(p2)

S(p) =
1

1− ΣV (p2)

1

/p− 1 + ΣS(p2)

1− ΣV (p2)
m0

Near the mass shell

1

1− ΣV (p2)

1

/p− 1 + ΣS(p2)

1− ΣV (p2)
m0

=

[
ζ0
ψ

]−1

1− Σ′V (p2)

1

/p− 1 + Σ′S(p2)

1− Σ′V (p2)
m′0

1 + ΣS(0)

1− ΣV (0)
m0 =

1 + Σ′S(0)

1− Σ′V (0)
m′0

Linear in m0; m0 = 0 in ΣV,S(0)
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Power counting

λ ∼ pi
M

p ∼ λ, x ∼ 1/λ, ∂ ∼ λ

Soft photon

<0|T {Aµ(x)Aν(0)} |0> ∼
∫

d4p

(2π)4
e−ip·x

1

p2

[
gµν − (1− a)

pµpν
p2

]
A ∼ λ, Dµ ∼ λ
Soft electron

<0|T
{
ψ(x)ψ̄(0)

}
|0> ∼

∫
d4p

(2π)4
e−ip·x

1

/p−m
,

ψ ∼ λ3/2

Lagrangian: FµνF
µν ∼ λ4, ψ̄i /Dψ ∼ λ4

Action: ∼ 1
Corrections to the Lagrangian ∼ λ6, to the action ∼ λ2
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We can add higher-dimensional contributions to the
Lagrangian, with further unknown coefficients. To any
finite order in 1/M , the number of such coefficients is finite,
and the theory has predictive power.

For example, if we want to work at the order 1/M4, then
either a single 1/M4 (dimension 8) vertex or two 1/M2 ones
(dimension 6) can occur in a diagram. UV divergences
which appear in diagrams with two dimension 6 vertices are
compensated by dimension 8 counterterms. So, the theory
can be renormalized.
The usual arguments about non-renormalizability are based
on considering diagrams with arbitrarily many vertices of
nonrenormalizable interactions (operators of dimensions
> 4); this leads to infinitely many free parameters in the
theory.
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QCD

I QED: effects of decoupling of muon loops are tiny;
pion pairs become important at about the same
energies as muon pairs

I QCD: decoupling of heavy flavours is fundamental and
omnipresent; everybody using QCD with nf < 6 uses
an effective field theory (even if he does not know that
he speaks prose)

Full theory QCD with nl massless flavours
and 1 flavour of mass M

Effective theory QCD with nl massless flavours
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Dimension 6 operators

O0
g1 = g0f

abcGa
0λ
µGb

0µ
νGc

0ν
λ

O0
g2 = (DµGa

0λµ)(DνG
aλν
0 )

Quark operators

O0
qn =

(∑
q

q̄0γ(n)q0

)(∑
q

q̄0γ(n)q0

)
Õ0
qn =

(∑
q

q̄0γ(n)t
aq0

)(∑
q

q̄0γ(n)t
aq0

)
Only operators with odd n conserve the light-quark helicity
Equation of motion: O0

g2 = g2
0Õ

0
q1

If light quarks are not exactly massless, there is also
chromomagnetic interaction

O0
cm = m0q̄0g0G

a
0µνt

aq0
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Õ0
qn =

(∑
q

q̄0γ(n)t
aq0

)(∑
q

q̄0γ(n)t
aq0

)
Only operators with odd n conserve the light-quark helicity
Equation of motion: O0

g2 = g2
0Õ
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Contact interaction of quarks

cg2(M) = − 2

15

TF
M2

(
αs(M)

4π
+O(α2

s(M))

)

Eliminating this term in favour of c̃0
q1Õ

0
q1

c̃q1(M) = − 2

15

TF
M2

(
α2
s(M) +O(α3

s(M))
)
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3-gluon interaction
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QCD decoupling

α(nl+1)
s (µ) = ζ−1

α (µ)α(nl)
s (µ)

ζα(M̄) = 1−
(

13

3
CF −

32

9
CA

)
TF

(
αs(M̄)

