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Racah-Wigner symbols

|j1j2, j12m12⟩ =
∑
m1,m2

|j1m1⟩ ⊗ |j2m2⟩C j12m12

j1m1j2m2

|j12j3, j4m4⟩ =
∑

m12,m3

|j1j2, j12m12⟩ ⊗ |j3m3⟩C j4m4

j12m12j3m3

|j12j3, j4m4⟩ =
∑

m12,m1,m2,m3

|j1m1⟩⊗|j2m2⟩⟩⊗|j3m3⟩C j12m12

j1m1j2m2
C j4m4

j12m12j3m3

|j23j1, j4m4⟩ =
∑

m23,m1,m2,m3

|j1m1⟩⊗|j2m2⟩⟩⊗|j3m3⟩C j23m23

j2m2j3m3
C j4m4

j23m23j1m1
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Regge symmetry

{ j1
j3

j2
j4
| j12j34
}
∼ ⟨j12j3, j4m4|j23j1, j4m4⟩

=
∑

m1,m2,m3,m12,m23

C j12m12

j1m1j2m2
C j4m4

j12m12j3m3
C j23m23

j2m2j3m3
C j4m4

j23m23j1m1

The Regge transformation:{ j1
j3

j2
j4

∣∣ j12
j23

}
=
{ S−j1

S−j3
S−j2
S−j4

∣∣ j12
j23

}
,

where S = 1
2(j1 + j2 + j3 + j4)
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Unitary principle representation of SL(2,C) group

g =

(
α β
γ δ

)
∈ SL(2,C)

[Ta(g)Φ](z , z̄) = (βz + δ)a−1(β̄z̄ + δ̄)ā−1Φ

(
αz + γ

βz + δ
,
ᾱz̄ + γ̄

β̄z̄ + δ̄

)
The unitarity requires

a =
N

2
+ iσ ā = −N

2
+ iσ N ∈ Z, σ ∈ R
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6j-symbols of SL(2,C)

Γ(x ,N) =
Γ(N+ix

2 )

Γ(1 + N−ix
2 )

, N ∈ Z, x ∈ C

{ σ1,N1

σ3,N3

σ2,N2

σ4,N4
| ρ1,M1

ρ2,M2

}
=

π2

4

Γ
(
σ1 − σ2 + ρ2 − i , N1−N2+M2

2

)
Γ
(
−σ3 − σ4 + ρ2 − i , −N3−N4+M2

2

)
×
Γ
(
σ2 − σ3 + ρ1 − i , N2−N3+M1

2

)
Γ
(
σ1 + σ4 + ρ1 − i , N1+N4+M1

2

)
×(−)(−N2+M2+N4)

∑
N

∫
dν

4∏
i=1

Γ(Ri − ν,−N + Si )Γ(Ui + ν,N + Ti )
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R1 = −σ1 + σ2 − ρ2 − i ,

R2 = σ1 + σ2 − ρ2 − i ,

R3 = −σ3 − σ4 − ρ2 − i ,

R4 = σ3 − σ4 − ρ2 − i ,

S1 = (−N1 + N2 −M2)/2,

S2 = (N1 + N2 −M2)/2,

S3 = −(N3 + N4 +M2)/2,

S4 = (N3 − N4 −M2)/2

U1 = −ρ1 − σ2 + σ4 + ρ2,

U2 = ρ1 − σ2 + σ4 + ρ2,

U3 = 0,

U4 = 2ρ2,

T1 = (−M1 − N2 + N4 +M2)/2,

T2 = (M1 − N2 + N4 +M2)/2,

T3 = 0,

T4 = M2.

Note that

4∑
a=1

(Ra + Ua) = −4i and
4∑

a=1

(Sa + Ta) = 0
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Quantum group Uq(sl(2,R)
Generators: E , F , K , K−1

Relations: KE = qEK , KF = q−1FK , [E ,F ] = −K2−K−2

q−q−1

Coproduct: ∆(K ) = K ⊗ K , ∆(E ) = E ⊗ K + K−1 ⊗ E ,
∆(E ) = F ⊗ K + K−1 ⊗ F
Setting K = eτH/2 and q = eτ in the limit τ → 0 one obtains

[H,E+] = 2E+, [H,E−] = 2E−, [E+,E−] = −H

commutation relation for sl(2,R). We take q = e iπb
2
.

