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Our results on desribing the in�nite (ontinuous) spin representations

will be presented.

In 4D spae-time in�nite spin representations are massless (PmPm = 0)
unitary irreps of the Poinar�e group whih obey [E.Wigner, V.Bargmann℄:

W mWm = −µ2 6= 0 , Wm = 1
2 εmnkl PnMkl .

Eah of these representations ontains in�nite tower of states with all (integer

or half-integer) heliities.

The same spetrum of states is used in higher spin theory [M.Vasiliev's team℄

that onsiders in�nite tower of the heliity states (W mWm = 0, Wm = λPm).

There are some similarities higher spin theory and in�nite spin theory.

But there are fundamental di�erenes:

• in highest spin theory all spins unite with eah other through interation,

whereas in in�nite spin theory all spins are ombined together initially;

• in in�nite spin theory there is dimensionfull parameter µ.

In�nite spin representations were researhed in the 2000s in many studies

(see, e.g., the papers by [L.Brink, A.Khan, P.Ramond, X.Xiong, J.Mund,

B.Shroer, J.Yngvason, X.Bekaert, J.Mourad, N.Boulanger, P.Shuster,

N.Toro, V.Rivelles, E.Skvortsov, M.Naja�zadeh, M.Khabarov, Yu.Zinoviev,

K.Alkalaev, M.Grigoriev, A.Chekmenev, A.Bengtsson, R.Metsaev, K.Zhou℄).



4D in�nite (ontinuous) spin �elds

Sine in�nite spin representations are in�nite-dimensional (in a �xed

spae-time oordinate), it is neessary

to onsider an in�nite tower of spae-time �elds

or onsider generalized �elds that depend on an additional oordinate.

To take into aount symmetries, the seond hoie is preferred.

One ommon hoie is to use ommuting vetor ym
as additional oordinate

(see, for example, [E.Wigner, V.Bargmann℄ and [P.Shuster, N.Toro,

V.Rivelles, X.Bekaert, J.Mourad, E.Skvortsov, M.Naja�zadeh, M.Khabarov,

Yu.Zinoviev, K.Alkalaev, M.Grigoriev, A.Chekmenev, R.Metsaev, K.Zhou℄).

In suh formulation, in�nite spin �eld Φ(xm, ym) depends on
the position vetor xm

and vetor oordinate ym
.

To desribe irreduible in�nite spin representations,

the �eld Φ(xm, ym) obeys the Wigner-Bargmann equations of motion.

This talk presents di�erent formulation

of in�nite (ontinuous) spin representations.



4D in�nite spin �elds with additional spinor oordinate (integer spins)

In our formulation, the additional variable is

ommuting Weyl spinor ξα, ξ̄α̇ = (ξα)∗.

The �eld Φ(x ; ξ, ξ̄) desribing in�nite spin representation obeys the following

equations of motion (our papers + [Buhbinder, Krykhtin, Takata, 2018℄)

∂αα̇∂αα̇ Φ(x ; ξ, ξ̄) = 0 ,
(

ı̇ξα∂αα̇ξ̄
α̇ + µ

)

Φ(x ; ξ, ξ̄) = 0 ,
(

ı̇
∂

∂ξα
∂αα̇

∂

∂ξ̄α̇
− µ

)

Φ(x ; ξ, ξ̄) = 0 ,

(

ξα
∂

∂ξα
− ξ̄α̇

∂

∂ξ̄α̇

)

Φ(x ; ξ, ξ̄) = 0 .

Due to the �rst three equations, the �eld Φ(x ; ξ, ξ̄) satis�es

W 2Φ(x ; ξ, ξ̄) = −µ2Φ(x ; ξ, ξ̄) .

and desribes irreduible massless in�nite spin representation.



4D in�nite spin �elds with additional spinor oordinate (half-integer spins)

One possible way to desribe half-integer spins is to onsider the �eld

Φα(x ; ξ, ξ̄) with external spinor index α.

This �eld desribes irreduible in�nite half-integer spin representation

if it obeys the equations

∂α̇α Φα(x ; ξ, ξ̄) = 0 ,
(

ı̇ξβ∂ββ̇ ξ̄
β̇ + µ

)

Φα(x ; ξ, ξ̄) = 0 ,

(

ı̇
∂

∂ξβ
∂ββ̇

∂

∂ξ̄β̇
− µ

)

Φα(x ; ξ, ξ̄) = 0 ,

(

ξβ
∂

∂ξβ
− ξ̄β̇

∂

∂ξ̄β̇

)

Φα(x ; ξ, ξ̄) = 0 .

For irreduible representation we must put also additional onstraint

∂

∂ξα
Φα(x ; ξ, ξ̄) = 0 .



Twistor in�nite spin �elds

The spin omposition of the resulting �elds is lear in the twistor formulation.