4π

)2

+ · · ·

RG equation

d log ζα(µ)

d log µ
− 2β(nl+1)(α(nl+1)

s (µ)) + 2β(nl)(α(nl)
s (µ)) = 0



QCD

Mos
bMos

b − 0.5GeV Mos
b + 0.5GeV

0.21

0.215

0.22

0.225



Light-quark masses

m(nl+1)(µ) = ζ−1
m (µ)m(nl)(µ)

ζm(M̄) = 1− 89

18
CFTF

(
αs(M̄)

4π

)2

+ · · ·



Method of regions

M

m

d = 2− 2ε

M � m

I =

∫
ddk

πd/2
1

(k2 +M2)(k2 +m2)



Exact solution
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→
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Method of regions

I = Ih + Is

hard k ∼M

soft k ∼ m



Hard region

k ∼M
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I IR divergence

I Taylor series in m

I Loop integrals with a single scale M ⇒ M−2ε



Soft region

k ∼ m
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Result
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No scale



Photonia

Photonia has imported a single electron from Qedland, and
physicists are studying its interaction with soft photons
(both real and virtual)

The ground state (“vacuum”) — the electron at rest ε = 0

ε(~p ) =
~p 2

2M

The leading-order mass shell

ε(~p ) = 0

Velocity

~v =
∂ε(~p )

∂~p
=

~p

M
→ 0
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Lagrangian

L = h+i∂0h

equation of motion
i∂0h = 0

Charge −e
ε = −eA0

Equation of motion

iD0h = 0

Dµ = ∂µ − ieAµ

Lagrangian
L = h+iD0h

Not Lorentz-invariant
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Lagrangian

+ Lagrangian of the photon field

∂µF
µν = jν

j0 = −eh+h

The electron produces the Coulomb field



Spin symmetry
At the leading order in 1/M , the electron spin does not
interact with electromagnetic field
We can rotate it without affecting physics
In addition to the U(1) symmetry h→ eiαh,
also the SU(2) spin symmetry

h→ Uh

The electron magnetic moment ~µ = µ~σ
interacts with magnetic field: −~µ · ~B
By dimensionality µ ∼ e/M
(Bohr magneton e/(2M) up to radiative corrections)

Lm = − e

2M
h+ ~B · ~σh

Violates the SU(2) spin symmetry at the 1/M level
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Spin-flavour symmetry

nf flavours of heavy fermions

L =

nf∑
i=1

h+
i iD0hi

U(1)× SU(2nf ) symmetry
Broken at 1/Mi by kinetic energy and magnetic interaction

At the leading order in 1/M , not only the spin direction
but also its magnitude is irrelevant
We can, for example, switch the electron spin off:

L = ϕ∗iD0ϕ
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Superflavour symmetry

The scalar and the spinor fields together

L = ϕ∗iD0ϕ+ h+iD0h

U(1)× SU(3) symmetry

The superflavour SU(3) symmetry:

I ϕ→ e2iαϕ, h→ e−iαh

I SU(2) spin rorations

I

δ

(
ϕ
h

)
= i

(
0 ε+

ε 0

)(
ϕ
h

)
ε — an infinitesimal spinor

Broken at 1/M
We can consider, e. g., spins 1

2
and 1

SU(5) superflavour symmetry
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Feynman rules
Leading order in 1/M

L = ϕ∗0iD0ϕ0 −
1

4
F0µνF

µν
0 −

1

2a0

(∂µA
µ
0)2

The usual photon propagator

The momentum-space free electron propagator

p
= iS0(p) S0(p) =

1

p0 + i0

depends only on p0, not on ~p
(spin-1

2
field h0 — the unit 2× 2 spin matrix)

The coordinate-space propagator

0 x
= iS0(x) S0(x) = S0(x0)δ(~x ) S0(t) = −iθ(t)

Static electron does not move
Solving the equation

i∂0S0(x) = δ(x)
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Feynman rules

Vertex

µ

= ie0v
µ

vµ = (1,~0 )

The static field ϕ0 (or h0) describes only particles,
there are no antiparticles.
No loops formed by static-electron propagators.
The electron propagates only forward in time;
the product of θ functions for a loop vanishes.
In the momentum space: all poles of the propagators
are in the lower p0 half-plane;
closing the integration contour upwards, we get 0.
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Wilson line
In an external field Aµ(x)

iD0S(x, x′) = (i∂0 + e0A
0(x))S(x, x′) = δ(x− x′)

