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—
N=4 SYM theory

« N=4 SYM - one may hope that this theory is exactly solvable,

* Physical content - resembles perturbative part of QCD (massless QED without

running of the coupling). Tree amplitudes identical to QCD.

* The correlation functions in this theory can be studied in the weak and strong
regimes ( via AdS/CFT).

* The computation of anomalous dimensions of local operators in N=4 SYM in
planar limit can be reduced to the problem of solving some integrable system.

* There are numerous results for perturbative expansions of amplitudes (S-
matrix) and form factors/cor.functions with some results valid in all orders of
PT (BDS ansatz for 4,5 points, collinear OPE).

 N=4 SYM is perfect theoretical laboratory development and tests

of new ideas, methods and representations for D=4 gauge
theories.
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On-shell variables

Why we know so much about N=4 SYM now ?
* Proper variables - helicity spinors:

Rev. in. Cp(z) (gu)oéap(l /\ /\(Z) Ao € SL(Q, C)

BernDixonKosower 96

e ANDNY) = (ij) = \/<pz+p]> ' = \[5;;¢'77, gy € R ({ig))* = [iJ]

 and momentum twistors:

X2
« p2
M __ /\z aa 1 X3
o ( /P‘> = |
' x1 Hoges ~10
. p3
pz =" — xz 1 P>

X5 p4 x4 q=p5+pb
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——
N=4 SYM theory. Amplitudes and form factors

Lots of explicit answers in weak and strong coupling for amplitudes:

An,k (Ql, e ,Qn) = <Ql .. .Qm|0> Dixon et.al, k - labels
Basso, et al. overall
Form factors: helicity
Fo(, ..., Q0 0) = (... Q] O|0)

Maldacena, Zhiboedov,

And correlation functions: Brandhuber, et al.

Bork, et al.
Gromovy, et al.

Korchemsky et al.

G, = (0|0y ... 0,|0)

_ 1 | _ | B
CQ = gJr + 77A¢A + EnAanbAB + gﬂAﬁBﬂCEABCD%DD + ZUUAUBTICUDEABCD.Q]

The N=4 on-shell momentum superspace is often used to describe on-shell states of
N=4 SYM. Grassmann variables encode helicity.
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Examples of some form factors of gauge invariant

operators

Wilson line operator (operator corresponding to reggeon state in Lipatov et al. 95 approach to
high energy scattering):

4 - 1 ig [ )
We(k) = [ d*ze®™*Tr{ —t° Pexp | —= / dsp- A t°
(k) / xe r{wg Xp ) sp- Ap(x + sp)
. .k , z g . ;
k:(q) = k* — z(q)p” with z(q) = Z_ and ¢> = 0. Kki(g) = -2 (pgq]ltﬂ . (q<|q7p>|p] with k= %@iﬂ’ K* = @[L—@]q]
A (U, Qs Goits 5 o) = . m|H s (Km5)]0)

N J
l.e. in general Wilson line (W.L.) form factors are functions of the following arguments:

_ Y. 7 +
Az,m—l—n (Ql) Tt 7g;kn—|—n) T Az:,m—l—n ({A“ /\i7 i gi= 17 {kZ7 )‘p,u )‘p, ;177?—}—1)

Also W.L.form factors are sometimes called reggeon amplitudes (W ~ reggeside gluon creation/
annihilation operator).
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Examples of some form factors of gauge invariant
operators

Wilson line operator (operator corresponding to reggeon state in Lipatov et al. 95 approach to

high energy scattering):

\_

4 - 1 ig [ )
Wc k _ d4 z:v-k:T _tc 73 _/ d . A tb
(k) / xe r{wg exp 5/ sp- Ap(x + sp)
_ : _qk 2 _ u G R C i) RO 1) R )1 ')
kr(a) = k" —z(gp" with 2(q) = 7D and ¢" =0, k(o) =—57 2 (ap) h (ap) [pa]
At (-, Qs Gosrs - Goim) = (- | [ [ Worns (bm1)10) y
j=1