πα(K ) = e i
b
2
∂x

πα(E
±) = e±2πbx e

±iπαbe i
b
2
∂x − e∓iπαbe−i b

2
∂x

q − q−1
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This representation will be realized on the space Pα of entire
analytic functions. Unitarity requires α ∈ Q/2 + iR, Q = b + b−1.
The coproduct allows us to define tensor product of
representations. For any u ∈ Uq(sl(2,R) let

π1⊗2(u) = (πα1 ⊗ πα2)∆(u)

This operator generates the representation of Uq(sl(2,R) on
Pα1 ⊗ Pα2 .
In the Lie algebra we have coproduct

∆(J) = J ⊗ 1 + 1⊗ J

for all generators.
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6j-symbols of the Faddeev modular quantum double

6j-symbols of the Faddeev modular quantum double:
Uq(sl(2,R)⊗ Uq̃(sl(2,R), q = eπib

2
and q̃ = eπib

−2
.

{
α1
α3

α2
α4

| αs
αt

}
b
=

Sb(αs + α2 − α1)Sb(α1 + αt − α4)

Sb(αt + α2 − α3)Sb(α3 + αs − α4)
|Sb(2αt)|2Jh(β◦

a , γ
◦
a)

Jh(β
◦
a , γ

◦
a) =

∫ i∞

−i∞

4∏
a=1

Sb(z + γ◦a)Sb(−z + β◦
a)
dz

i
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Ponsot-Teschner parametrization

γ◦1 = αs + α1 − α2,

γ◦2 = Q + αs − α1 − α2,

γ◦3 = αs + α3 − α4,

γ◦4 = Q + αs − α3 − α4,

β◦
1 = −Q − αs + αt + α4 + α2,

β◦
2 = −αs − αt + α4 + α2,

β◦
3 = Q − 2αs ,

β◦
4 = 0.

4∑
a=1

(γ◦a + β◦
a) = 2(b + b−1) = 2Q .
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The function Sb(y) has the integral representation

Sb(y) = exp

(
−
∫ ∞

0

(
sinh(2y − Q)x

2 sinh(bx) sinh(xb−1)
− 2y − Q

2x

))
dx

x
,

and obeys the equations:

Sb(y + b)

Sb(y)
= 2 sinπyb ,

Sb(y + b−1)

Sb(y)
= 2 sin

πy

b
.

The function Sb(y) has the asymptotics:

lim
y→∞

Sb(y) = e∓
iπ
2 (B2,2(y ,b,b−1)), for Im(y) → ±∞ ,

where B2,2(y , b, b
−1) is the second order Bernoulli polynomial

B2,2(y ; b, b
−1) =

(
y − Q

2

)2

− b2 + b−2

12
.
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Hyperbolic hypergeometric function Jh(β, γ)

Define

Jh(β, γ) =

∫ i∞

−i∞

4∏
a=1

Sb(βa − z)Sb(γa + z)
dz

i

with the parameters βa, γa satisfying the balancing condition

4∑
a=1

(γa + βa) = 2Q .
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Jh(β, γ) =
2∏

j ,k=1

Sb(γj + βk+2)Sb(γj+2 + βk)Jh(G − γ1,G − γ2,

Q − G − γ3,Q − G − γ4;G − β1,G − β2,Q − G − β3,Q − G − β4),

where G = 1
2(γ1 + γ2 + β1 + β2).

Gor Sarkissian BLTP, YerPhI, Russia, Armenia

On Regge symmetry of Racah-Wigner symbols of SL(2,C) group .