Solution

S(x, x′) = S(x0, x
′
0)δ(~x−~x ′) S(x0, x

′
0) = S0(x0−x′0)W (x0, x

′
0)

Wilson line from x′ to x (along v)

W (x0, x
′
0) = exp ie0

x0∫
x′0

Aµ(t, ~x )vµdt

Quantum field (operator Aµ0(x)): P exp

D0W (x, x′)ϕ0(x) = W (x, x′)∂0ϕ0(x)

The HQET Lagrangian has been introduced as a device to
investigate of Wilson lines
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Gauge A0 = 0

The field ϕ0(x) does not interact with the electromagnetic
field (and thus becomes free).
However, this gauge is rather pathological.
The static electron creates the Coulomb electric field ~E.
In the A0 = 0 gauge, ~A has to depend on t linearly.



Gauge A0 = 0
We can formally express the field ϕ0(x) in any gauge via a
free field ϕ(0)(x):

ϕ0(x) = W (x)ϕ(0)(x)

W (x0, ~x ) = P exp i

x0∫
−∞

Aµ0(t, ~x )vµdt

~x

x0

(x0, ~x )

Then W−1(x)D0W (x) = ∂0, and

L = ϕ(0)+i∂0ϕ
(0)



Residual momentum

The full-theory energy M is the HEET zero level

E = M + ε

ε — the residual energy

P µ = Mvµ + pµ

I P µ — 4-momentum of some state (containing a single
electron) in the full theory

I pµ — its momentum in HEET (the residual
momentum)

vµ — 4-velocity of a reference frame in which the electron
always stays approximately at rest
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Reparametrization invariance

HEET is applicable if there exists such v that

pµ �M pµγi �M

This condition does not fix v uniquely: v → v + δv,
δv ∼ p/M .
Effective theories corresponding to different choices of v
must produce identical physical predictions:
reparametrization invariance.
Relations between quantities at different orders in 1/M .
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Relativistic notation

Lagrangian

L = ϕ∗0iv ·Dϕ0 + (light fields)

Free propagator

S0(p) =
1

p · v + i0

Mass shell
p · v = 0



Spin 1
2

4-component spinor field

/vhv = hv

Lagrangian

L = h̄v0iv ·Dhv0 + (light fields)

Propagator

S0(p) =
1 + /v

2

1

p · v + i0

Vertex ie0v
µ



Qedland

S0(Mv + p) =
M +M/v + /p

(Mv + p)2 −M2 + i0
=

1 + /v

2

1

p · v + i0
+O

( p
M

)
Mv + p

=
p

+O
( p
M

)

1 + /v

2
γµ

1 + /v

2
=

1 + /v

2
vµ

1 + /v

2

We may insert the projectors (1 + /v)/2 before u(Pi) and
after ū(Pi), too, because

/vu(Mv + p) = u(Mv + p) +O
( p
M

)
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Qedland

We have derived the HEET Feynman rules from the QED
ones at M →∞. Therefore, we again arrive at the HEET
Lagrangian which corresponds to these Feynman rules.

We have thus proved that at the tree level any QED
diagram is equal to the corresponding HEET diagram up to
O(p/m) corrections. This is not true at loops, because loop
momenta can be arbitrarily large. Renormalization
properties of HEET (anomalous dimensions, etc.) differ
from those in QED.
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Exponentiation

1-loop correction to x-space propagator, multiply by itself
Integral in t1, t2, t′1, t′2 with 0 < t1 < t2 < t, 0 < t′1 < t′2 < t
Ordering of primed and non-primed t’s can be arbitrary
6 regions corresponding to 6 diagrams

0 tt1 t2
× 0 tt′1 t′2

= + +

+ + +



Exponentiation

This is 2× the 2-loop correction
1-loop correction cubed is 3!× the 3-loop correction, . . .