For example in the simplest case (tree level):

H - Ol {

/\1)\1 -+ )\2)\2 + k‘g) 58 (/\p3ﬁp3 + A1+ )\2772)
(p31)(12)(2p3)

A;,2—|—1(Qla s, 93)

K3
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——
BCFW recursion. Tree amplitudes

e BCFW recursion: BrittoCachazoFengWitten 05
pay = )\(1)5\(1) A1) = A — ZAw) P5=pi+ ..pj + 2AmAp). (P;)? =0
Py = AmAm) 1 Aw) = Ay T 2A0 2t (D D+ 2 Ap)? =0

A (z) = 0if 2 = o0 P2
(k| Pyl

poles z;;
1 K !
Ay = Z AL(’ZZ]>P_3AR(ZZJ)
2 ol L
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BCFW recursion. Amplitudes - momentum twistors

One can represent BCFW recursion in very compact form using
momentum twistor variables: (i,j, k1) = eapenZ{*ZP 2 ZF

Pk:,n(Zly ceey Zn) — Pk:,n—l(Zl, c ooy Zn—l) (7’7]) M (k7p7 m) = ZZ(Qk‘pm> =+ Zj (’&kpm>

n—2
+ Z[] - 17j> n — ]-777'7 1]7Dk1,n—i—2—j(ZIj7 Zja Zj—}—la s )an)PkQ,j(ZIj7 Zl; Z27 s 7Zj—1)
j=2

Where: an = (n—l,n)ﬂ(l,j—l,j), ij — (j—l,j)ﬂ(l,n—l,n)

04((a,b, ¢, d)x. + cycl.)

b, c.d, el =
b6 = e @b e d e, e, ) (d 0,5y e, 0,5, )

Example of solution: Arkani Hammed et-al 10

NMHV
A6

ppm—
v = L2 3,,@5, 6] + [1,3,4,5, 6] Can be combined together into single
° “generatingfunction” ...




Another representation for BCFW recursion solution.
Grassmannian integral

One of such remarkable ideas is representations of amplitudes and leading singularities in N=4

SYM in terms of Grassmannian integral and development of on-shell diagram formalism and
geometrical interpretation (“amplituhidron”):

On shell information about external particles

) Jexney 0 (C’ : 5\‘5 o4 (C - ﬁ¢) 5(”_’“)X2’(C'\lf)\)
LulT] :/FVOI[GL(k)] 1---k)---(n—1n---k—2)(nl---k—1)

Hodges ~08 AZ,,ef = LIZ [Ftree]; C - C’l =1
Arkani Hamed et-al 09 /

/7
C - is nXk matrix - a point in Grassmannian

Arkani Hammed et-al 12

This is multidimensional integral over multiple complex variables, which can be computed by
residues. Different choices of integration contour gives different BCFW representations for tree
amplitudes and leading singularities to all loop order (!). Also this is the most general form of
rational Yangian invariant. And do not forget about twistor strings!
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——
Another representation for BCFW recursion solution.

Grassmannian integral

Similar expression can be obtained in momentum twistor representation:

On shell information about external particles

d(k—2)x(n+2)D 54(k—2)|4(k—2) (D . Z)
£'n,—|—2 /

VOllGL(k —2)](1 ... k—2) ... (n+2 ... k—3)

Hodges ~08
Arkani Hamed et-a/ 09

n+2
54(1{: 2)|4(k—2) _D Z 54|4 DmZ
Mason Skiner~10 H Z
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Grassmannian integral, on shell diagrams

and (decorated) permutations

doy d - -
A3 0 {)\Z, >\z> 772 / @ d% 62 )\1 + 041)\3) 52 ()\2 + 042)\3) X §° ()\3 + a1\ + 052)\2) X
X 5 (m + a1773) o (n2 + aans) ,
A \ _ dﬂl d/82 2 2 2 (X X X
s—1({ A, Aiymi}) = B, By 0% (A1 + B1A3) 6% (Ao + BaAz) X & ()\3 + 1A + 52)\2) X
x o (s + Bim + Bang) -
a 1 2 )
d2)\id25\id4 i One can show that
——— integrating such vertexes
VOI[GL(D] in appropriate
6 3 combination one can

reproduce Grassmannian
integral mentioned
picture above.