Jh(β
◦, γ◦) = Ω(α)Jh(β

⋄, γ⋄)

where

γ⋄1 = α1234 ,

γ⋄2 = α13st ,

γ⋄3 = 2Q ,

γ⋄4 = α24st ,

β⋄
1 = −α23t ,

β⋄
2 = −α14t ,

β⋄
3 = −α12s ,

β⋄
4 = −α34s ,

αijk ≡ αi + αj + αk , αijkl ≡ αi + αj + αk + αl

and
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and

Ω(α) = Sb(Q + αs − α3 − α4)Sb(Q + αs − α1 − α2)

× Sb(Q − αt + α2 − α3)Sb(Q − αt + α4 − α1)

× Sb(−Q + αt + α2 + α3)Sb(Q − αs + α3 − α4)

× Sb(−Q + αt + α4 + α1)Sb(Q − αs + α1 − α2).
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Using this identity we obtain for the Ponsot-Teschner 6j-symbols:

{
α1
α3

α2
α4

∣∣ αs
αt

}
b
= Sb(Q + αs − α3 − α4)Sb(Q + αs − α1 − α2)

× Sb(Q − αt + α2 − α3)Sb(Q − α3 + α4 − αs)

× Sb(−Q + αt + α2 + α3)Sb(Q − αs + α3 − α4)

× Sb(−Q + αt + α4 + α1)Sb(Q − αt + α3 − α2)Jh(β
⋄, γ⋄) .

This expression is explicitly invariant under the Regge
transformation: {

α1
α3

α2
α4

∣∣ αs
αt

}
b
=
{ S−α1

S−α3

S−α2
S−α4

∣∣ αs
αt

}
b
,

where S = 1
2(α1 + α2 + α3 + α4), since it just permutes with each

other the prefactor terms, as well as the parameters β⋄ and γ⋄.
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Si+δ(i(n + xδ)) =
δ→0

e
πin2

2 (4πδ)ix−1Γ(x , n).

The integral ∫ i∞

−i∞
∆(z)

dz

i

where ∆(z) is a product of Sb(z), in this limit becomes∑
N∈Z

∫ ∞

−∞
[limδ→0δ∆(i

√
ω1ω2(N + yδ))] dy .
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Setting

α1 = Q/2− i(N1/2 + σ1δ),

α2 = Q/2− i(N2/2 + σ2δ),

α3 = Q/2− i(N3/2 + σ3δ),

α4 = Q/2 + i(N4/2 + σ4δ),

αt = Q/2− i(M1/2 + ρ1δ), αs = Q/2 + i(M2/2 + ρ2δ),

limδ→0

{
α1
α3

α2
α4

| αs
αt

}
i+δ

= e
πi
2
F M

2
1 + 4ρ21
16π4iδ

{ σ1,N1

σ3,N3

σ2,N2

σ4,N4
| ρ1,M1

ρ2,M2

}
where on the rhs we have 6j-symbols for the group SL(2,C) and F
is a sign factor.
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Jcr (s, n; t,m) =
1

4π

∑
N∈Z

∫ ∞

−∞

4∏
a=1

Γ(sa−y , na−N)Γ(ta+y ,ma+N)dy .

4∑
a=1

(na +ma) = 0,
4∑

a=1

(sa + ta) = −4i.
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Jcr (s, n; t,m) =

eπiA
2∏

j ,k=1

Γ(sj + tk+2, nj +mk+2)
2∏

j ,k=1

Γ(sj+2 + tk , nj+2 +mk)

× Jcr (Y − t1,K −m1,Y − t2,K −m2,

−2i − t3,−m3,−2i − t4,−m4;−s1,−n1,−s2,−n2,

−2i − Y − s3,−K − n3,−2i − Y − s4,−K − n4),

K = n1 + n2 +m1 +m2, Y = s1 + s2 + t1 + t2,

A = (n1 + n2)(m3 +m4) + (n3 + n4)(m1 +m2)

+
1

2
(1− (−1)K )

(
1 +

4∑
a=1

ma

)
.
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Inserting this into Ismagilov formula we obtain{ σ1,N1