S(t) = S0(t) expw1

w1 = − e2
0

(4π)d/2

(
it

2

)2ε

Γ(−ε)
(

1 +
2

d− 3
− a0

)
In the d-dimensional Yennie gauge the exact propagator is
free



Exponentiation

No corrections to the photon propagator ZA = 1: a = a0,
e = e0

Zh = exp
[
−(a− 3)

α

4πε

]
γh = 2(a− 3)

α

4π

exactly!



Current

J0 = ϕ∗0ϕ0 Q0 =

∫
dd−1~x J0(x0, ~x) = 1

ZQ = 1 ZJ = 1 J = J0

Ward identity
Green function

<0|ϕ∗0(x)J0(0)ϕ0(x′)|0> = δ(~x)δ(~x ′)G(x0, x
′
0)

=
x0 x′0t t′

Vertex Γ(t, t′) = δ(t′ − t) + Λ(t, t′) and 2 full propagators
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Coordinate space

Each diagram for Σ ⇒ a set of diagrams for Λ

t t′t1 t2 ⇒

t t′t1 t20
+
t t′t1 t20

+
t t′t1 t2 0

= θ(−t)θ(t′)t t′t1 t2



Coordinate space

Regions t ≤ 0 ≤ t1 ≤ t2 ≤ t′, t ≤ t1 ≤ 0 ≤ t2 ≤ t′,
t ≤ t1 ≤ t2 ≤ 0 ≤ t′

union — the region for Σ (t ≤ t1 ≤ t2 ≤ t′)

Λ(t, t′) = −iθ(−t)θ(t′)Σ(t′ − t)

Or we can start from diagrams for S(t, t′)

G(t, t′) = iθ(−t)θ(t′)S(t′ − t)

LHS = ZhZJGr, RHS = ZhSr ⇒ ZJ = 1
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Momentum space

G(ω, ω′) =
ω ω′

q

= iS(ω) Γ(ω, ω′) iS(ω′)

Γ(ω, ω′) = 1 + Λ(ω, ω′) q0 = ω′ − ω

Each diagram for Σ ⇒ a set of diagrams for Λ

ω ω′
q

= − i

ω′ − ω

[
ω′

−
ω

]



Momentum space

ω ω ⇒

ω ω′q
+

ω ω′q

+
ω ω′q



Momentum space

= − i

ω′ − ω
×[

−

+ −

+ −

]



Momentum space

= − i

ω′ − ω
×[

ω′ ω′ − ω ω
]

Λ(ω, ω′) = −Σ(ω′)− Σ(ω)

ω′ − ω

Γ(ω, ω′) =
S−1(ω′)− S−1(ω)

ω′ − ω
(also Fourier from coordinate space)

G(ω, ω′) =
S(ω′)− S(ω)

ω′ − ω
also from all diagrams for G, or Fourier
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Vertex

ω ω′

q

= ie0v
µΓ(ω, ω′)

ZΓZh = 1

Zα = (ZΓZh)
−2Z−1

A = Z−1
A = 1



Operators

Full QED operators — series in 1/M
via HEET operators

O(µ) = C(µ)Õ(µ) +
1

2M

∑
i

Bi(µ)Õi(µ) + · · ·

Matching on-shell matrix elements



Electron field

ψ0(x) = e−iMv·x
[
z

1/2
0 hv0(x) + · · ·

]

On-shell matrix elements

<0|ψ0|e(p)> =
(
Zos
ψ

)1/2
u(p)

<0|hv0|e(p)> = (Zos
h )1/2 uv(k)

Bare decoupling Zos
h = 1

z0 =
Zos
ψ (e

(1)
0 )

Zos
h (e

(0)
0 )

Renormalized decoupling

z(µ) =
Zh(α

(0)(µ), a(0)(µ))

Zψ(α
(1)
s (µ), a(1)(µ))

z0
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Gauge dependence of QED propagators
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Gauge dependence of Zψ, γψ
Massless electron

S(x) = S0(x)eσ(x)

σ(x) = σL(x) + a0
e2

0

(4π)d/2

(
−x2

4

)ε
Γ(−ε)

= σL(x) + a(µ)
α(µ)

4π

(
−µ2x2

4

)ε
eγEεΓ(−ε)