from th 1212.5605 | 5 4 y Arkani Hammed et-al 12
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Grassmannian integral, on shell diagrams

and (decorated) permutations

~ )
akCy 1 2( ) (” )
) Cu) Cam | X
/Vol[GL(k WA e H Z e ; o There is one to one
correspondence between
. X blng(SQ <ZCM1>- y the following objects:
/Arkani Hammed et-al 12 ?icwrti 1212.5605
( 1 2 \ rom .
é )
. : /123456
: IR
. ) 5320614
\_ J \_ J
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Grassmannian integral, on shell top-cell

diagram
 Every Grassmannian integral can be reduced to:

]{d f{d ,%dfd F2C(f,) - NEC () - )8 OX2(CL(£,) - )

* On shell diagrams are equivalent after:

3. 4 3. 4 3 4
3><434
2" 1 201
2 T 27 1 20
a)

)

3 1 3 1
2 1 2 1

» Top-cell for NMHV_5 Arkani Hammed et-al 12
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Grassmannian integral, on shell top-cell

diagram

 BCFW recursion in terms of on-shell diagrams:

Arkani Hammed et-al 12
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S
Grassmannian integral, on shell top-cell
diagram

i i+1

e o T O~ ~ - da L 2 A ~ -
B’I"(’L, 1+ 1) [f( .oy )\z', /\z’l’h, ‘o ey )\j, )\j, Mjy- - )] = Ef( ooy /\2', /\2',’]’]z', ‘o ey )\j, )\j, Mjy - ) =
do < L. . T
Ef(...,)\i,)\i—a/\j,m — ATy e vy )‘j+a)‘i)/\ja77j7--->
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But what about loops ...
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But what about loops ? BCFW for loop
integrands

(L) (L) Arkani Hammed et-al 09-10
[k,n - Ik,n—l(Zla SRR Zn—l)

k1,n+2—j k2,j

n—2
+Y - Lgn— L 0N (21,25, Zi, o, 2 ) I (21, 21, 2a, ., 25o1)
=2

k+1,n+2 ) M AB)

/ d4|4ZAd4|4ZB

ABn—1n 1%V (2, 2, ... 2  Z, Z
VOI[GL(Q)] /GL(2)[ , D, T » T ] ( 1, <2, A B)

where Z,. = (n—1,n) N (1,5 —1,5), Z;, = (j — 1,/) N (1,n — 1,n), Z

s = Mm—1,n)N
(A,B,l) and k1+k}2+1 = k.
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But what about loops ? BCFW for loop

integrands
L) =10 (21, 2000) Z —Z twZ,
n—2
+3 = 1,5n =10 0000 (21,25, 2k, 2o ) T2 (21, 20, 20y Z)
j=2
044 2,41 2 - :
A Bn—1mn1]I 21 2 B Za 2
+/ VOI[GL(2)] /GL(Q)[ , D, T y 10, ] k+1,n+2( 1,42, ) AB A B)
| -
12=0
d*l = (ABd*A){ABd*B) o
 dYZ4d* Zp
~ Vol[GL(2)] « o e
1 n
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But what about loops ? BCFW for loop

integrands
1910 (2. 2 2 -z vz,
n—2 X
+ [.7 _ 17j7 n— 17 n, 1]1151;’1734_2_]'(2[3'7 Zj7 Zj—I—la SR an)llg;fz) (ZIj7 Zla Z27 s 7Zj—1)

<.
I
N

d*Z d* Zp L1 .
ABn—1n 1%V (z 2 ... 2 Z,Z
/ Vol|GL(2)] /GL(2)[ Byn =1, 1 40(215 22, -3 2oy 245 ZB)