The �elds in these two formulations are related to eah other by

the twistor transform:

Φ(x ; ξ, ξ̄) =

∫

d4π e ı̇pββ̇x β̇β

Ψ(0)(π, π̄; ξ, ξ̄) ,

Φα(x ; ξ, ξ̄) =

∫

d4π e ı̇pββ̇x β̇β

πα Ψ(−1/2)(π, π̄; ξ, ξ̄) ,

where pαα̇ = παπ̄α̇ ⇒ pα̇αpαα̇ = 0

Commuting spinors πα and ξα determine half the omponents of two twistors:

ZA =
(

πα, ω̄
α̇
)

, YA =
(

µ1/2ξα, η̄
α̇
)

.

Ψ(c)(π, π̄; ξ, ξ̄) are the twistor �elds

(prepotentials for the �elds Φ(x ; ξ, ξ̄), Φα(x ; ξ, ξ̄)).

c is the U(1) harge of the twistor �elds.



Heliity expansions of in�nite spin �elds

The twistor �elds are represented in the form

Ψ(c)(π, π̄; ξ, ξ̄) = δ
(

(πξ)(ξ̄π̄)− 2µ2) e
−iµ1/2

(

ξ1

π1
+
ξ̄1

π̄1

)

Ψ̂(c)(π, π̄; ξ, ξ̄) ,

Ψ̂(c)(π, π̄; ξ, ξ̄) = ψ(c)(π, π̄) +

∞
∑

k=1

(ξ̄π̄)k ψ(c+k)(π, π̄) +

∞
∑

k=1

(πξ)k ψ(c−k)(π, π̄) .

The oe�ient funtions ψ(c±k)
(

π, π̄
)

obey the ondition

Λ · ψ(c±k)(π, π̄) = −
(

c ± k
)

ψ(c±k)(π, π̄) ,

where Λ =
~J~P
P0

=
W0

P0
is the heliity operator.

Thus, twistor �elds Ψ(0)(π, π̄; ξ, ξ̄) and Ψ(−1/2)(π, π̄; ξ, ξ̄) ontain
in their expansions all integer and half-integer heliities respetively.



In�nite spin supermultiplet

Similar to the Wess-Zumino supermultiplet,

the �elds Φ(x ; ξ, ξ̄) and Φα(x ; ξ, ξ̄) with integer and half-integer heliities are

uni�ed into one N=1 supermultiplet.

On-shell supersymmetry transformations of the �elds Φ and Φα are

represented in the form

δΦ = εαΦα , δΦα = 2i ε̄β̇∂αβ̇Φ .

Supersymmetry transformations for the in�nite spin twistor �elds

Ψ(0)(π, π̄; ξ, ξ̄) and Ψ(−1/2)(π, π̄; ξ, ξ̄) are

δΨ(0) = εαπαΨ
(−1/2) , δΨ(−1/2) = −2 ε̄α̇πα̇Ψ(0) .

This in�nite-omponent supermultiplet strati�es into an in�nite number of

levels with pairs of the �elds ψ(k)
, ψ(− 1

2+k)
at �xed k ∈Z. Supersymmetry

transforms bosoni and fermioni �elds into eah other inside a given level k .
The boosts of the Poinar�e group mix the �elds with di�erent values of k .



BRST Lagrangian formulation of in�nite spin �elds

BRST �eld desription of in�nite spin �elds is presented for both the ase of

integer spins ([Buhbinder, Krykhtin, Takata, 2018℄) and half-integer spins.

Summarizing the results:

Spinor quantities ξα, ξ̄α̇, ∂/∂ξα, ∂/∂ξ̄α̇ are realized by using reation and

annihilation operators in the Fok spae.

BRST harge is onstruted by using operators of the �rst lass

onstraints, whih determine equations of motion for in�nite spin �elds.

To obtain the o�-shell Lagrangian formulation, it is neessary to use

triplet of in�nite spin �elds, both in the ase of integer spins and in the

ase of half-integer spins.

A similar piture takes plae in o�-shell super�eld Lagrangian formulation of

in�nite spin supermultiplet whih will be presented very brie�y.



O�-shell super�eld Lagrangian formulation of 4D, N= 1 in�nite spin theory

We use three (anti)hiral super�eld ket-vetors

|Φ(xL, θ)〉 = |φ(xL)〉 + θα|ψα(xL)〉 + θαθα|f (xL)〉 ,

|S̄1(xR , θ̄)〉 = |e(xR)〉 + θ̄α̇|ψ̄α̇
1 (xR)〉 + θ̄α̇θ̄

α̇|φ1(xR)〉 ,

|S2(xL, θ)〉 = |φ2(xL)〉 + θα|ψ2α(xL)〉 + θαθα|g(xL)〉 ,

where xm
L = xm + ı̇ θσm θ̄, xm

R = xm − ı̇ θσm θ̄.