= logZψ + σr

logZψ(α, a) = logZL(α)− a α

4πε

γψ(α, a) = 2a
α

4π
+ γL(α)

d log(a(µ)α(µ))/d log µ = −2ε exactly
γL(α) starts from α2

known to 5 loops
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Gauge independence of z(µ) in QED

I z0 = Zos
ψ gauge invariant

I logZh = (3− a(0))
α(0)

4πε
α(0) = αos ≈ 1/137

I logZψ = −a(1)(µ)
α(1)(µ)

4πε
+ (gauge invariant)

I Decoupling a(1)α(1) = a(0)α(0)

Gauge dependence cancels in log(Z̃ψ/Zψ)



Result

z(Mos) = 1− α

π

+

(
π2 log 2− 3

2
ζ3 −

55

48
π2 +

5957

1152

)(α
π

)2

+ · · ·



Electron propagator near the mass shell
On-shell mass M = M0 + δM , ω �M

P = (M + ω)v Σ(P ) = Σ0(ω) + Σ1(ω)(/v − 1)

S(P ) =
1

/p−M0 − Σ(p)

=
1

[M + ω − Σ1(ω)] /v −M + δM − Σ0(ω) + Σ1(ω)

The denomunator

[M + ω − Σ1(ω)]2 − [M − δM + Σ0(ω)− Σ1(ω)]2

should vanish at ω = 0:

δM = Σ0(0)
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Electron propagator near the mass shell

S(P ) =
1

[M + ω − Σ1(ω)] /v −M − Σ0(ω) + Σ0(0) + Σ1(ω)

=
[M + ω − Σ1(ω)] /v +M + Σ0(ω)− Σ0(0)− Σ1(ω)

[M + ω − Σ1(ω)]2 − [M + Σ0(ω)− Σ0(0)− Σ1(ω)]2

The denominator at ω → 0

[M − Σ1(0) + ω − Σ1(ω) + Σ1(0)]2

− [M − Σ1(0) + Σ0(ω)− Σ0(0)− Σ1(ω) + Σ1(0)]2

≈ 2 (M − Σ1(0)) [ω − Σ0(ω) + Σ0(0)]

The numerator at ω → 0

(M − Σ1(0)) (/v + 1)

S(P ) ≈ /v + 1

2
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ω − Σ0(ω) + Σ0(0)
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Regions

Σ0(ω) = Σh(ω) + Σs(ω)

Hard

Σh(ω) =
e2

0M
1−2ε

(4π)d/2
Γ(ε)

d− 1

d− 3

(
1− ω

M
+ · · ·

)
δM = M

[
e2

0M
−2ε

(4π)d/2
Γ(ε)

d− 1

d− 3
+ · · ·

]
Zos
ψ =

1

1− Σ′0(0)
= 1− e2

0M
−2ε

(4π)d/2
Γ(ε)

d− 1

d− 3
+ · · ·

Soft

Σs(ω) = Σ(ω)
(

1 +O
( ω
M

))
Σ(ω) =

e2
0(−2ω)1−2ε

(4π)d/2
Γ(1 + 2ε)Γ(1− ε)

d− 4

(
1 +

2

d− 3
− a0

)
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Electron propagator in QED and HEET

S(p) =
1 + /v

2

1

ω − Σ′h(0)ω − Σs(ω)
= z0S(ω)

z0 = Zos
ψ =

1

1− Σ′h(0)

S(ω) =
1 + /v

2

1

ω − Σ(ω)

S(ω) — HEET propagator

I Higher terms in Σh ⇒ corrections to ψ0 via hv0

I Higher terms in Σs ⇒ corrections to S(ω) due to 1/M
terms in the HEET Lagrangian
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Power counting
Small parameter (p — residual momentum)

λ ∼ p

M

Soft fields: ∂ ∼ λ, A ∼ λ, D ∼ λ

<T{ϕ(x)ϕ+(0)}> ∼
∫

d4k

(2π)4
e−ik·x

1

k · v + i0

ϕ ∼ λ3/2

ϕ+iD0ϕ ∼ λ4

ϕ+ ~D 2ϕ ∼ λ5 ϕ+ ~B · ~σϕ ∼ λ5

Action: main ∼ 1, corrections ∼ λ
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Heavy–heavy current