/ N\ /
A) B | 0
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]
BCFW recursion for W.L. form factors

e Also version of BCFW recursion exists for W.L. form factors:
ki — [ig)z @ly"lg] K7 (GI*ld]

B (2) = K — geb — (ot — T DN G ()2 (il ]

k5 (2) = K5 — ze! = z;(pi)p; 2" ] 5 i
o * . n—2 n—1

B =L DA IR 4D
1=2 h 1=2

Kotko, Hammeren ~14

Dubna 2018



Gluing operator

n—+2 o ~
: PNENAT, -
Arttasald] E/ VolGL(T)] 32+1(9% Onsts Dns2) X f (P4 Ao ki)
1=n—+1
A (Pnt16nt1) [ dB dﬁ2 1 ~ 2
An n f — " ( Az,)\z,m n+)

where | denotes substitutions {;, Ai, n:}702, = {Ni(B), M(B), 7(B)}it2, | with

(1+B1) <

)\n—l—l(ﬁ) — én-l—l + 62én+27 5\’rH—l(B) — 5lén+1 + Tén+2’ ﬁ”'}‘l(ﬁ) - _51Qn+1
B (14 51) S _ S X - _ -
Ant2(B) = Anta + Wén—}-l , Mn2(8) = —B1dns2 — B1BeAni1,  Tng2(B) = B1Befin1
and Bork, Onishchenko ~14, 16
EE - _ - (VAL
Ant+l = Antl = (€p)’ In = TMpy Ant2 = AL Ant2 = (€p) Nn+2
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Gluing operator in terms of on-shell

diagrams

1 n+2

An+1,n+2 [f] —

Fpga(In +1)

Bork, Onishchenko ~14, 16 S(la n + 27 n+ 1) — <1n i 2> <n + 9 + 1>
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Gluing operator and BCFW for on-shell
amplitudes

3 3 1 1
; : a, % 0 0 Cé a; i §
2 k, k, 2

3
84 X £ 3 X £ S
11 pr 00 6[T1ss] = {1} + {3} + {5} = A3 .3(97, 95, 93)

j=1,2,3 ~ 'Pj
(1) = (p1&1) (p262) (P3&s) (p1D2)° [Pap3)® k52 k5% (p2ba) > (p3&s) —°
K1KaK3 K3k3 <p3§3> —2 <p1§1>/<:§ 14352 <p2£2>_2 <P2 \ k1 \pz] <P2 \ k1 \p3] <P1 ‘ ks \Pz]
1 <p1p2>3[p2p3]3

K1K3 <P2V€1 |p2] <p2|k1|p3] (P1|k3 |p2] '

L. Bork Dubna 2018



Gluing operator and BCFW for on-shell
amplitudes

One can transform BCFW recursion for on-shell amplitudes into BCFW for W.L.
form factors (term-to-term correspondence!). n=3 Example:

> o

Action of Gluing operator

Dubna 2018



Gluing operator and BCFW for on-shell
amplitudes

One can transform BCFW recursion for on-shell amplitudes into BCFW for W.L.
form factors (term-to-term correspondencel!). It is not hard to see that actually:

A m.twistor k _ K Bork, Onishchenko 18
[ An—|—1,n—|—2 [‘Cn—I—Z] _ wn—l—g

L d(k—2)x(n+2) D o J4(k—2)[4(k—2) (D- 2)
2 VollGL(k—2)] 71 ... k-2 ... (n+2 ... k—3)
Reg. =
1+ (pn@:flnf;) (n‘(*‘f.? ',;'_Z;E)S\Grassmannian integral for W.L. form factor
Lk d(k_g)x(n+2)D 54(k—2)|4(k—2)(D . Z)
nt2 /VO][GL(k—Q)](l...k—Q)...(n—|—2...k—3)'
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Gluing operator and BCFW for on-shell

amplitudes
y d(k—2)x(n+2)D 54(k—2)|4(k—2) (D . Z)
Wh 49 Reg.
VOl[GL(k — 2), 1. k-2 .. (n+2. . k-3
Reg. =
I nt1ént1) (422 ... k=2) rassmannian integral for W.L. form factor

