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Instanton is ...

o Partition function

Zg = / Dz e S Sla] = /dT (;ﬁ +V(a:)>,
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Instanton is ...

o Partition function

Zg = / Dz e S Sla] = /dT (;ﬁ +V(x)>,

periodic

@ Instanton saddle point

e —V'(z:) =0 or Te++/2V(2.) =0
R Te(T)

@ Responsible for
e Tunneling amplitudes
o False vacuum decay rate
o Energy level splitting
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How to calculate?

@ Perturbative loop expansion comes from

Z = Zi-100p e2 4T s G ) gy
1 ﬁ in
x |1+ / drno(r)iy(r) e e
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Zrioop = D2 g
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How to calculate?

@ Perturbative loop expansion comes from

1 ’_6 / )
Z = Z1_1o0p €2 T m 0T 550y

1 ﬁ . _ intx
| drmmitn]ese|
0 n=0

el
Zioo = Bllz|l 1 oSl
O V2m /Det! (=02 + V' (xo(1)))

X [1—1— -
&

@ Building blocks

o (0-loop) Instanton solution x.(7) and classical action S[z]
o (1-loop) Functional determinant Det’(—02 + V" (z.(7)))
o (higher loops) Green's function

(=02 + V" (xe(1)] G (7, 7") = 8(1 — 7") = no(T)mo(7")
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Calculations are hard

@ Why? Green's functions are cumbersome

Gsa(1,7') = 2 (=0 + tanh 7) (=9, + tanh 7') (1 — |7 — 7/[)e” 17"

=~ =
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Calculations are hard

@ Why? Green's functions are cumbersome

Gsa(r,7') = = (=0 + tanh7) (=8, + tanh 7/) (1 — |7 — 7/|)e” 177

=~ =

o But doable

o (2 loops) sine-Gordon [Lowe, Stone 1978]
o (3 loops) sine-Gordon, double-well [Escobar-Ruiz, Shuryak, Turbiner 2015]
o (3 loops) non-symmetric double-well [Bezuglov, Onishchenko 2017]
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Calculations are hard

@ Why? Green's functions are cumbersome

(—0r + tanh 7) (=, + tanh 7') (1 — |7 — 7/[)e”I7""]

=

Gsa(r,7) =

o But doable

o (2 loops) sine-Gordon [Lowe, Stone 1978]
o (3 loops) sine-Gordon, double-well [Escobar-Ruiz, Shuryak, Turbiner 2015]
o (3 loops) non-symmetric double-well [Bezuglov, Onishchenko 2017]

@ Uniform WKB result [Dunne, Unsal, 2014]

Z~ eXp{_%} [1 N g(%) - 15298 (Z)Q _}

Brute force loop expansion result [Escobar-Ruiz, Shuryak, Turbiner 2015]

8 Trh hy 2

7 ~ exp[—ﬁ} [1 . §<§) - 0.460937498(§> . }
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Inverse problem

@ Direct problem is hard. Maybe set an inverse one?

Can one reconstruct the full action functional S[z],
from the known operator K = —02 + W (7)?

where W (7) = V" (z.(7)) with unknown V' (x).
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Solution of inverse problem

@ Fluctuation operator on time-dependent background always have zero
mode 1o (7) = &c(7)/[[Ze(7)]]

Bo(T) = V'(2e(1) =0 = [=02+ V" (2c(7))]de(r) =0
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Solution of inverse problem

@ Fluctuation operator on time-dependent background always have zero
mode 1o (7) = &c(7)/[[Ze(7)]]

Bo(T) = V'(2e(1) =0 = [=02+ V" (2c(7))]de(r) =0

o Fluctuation operator is one-to-one with zero mode

02+ Wnm(r) =0 o W(r)= 2T

e Having given zero mode 79(7), we obtain instanton solution

T(T)=vno(r) —  z(7) = V/T dr no(T)
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Solution of inverse problem

@ Fluctuation operator on time-dependent background always have zero
mode 7o(7) = @c(7)/ |2 (T)||
Bo(T) = V'(2e(1) =0 = [=02+ V" (2c(7))]de(r) =0

o Fluctuation operator is one-to-one with zero mode

L2 4 WEn(n) =0 < W)= ﬁﬁ

e Having given zero mode 79(7), we obtain instanton solution

T(T)=vno(r) —  z(7) = V/T dr no(T)

o Exploiting Euclidean energy conservation, we reconstruct the potential

Vied = =0 o ev) = (v [Tar me) Son)?)
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Simplest example

o QM textbook potential
K=-8-20(r)4+1, no(r)=e I
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Simplest example

o QM textbook potential
K=-8-20(r)4+1, no(r)=e I

@ Instanton trajectory z(7)

ze(r) =v (1 —e TsignT

@ Reconstructed potential V(x)

1 1
Viz)=-v?e 2l =

: (Il = v)°

N |

—v v T

Nikita Kolganov February 21, 2024 7/22



Prototypical tunneling potential

@ Most known tunneling QM potentials

VDW(:);):%Q—:);?)?, Vipw (@) = 222(1 — 22),

Vsg(z) =14 cos(x), Vew(z) =221 — z).
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Prototypical tunneling potential

@ Most known tunneling QM potentials

1 1
Vow (x) = 5(1 — :1:2)2, Vipw(x) = §$2(1 — :1:2),

Vsa(xz) =1+ cos(z), Vew(x)= 22%(1 — ).

