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u-plane

ζ

γ

γ1

γ1

γ

γ ` γ1

MS-wall

u

ζ

γ

γγ1

γ1

γ ` γ1

A

B

u1 u2

ϑ1

ϑ2
1

2

Slicing surface

0 8
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Higgs
branch I

pr ă 0q
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pr ą 0q
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BPS Algebraic Structures Related
to Toric Calabi-Yau Manifolds
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Motivation

Based on:

2008.07006 with M.Yamazaki 2311.02751 with W.Li

2106.01230 with W.Li, M.Yamazaki 2307.03150 with A.Morozov, N.Tselousov

2108.10286 with W.Li, M.Yamazaki 2311.00760 with A.Morozov, N.Tselousov

2206.13340 with W.Li, M.Yamazaki 2402.05920 with A.Morozov, N.Tselousov

Enum.Geometry

Categorification

New Algebras & Reps

Modularity

Non-perturbative phenomena

Wall-crossing Ñ phase transition

Integrability

Black hole physics

BPS states

[Nakajima; Kontsevich, Soibelman; Alday, Gaiotto, Tachikawa; Douglass, Moore; Schifman, Vasserot, ...]

Type II
D6/D4/D2/D0

CY3

4d N “ 1 SYM

1d N “ 4 QM

Xi“1,2,3

Zi“1,2,3 Yi“1,2,3

` W “ ϵijk Tr ZiYjXk

UV

IR
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Quiver BPS Algebras

Q0 – quiver vertices

Q1 – quiver arrows

Q2 – superpotential

a, b P Q0
|a| “ p|a Ñ a| ` 1q mod 2

I, J P Q1

epaqpzq “
ř

nPZě0

e
paq
n
zn ,

f paqpzq “
ř

nPZě0

f
paq
n
zn ,

ψpaqpzq “
ř

nPZ

ψ
paq
n
zn ,

hI P C – equiv. weights, flavor charge

Bond factor: φaðbpuq ”

ś

IPtaÑbu

pu` hIq

ś

JPtbÑau

pu´ hJ q

Rational quiver BPS algebra (quiver Yangian) [Li-Yamazaki ’20]

ψpaqpzqψpbqpwq “ ψpbqpwqψpaqpzq ,

ψpaqpzq epbqpwq » φaðbpz ´ wq epbqpwqψpaqpzq ,

epaqpzq epbqpwq » p´1q|a||b|φaðbpz ´ wq epbqpwq epaqpzq ,

ψpaqpzq f pbqpwq » φaðbpz ´ wq´1 f pbqpwqψpaqpzq ,

f paqpzq f pbqpwq » p´1q|a||b|φaðbpz ´ wq´1 f pbqpwq f paqpzq ,
“

epaqpzq, f pbqpwq
(

» ´δa,b
ψpaqpzq ´ ψpaqpwq

z ´ w
,

» – equivalent up to znwmě0, zně0wm
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Quiver BPS Algebras II

C3
X1,2,3

W “ Tr X1 rX2, X3s

Y
´

pgl1

¯

Conifold

X1,2

Y1,2

W “ Tr pY2X2Y1X1 ´ Y2X1Y1X2q

Y
´

pgl1|1

¯

xy “ znwm . . . . . . Y
´

pgln|m

¯

KP2

X1,2,3 Y1,2,3

Z1,2,3

W “ Tr ϵijkZiYjZk

Y pKP2 q???

Representations: MacMahon-like, Fock-like, vector-like and more

Eτ pQ,W q

D8-D6-D4-D2-D0

TβpQ,W q

D7-D5-D3-D1

YpQ,W q

D6-D4-D2-D0

dim.
red.

dim.
red.

»

—

—

—

—

–

fi

ffi

ffi

ffi

ffi

flˆ
´toric Calabi-Yau

3-fold

¯

ϑ11pz|τq

3d N “ 2
Ell. Cohomology

2 sinhpβz{2q

2d N “ p2, 2q

K-theory

z
1d N “ 4

Cohomology
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Localization

[Denef ’02]

[Witten’82, Gaiotto-Moore-Witten’15,...]