J0 = ϕ∗v′0ϕv0 = ZJ(α(µ))J(µ) coshϕ = v · v′

Γ(ϑ) =
d logZJ
d log µ

Exponentiation: 1-loop formula is exact



Cusp anomalous dimension
Unitarity ∣∣∣∣∣ +

∣∣∣∣∣
2

+

∫ ∣∣∣∣∣ +

∣∣∣∣∣
2

= 1

Classical electrodynamics

dE =
e2

2π2
(ϑ cothϑ− 1) dω

dw =
e2

2π2
(ϑ cothϑ− 1)

dω

ω

1+2ε

F = 1− 1

2

∫ ∞
λ

e2

2π2
(ϑ cothϑ− 1)

dω

ω1+2ε
= 1− 2

α

4πε
(ϑ cothϑ− 1)

Γ = 4
α

4π
(ϑ cothϑ− 1)

The Guiness Book of Records: the anomalous dimension
known for the longest time (> 100 years)
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Limiting cases
ϑ� 1 Series in ϑ2

Γ(ϑ) =
α

3π
ϑ2 +O(ϑ4)

ϑ� 1 Γ(ϑ) = Γlϑ+O(ϑ0)

Γl =
α

π

Euclidean space cosϑE = v · v′

Γ(ϑE) = 4
α

4π
(ϑE cotϑE − 1)

−1 10

cosϑE
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ϑE → π

Heavy-particle pair production

~r = ~ut

~r = ~0

U(r) = − e
2

4π

1

r

1−2ε

W = exp

[
−i
∫ T

0

dt U(ut)

]
= exp

[
i
e2

4π

T 2ε

2εu1−2ε

]
ZJ = exp

[
i
α

2εu

]
Γ = −iα

u
u⇒ iδ Γ(π − δ) = −α

δ
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Kinetic energy
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Feynman rules
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Mass shell
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Reparametrization invariance
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Reparametrization invariance
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Propagator

= −
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Chromomagnetic interaction
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Mass splitting

M2
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1 +O
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In the past

Only renormalizable theories were considered well-defined:
they contain a finite number of parameters, which can be
extracted from a finite number of experimental results and
used to predict an infinite number of other potential
measurements. Non-renormalizable theories were rejected
because their renormalization at all orders in
non-renormalizable interactions involve infinitely many
parameters, so that such a theory has no predictive power.
This principle is absolutely correct, if we are impudent
enough to pretend that our theory describes the Nature up
to arbitrarily high energies (or arbitrarily small distances).



At present

We accept the fact that our theories only describe the
Nature at sufficiently low energies (or sufficiently large
distances). They are effective low-energy theories. Such
theories contain all operators (allowed by the relevant
symmetries) in their Lagrangians. They are necessarily
non-renormalizable. This does not prevent us from
obtaining definite predictions at any fixed order in the
expansion in E/M , where E is the characteristic energy and
M is the scale of new physics. Only if we are lucky and M
is many orders of magnitude larger than the energies we are
interested in, we can neglect higher-dimensional operators
in the Lagrangian and work with a renormalizable theory.



Conclusion

Practically all physicists believe that the Standard Model is
also a low-energy effective theory. But we don’t know what
is a more fundamental theory whose low-energy
approximation is the Standard Model. Maybe, it is some
supersymmetric theory (with broken supersymmetry);
maybe, it is not a field theory, but a theory of extended
objects (superstrings, branes); maybe, this more
fundamental theory lives in a higher-dimensional space,
with some dimensions compactified; or maybe it is
something we cannot imagine at present.



Conclusion

The only model-independent method to search for physics
beyond the Standard Model (without inventing arbitrary
scenarios) is to use SMEFT: add operators having higher
dimensions (5, 6) to the Standard Model Lagrangian with
unknown coefficients, and to try to measure these
coefficients experimantally. As soon as some coefficient(s) is
proved to be non-zero, we know that the Standard Model is
not exact. After measuring sufficiently many such
coefficients we can start inventing a more fundamental
theory which explains them.
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