(p
1+ i1 l) (1. k—2)

X2
o p2
ZiM - ( ZO‘ ) C My = T A P 3 n=3 example

i x1 Dual variables for
. . . P33 point W.L. form
Pt =t =t P> factor <0|W|123>

X5 p4 x4

q=p5+p6
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Gluing operator and BCFW for on-shell
amplitudes. Examples

1
1+ (p5€5) (1345) [13456] T 1+ (p5€5) (1235) [

(ps1) (3456) (ps1) (2356)

>
ot
(o))
—
X
1
|

12356] + [12345],

) A*
Ase [Ps] = AiAH (,...,%,95),
2,4+1 Pg = [12345] + [13456] + [12356]
and
Azg0As6 [Ps] = c35[12345] + c36[12356] + c46[13456],
) ) A%
A3’4 © A5’6 [Pg] = Ai,2+2 (Ql? QZa g:;’ gZ) )
2,242
with
. 1 . 1 . 1 1
35— (ps€s)(1235) * 36 = (pa€a) (1235)° 46 (p3€s) (1356) (paka) (1345) °
L+ Lpape(1234) 1+ 0.5 @356) 1+ sy @336y L+ o) (3256)
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Gluing operator and BCFW for on-shell
amplitudes

BCFW recursion for W.L. form factors in terms of on-shell diagrams
at tree level:
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Gluing operator at loop level
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Gluing operator at loop level

* L 1 L A
( ((n 2)+1 — An—ln[-[]g;,n )] ) Zn — Zn + wZn—l

*(L L
L o =T 1(Z1, s Z0a)
n—2
+3 = Lgn—Ln UL (21,25, 2, 2o 2 (21, 21, 2a, ., 200)
§=2
dWZ,d1" 2 -
A Bn—1n*1I%Y (2.2, ... 2 Z, Z 5.119
/VOI[GL(2)] GL(2)[ " " ]kﬂ (21, 22 nap’ A 5)s )

where Z, = (n—1,n)N (1,5 —1,9), Z;, = (j — 1,5)N(1,n—1,n), Z

g = (m—1,n*)N
(A,B,1) and k1 + ko + 1 = k. Z! is given by

(i — 1%)
(i—1i+1)
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Gluing operator at loop level. Examples

(A;g—)i—l (Qla 927 gg) )

o _ (2341)(3412)(4123)
*#+1 7 (AB41)(AB12)(AB23){CD23)(CD34")(CDA1){ABCD)
(3412) (4123)(1234)
" (AB12)({AB23)(AB347)(CD34")(CDA1){C D12) (ABCDY

Eikonal propagator

1 4 1

/d4l = (ABd*A)(ABd*B)

(p€)

- dAZad 7
~ Vol[GL(2)

7%= 7, — L7,

Dubna 2018
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Gluing operator at loop level. Examples

Ni FEBISI B
U e

2 3

Dubna 2018




Gluing operator at loop level. Examples

(A*(l’l’)l, 2 +1 Ql) c e 7Qn—27 g’;kz,—l))

O (AB(i—1ii+1)N (j = 14 +1)){n — In"ij)
2,(n=2)+1 — (ABn — 1n*)(ABi — Li)(ABii+ 1)(ABj — 1j)(ABjj+1)
where Z7 is given by:

j+1 i1 * . @
. Zy =2y (p1)

n

Z7.

NMHV, NNMHYV, et.c. form factors with arbitrary
number of states can be considered among the
same lines (1802.03986).

J-1

TN

n-1 n
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Eikonal propagator <p|l|p]




Conclusions

* The set of variables and methods which initially was
associated with on-shell scattering amplitudes can be
successfully applied to all type of gauge invariant objects
in N=4 SYM at tree an loop level

* Similar construction also holds for other type of operators ?

* Proper description in terms of integrable system.
 Chern-Simons theory generalisation.
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