ψi ù dxi, ψ:
i ù ιB{Bxi , Qα, Q̄ 9α ù differentials, H ù Laplacian

Q “ e´h
`

d ` B̄ ` ιV ` dW^
˘

eh

Morse height function

de Rham Dolbeault equivariant sup. twist

BPS states:

HBPS “ H˚
G pTarget Space,Qq «

À

pPI
CΨp

I “ tcrit. fixed pointsu “ tclassical vacuau

Q: „
ř

i

´

dx̄iBx̄i ` ωix
iιB{Bxi

¯

Eul “
Ź

i

`

ωi ´ |ωi| dx
i ^ dx̄i

˘

e´|ωi||xi|2 “

“
ś

i

ωi ˆ exp

˜

´

#

Q:,
ř

i

|ωi|

ωi
x̄i dxi

+¸

Ψ

Vacuum

For quiver QFT target space « Quiver Moduli Space
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Fixed Points

D-term + F-term (ADHM instantons in 6D):
ÿ

xPQ0

ÿ

IPtaÑxu

qIqI
: ´

ÿ

yPQ0

ÿ

JPtyÑau

q:
JqJ “ ζaIddaˆda , @ a P Q0;

ΦbqI ´ qIΦa ´ hIqI “ 0, @ a, b P Q0, I P ta Ñ bu;
BqIW “ 0, @ I P Q1.

Periodic quiver:

q1

q2 q3

W “
ÿ

faces
p´1qori Tr

ź

loop
q “ ∆ ´ ∆ “ Tr q1 rq2, q3s

Constraints on flavor charges (masses):

Loop:
ř

loop
hI “ 0, @faces;

Vertex: hI „ hI ´ ϵa ` ϵb, @I P ta Ñ bu.

+

hI “ xIℏ1 ` yIℏ2.

Equivariant toric action on CY3: pz1, z2, z3q ÞÝÑ
`

eℏ1z1, eℏ2z2, e´ℏ1´ℏ2z3
˘
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Crystals

Quiver path algebra: CQ{xdW y ù
ś

q - Baryons
Crystal = Possible baryons:

ℏ2

ℏ1

R - charge

ù

l – atom of a crystal

Color of l denoted l̂ P Q0 is a color of atom projection to pℏ1, ℏ2q

Melting rule: K – molten crystal

For any atom l such that I ¨ l P K for some arrow I,
then l is also contained in K

[Szendroi; Mozgovoy, Reyneke; Nagao, Nakajima; Ooguri-Yamazaki; Jafferis, Chuang, Moore; Sulkowski;

Aganagic, Schaeffer; Aganagic, Vafa; ...]
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Euler classes

Va

a
V “

à

aPQ0

Va

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

l1 l2
I

Quiver representation in Crystal basis:

Va “
à

lPK,l̂“a

C|ly, a P Q0,

qI P Hom
`

VbegI , VbegJ
˘

qI “ xqIy ` δqI

xl2|qI |l1y “

"

1, link present
0, otherwise

G-action:

δqIPtaÑbu ÞÑ δqIPtaÑbu ` gaxqIy ´ xqIygb, ga P glpda,Cq, gb P glpdb,Cq

Fixed point structure:

Fixed Point K
Baryons, xqI y

` pTangent Space{Gq

Mesons, δqI

IR meson flavor charges:

heff pxl2|δqI |l1yq “ hl2 ´ hl1 ´ hI

Meson space:

Mmeson “ Span tqα, hαu
Nmeson
α“1 , EulpMq „

ź

α

hα

However it is singular!
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(Regularized) Euler classes

Upx,yq“psinp4xq`x`yq2

ΨUV ÝÑ ΨIR „

„

free
particle on class.
vacuum locus

ȷ

ˆ r fluctuations s

m pfluctuationq „ |h|

Need to add higher loops!

Q “ e´sh
`

d ` B̄ ` ιsV ` sdW^
˘

esh ñ e´s1h
`

d ` B̄ ` ιs1V ` s2dW^
˘

es1h

IR: s Ñ 8 ñ s1 Ñ 8 then s2 Ñ 8

Superpotential for massless modes:

W „ Aϕ1ϕ2 ñ ΨIR pϕ1ϕ2q „ p´AqpAq „ p´1q

Conjecture: [G.-Yamazaki ’20]

N “ Spantqα, hαuNα“1

ĄEulpN q “ p´1q

—

—

—

–

ř

α: hα“0

1
2

ffi

ffi

ffi

fl

ś

α: hα‰0
hα
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Hecke modification

Adding/deleting branes Ñ Hecke modifications:

H`

H´

[Nakajima’99; Kontsevich-Soibelman’11; ...]