σ3,N3

σ2,N2

σ4,N4
| ρ1,M1

ρ2,M2

}
=

eπiB
π2

4
Ω(σ, ρ,N,M)Jcr (R̃, S̃ ; Ũ, T̃ )

where

Ω(σ, ρ,N,M) = Γ(σ1 − σ2 + ρ2 − i, (N1 − N2 +M2)/2)

×Γ(−σ1 + σ2 + ρ2 − i, (−N1 + N2 +M2)/2)

×Γ(−ρ1 − σ2 − σ3 − i,−(M1 − N2 − N3)/2)

×Γ(−ρ1 + σ4 − σ1 − i, (−M1 + N4 − N1)/2)

×Γ(σ3 − σ2 + ρ1 − i, (N3 − N2 +M1)/2)

×Γ(σ3 − σ4 − ρ2 − i, (N3 − N4 −M2)/2)

×Γ(σ2 − σ3 + ρ1 − i, (N2 + N3 +M1)/2)

×Γ(σ2 + σ1 − ρ2 − i, (N2 + N1 −M2)/2)
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and

R̃1 = σ4 − σ2 − σ1 − σ3,

R̃2 = −ρ2 − σ1 − σ3 − ρ1,

R̃3 = 0,

R̃4 = σ4 − ρ2 − ρ1 − σ2,

S̃1 = (N4 − N2 − N1 − N3)/2,

S̃2 = (−M2 − N1 − N3 −M1)/2,

S̃3 = 0,

S̃4 = (N4 −M2 −M1 − N2)/2,

Ũ1 = σ3 + σ2 + ρ1 − i ,

Ũ2 = σ1 − σ4 + ρ1 − i ,

Ũ3 = σ1 + σ2 + ρ2 − i ,

Ũ4 = σ3 − σ4 + ρ2 − i ,

T̃1 = (N3 + N2 +M1)/2,

T̃2 = (N1 − N4 +M1)/2,

T̃3 = (N1 + N2 +M2)/2,

T̃4 = (N3 − N4 +M2)/2.
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S =
1

2
(σ1 + σ2 + σ3 − σ4)

N =
1

2
(N1 + N2 + N3 − N4)

σ1 → S − σ1, σ2 → S − σ2, σ3 → S − σ3, σ4 → −(S + σ4)

N1 → N − N1, N2 → N − N2, N3 → N − N3, N4 → −(N + N4)
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B =

[
1

2
(N2 − N1 − N3 − N4)−M2

] [
1

2
(N4 − N2) +

3

2
M2 −

1

2
M1

]
+

[
1

2
(N1 + N2 + N3 − N4)−M2

] [
1

2
(N4 − N2) +

1

2
M2 +

1

2
M1

]
+
1

2

(
1− (−1)

1
2
(−N3−N1+M1−M2)

)
(1 + 2M2 + N4 − N2)

+M2 + N4 − N2
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B ′ =[
−1

2
(N2 − N1 − N3 − N4)−M2

] [
−1

2
(N1 + N3) +

3

2
M2 −

1

2
M1

]
+

[
1

2
(N1 + N2 + N3 − N4)−M2

] [
−1

2
(N1 + N3) +

1

2
M2 +

1

2
M1

]
+
1

2

(
1− (−1)

1
2
(N4−N2+M1−M2)

)
(1 + 2M2 − N1 − N3)

+M2 − N1 − N3

Gor Sarkissian BLTP, YerPhI, Russia, Armenia

On Regge symmetry of Racah-Wigner symbols of SL(2,C) group .



Regge symmetry of Racah-Wigner symbols of SL(2,C)

{ S−σ1,N−N1

S−σ3,N−N3

S−σ2,N−N2

−(S+σ4),−(N+N4)
| ρ1,M1

ρ2,M2

}
= (−1)B−B′{ σ1,N1

σ3,N3

σ2,N2

σ4,N4
| ρ1,M1

ρ2,M2

}
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