Super�eld Lagrangian is written as follows:

Lsuper =

∫

d2θd2θ̄
(

〈Φ̄|Φ〉 − 〈S1|K |S̄1〉 − 〈S̄2|S2〉
)

+

∫

d2θ
(

〈S1|(ℓ − µ)|Φ〉 − 〈S1|(ℓ
+ − µ)|S2〉

)

+

∫

d2θ̄
(

〈Φ̄|(ℓ+ − µ)|S̄1〉 − 〈S̄2|(ℓ− µ)|S̄1〉
)

,

where ℓ, ℓ+, K are ounterparts of ξα∂αα̇ξ̄
α̇
,

∂

∂ξα
∂αα̇

∂

∂ξ̄α̇
, ξα

∂

∂ξα
+ ξ̄α̇

∂

∂ξ̄α̇
.



6D in�nite spin representations

Poinar�e group in 6D spae has three Casimir operators. They are de�ned as

the squares of tensors

Pm , Wmnk = εmnklpr P lMpr , Υm = εmnklpr PnMklMpr .

Casimir operators:

C2 = PmPm , C4 =
1
24

W mnk Wmnk , C6 =
1
64

ΥmΥm .

On states of irreduible massless unitary representations of in�nite spin:

C2 = 0 , C4 = −µ2 , C6 = −µ2s(s + 1) .

Thus, suh representations are haraterized by two quantum numbers

µ ∈ R>0 and s ∈ Z≥0/2.



6D in�nite spin �elds

As additional oordinate, we use 6D spinor ξA
α,

where A is SU(2) index, α is SU∗(4) ≃ Spin(1, 5) index

6D in�nite spin �elds have external spinor indies:

Φα1...α2s(x , ξ) = Φ(α1...α2s)(x , ξ) .

Equations of motion of the 6D in�nite spin �elds:

∂βα1 Φα1...α2s = 0 , ∂m∂m Φ = 0 at s = 0 ,
(

ı̇ξA
β∂

βγξγA + µ
)

Φα1...α2s = 0 ,
(

ı̇
∂

∂ξA
β

∂βγ
∂

∂ξγA
− µ

)

Φα1...α2s = 0 ,

ξA
β (σa)A

B ∂

∂ξB
β

Φα1...α2s = 0 , a=1,2,3 .



Twistor formulation of 6D in�nite spin �elds

Integral twistor transform

Φα1...α2s (x , ξ) =
∫

µ(π)eı̇pmxm
πA1
α1
. . . πA2s

α2s
ΨA1...A2s(π, ξ)

links spae-time �elds Φα1...α2s (x , λ) and bi-twistor �elds ΨA1...A2s(π, ξ). Here

pm = πA
α(σ̃m)

αβπβA ⇒ pmpm = 0 .

Spinors πA
α, ξ

A
α de�ne half omponents of two 6D twistors (Spin(2, 6) spinors).

BRST formulation of 6D in�nite spin �elds

Within the framework of the BRST approah, Lagrangian formulation of

in�nite spin �elds for arbitrary µ and s has been onstruted.

Conditions de�ning the irreduible representation were reformulated as

onstraints on the vetors of the Fok spae.

It is neessary to double the number of states due to �elds depending on

spinor operators with indies of opposite spinor hirality.

To obtain SU(2) ovariant formulation, the use of SU(2)/U(1) harmonis

[GIKOS, 1984℄ is required.



Light-front desription of 6D in�nite spin �elds

Coordinate x+ = x0 + x5
is interpreted as a "time" evolution parameter.

The role of the Hamiltonian is played by H = P−
.

In light-front (not Lorentz ovariant) formulation, in�nite spin �eld

Φ(2s)(x±, x â, u±, v±)

has polynomial expansion in u±
ι̇ , v±

ι̇ (omponents of ξA
α and its momentum)

They are [SU(2)⊗ SU(2)]/U(1) harmonis. (2s) is the harmoni harge.

Ation of in�nite spin �eld in this formulation has the form

S =

∫

d 6x du dv Φ̄(−2s)
�Φ(2s) .

Derived harmoni light-front approah opens a possibility to onstrut an

interating theory for 6D in�nite spin �elds: H → H + Hint

Hint should have zero harmoni harge ⇒
Hint ∼ Φ̄(−2s)Φ̄(−2s)Φ(2s)Φ(2s)

for self-interation of harged �elds;

Hint ∼
(

Φ
(q1)
1 Φ

(q2)
2 Φ

(q3)
3 + c.c.

)

, q1+q2+q3=0 for �elds with di�erent harges.



Conlusion

In a series of papers, we obtained the following results:

Field desription of 4D in�nite (ontinuous) spin representations with

additional ommuting spinor variables is obtained.

Corresponding twistor desription of suh a model has been found.

Super�eld desription of 4D in�nite spin superpartile is obtained.

Using BRST approah, the Lagrangians desribed 4D in�nite spin �elds

and super�elds are obtained.

Spae-time (with additional spinor variable) and twistor desriptions of

6D in�nite spin representations are obtained.

Lagrangian desriptions of 6D in�nite spin �elds are found in BRST

approah and in light-front formulation.



Thank you very muh for your attention !