Fourier-Mukai transform:

ReppQ, d⃗q ReppQ, d⃗1q

ReppQ, d⃗q ˆ ReppQ, d⃗1q

e

f

d⃗1 “ d⃗ ` 1⃗aPQ0

1⃗a :“

˜

0, . . . , 0,
ath place

1 , 0, . . . , 0

¸

with a kernel given by OI where I is an incidence locus:

I “

"

ReppQ, d⃗q ReppQ, d⃗1q
homo

*

Homomorphism of quiver reps: tτauaPQ0 , τa : Va Ñ Va1

so that

I

I 1

τa τb

Va Vb

V 1
a V 1

b

commutes @I P Q1
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Matrix elements

Fixed point: I “ tK Ă K1u,

denote corresponding Euler class as ĄEulpK,K1q

Vacant positions:

a) K b) Add pKq c) Rem pKq

rK1ÑK1´l1s rK2ÑK2`l2s

Ψ

K1

K1´l1

K2

K2`l2

e|Ky “
ř

lPAddpKq

rK Ñ K ` ls|K ` ly f |Ky “
ř

lPRempKq

rK Ñ K ´ ls|K ´ ly

rK Ñ K ` ls “
ĄEulpKq

ĄEulpK,K ` lq
rK Ñ K ´ ls “

ĄEulpKq

ĄEulpK ´ l,Kq

Numerical results (ra Ñ b Ñ cs :“ ra Ñ bs ¨ rb Ñ cs):

rK ` al1 Ñ K ` al1 ` bl2 Ñ K ` bl2s “ rK ` al1 Ñ K Ñ K ` bl2s ,
rK Ñ K ` bl2 Ñ K ` al1 ` bl2s

rK Ñ K ` al1 Ñ K ` al1 ` bl2s
“ φaðb

´

h al1 ´ h bl2

¯

,

rK ` al1 ` bl2 Ñ K ` bl2 Ñ Ks

rK ` al1 ` bl2 Ñ K ` al1 Ñ Ks
“ φaðb

´

h al1 ´ h bl2

¯

,

rK Ñ K ` al Ñ Ks “ res
t“h al

Ψpaq

K ptq

,
Ψpaq

K pzq “

˜

ś

IPtaÑau

1
´hI

¸

ˆ

ˆ
ś

blPK
φaðb

`

z ´ h bl
˘



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Spectral parameters

N “ 4 SQM N “ 1 4d SYM
dim.red.

Vector multiplet: A0, Xi“1,2,3, ψα, D
Notice for Φa “ A1,a ´ iA2,a, a P Q0:

rQ,Φas “ 0

therefore Tr Φak, k P Z is a BPS operator.
For example, for a resolvent:

Tr pz ´ Φaq´1 |Ky “

¨

˝

ÿ

alPK

1
z ´ h al

˛

‚|Ky

Eventually, we define:

epaqpzq “
”

Tr pz ´ Φaq´1 , e
ı

f paqpzq “ ´
”

Tr pz ´ Φaq´1 , f
ı

ψpaqpzq “ exp

˜

ř

bPQ0

Tr logφaðb pz ´ Φaq

¸

epaqpzq, f paqpzq, ψpaqpzq are a basis of a quiver Yangian



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Integrability

[work in progress...]

01
s

Janus interface

Zips “ 1q “
ÿ

j

M i,jp1, 0qZjps “ 0q

ℏ
ˆ

u1
u2

˙

u1 u2 u3 . . .

[Bullimore-Kim-Lukowski’17]

u2

u1

u1

u2
Reu1ąReu2Reu2ąReu1 R12pu12q “

u12

u12 ` ℏ
Id `

ℏ
u12 ` ℏ

P12

YBE+unitarity:
u1

u2

u3

u3

u2

u1

“

u3

u2

u1

u1

u2

u3

,
u1

u2

u1

u2

“

u1

u2

u1

u2

Transfer matrix: T pzq :“ Tr 1R0npz ´ unq . . . R01pz ´ u1q, T pzq : Fbn Ñ Fbn

rT puq, T pvqs “ 0

BAEs for off-shell Bethe vectors follows
from the Bethe/gauge correspondence
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Is there Gauge/Bethe correspondence?

???

W E

N

S

Quiver
gauge
theory

YBE`

unitarity

Vacuum
equations BAE

BPS
algebra

Crystal
chain

exppBW q “ 1
in 2D N “ p2, 2q

Algebraic
Bethe ansatz

Supersymmetric
localization
in 1D N “ 4

R-matrix

coproduct

∅
Q1

Qn ∅

K

∅K1

l∅

`
Q1

∅

Qn1 ∅

K

∅K1

l∅

“
Qn1

∅
∅K1

∅

∅ ∅

l K

ÿ

kě1
Ψ∅,´k

`

hl1 ` u3 ´ u1
˘k

´ phl ` u2 ´ u1qk

phl ` u2q ´ phl1 ` u3q
“ 0 ùñ no shifts!
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Open Problems

• Non-toric Calabi-Yau manifolds

• Wall-crossing

• Stable envelopes

• Categorification

• Vortices Ñ 4d (solid) partitions Ñ CY4 Ñ Mama-algebra

• ...

Thank you for your attention