@ Corresponding instanton solutions

Potential: | Double Well | Inverted DW Sine-Gordon Cubic Well
Ze(T): tanh 7 sech T 2arcsintanh7 | sech’® T
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Prototypical tunneling potential

@ Most known tunneling QM potentials

VDW(:B):%(I—:BZ)Z, Vipw (@) = 222(1 — 22),

Vsa(xz) =1+ cos(z), Vew(x)= 22(1—x).

@ Corresponding instanton solutions

Potential: | Double Well | Inverted DW Sine-Gordon Cubic Well
Ze(T): tanh 7 sech T 2arcsintanh7 | sech’® T

o Fluctuation operators are reflectionless Pdschl-Teller operators

1
Kpn = 02 4+ V' (ae(r)) = 0% 4 m? — 2D
cosh” 7
Potential: | Double Well | Inverted DW | Sine-Gordon | Cubic Well
(£,m): (2,2) (2,1) (1,1) (3,2)
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General reflectionless Poschl-Teller case |

e What are the potentials V; ,,(x) for general £, m?
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00 +1
Ko = =024+ m* — C(OSIQT) no() = Co P*(tanh 7)
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General reflectionless Poschl-Teller case |

e What are the potentials V; ,,(x) for general £, m?
o Reflectionless Péschl-Teller operators and its zero mode

00 +1
Ko = =024+ m* — C(OSIQT) no() = Co P*(tanh 7)

@ Instanton solutions

e(T) = / "ar P]"(tanhT) = /

tanh 7 dy

Wpem(y),
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General reflectionless Poschl-Teller case |

e What are the potentials V; ,,(x) for general £, m?
o Reflectionless Péschl-Teller operators and its zero mode

(e +1)

Kg’m = —83+m2—72, 77()(7') :C()sz(tanhT)
cosh” 1

@ Instanton solutions

T tanh 7 dy
ver) = [ ar PPt = [ L),
-y

o Plots

— (=3, m=3 z.(T) — (=4, m=3 2.(T)

— =4, m=2 — (=5 m=2

—_— =5 m=1 —_— =T, m=2
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General reflectionless Poschl-Teller case Il

o Parametric form

(@ Vi) = ([ 2P0, PP 00?)

y/2
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General reflectionless Poschl-Teller case Il

o Parametric form

(@ Vi) = ([ 2P0, PP 00?)

Yy

o Plots

— (=2, m=2 . —l(=2,m=1

—l=4,m=2 ~Vem(@) —Al=4,m=1 Ve (@ )

—(=4,m=4 —l—4m—3

| ‘

—(=3,m=2 —l=1,m=1
—t=5m= wm“ ~Vem(® —(=3m=3
— =5 m=2 —(=3,m=1

~ W
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General reflectionless Poschl-Teller case Il

@ Potentials are non-analytic for > 1 negative mode!
({—m>1m>2)

Ve,m(x) ~ (v — l‘itp) (1 + co\/T — Titp + - - -)a
V() ~ (2 — 2pp)* (1 + c1(z — Tip) Y™ A+ )
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General reflectionless Poschl-Teller case Il

@ Potentials are non-analytic for > 1 negative mode!
({—m>1m>2)

Ve,m(x) ~ (v — l‘itp) (1 + co\/T — Titp + - - -)a
V() ~ (2 — 2pp)* (1 + c1(z — Tip) Y™ A+ )

e No new analytic potentials :(
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General reflectionless Poschl-Teller case IV

These potentials can be defined on appropriate Riemann surfaces.
Examples read:

o (6,m) = (0,6 —1)

1
Voo (@) = 5 (- 1)%2(1 - 4xr)

. —Vas(z)
\ o
4mi 1
—e3x3
/ i
y 5/
[ P
2y ot
ami 1
el
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General reflectionless Poschl-Teller case V

e /=4, m
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General reflectionless Poschl-Teller case V

0 (=4 m=421

@ However, these are in strong coupling regime!
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Natanzon operators: overview

@ Natanzon operator

fz(z—=1)+ho(l —2)+ hiz+1

= R()
at(c1—c)(22—-1) 5 A 22(1 — 2)?
" [ R Fy 1 R(z)] R(z)
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Natanzon operators: overview

@ Natanzon operator

fz2(z—=1)+ho(1 —2) +hiz+1

= R()
at(c1—c)(22-1) 5 A 22(1 — 2)?
" [ R Fy 1 R(z)] R(z)

@ Parameterization

(2(7))*R((7))
42(7)2(1 — 2(r))?

=1, R(z)=az(z—1)+co(1 —2)+ 12
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Natanzon operators: overview

@ Natanzon operator

fz2(z—=1)+ho(1 —2) +hiz+1

= R()
a+(c1—c)(22—1) 5 A ] 2%(1—2)?
*{“* 2@31) _4R@J R2(2)

@ Parameterization

(2(7))*R((7))
42(7)2(1 — 2(r))?

=1, R(z)=az(z—1)+co(1 —2)+ 12

e Eigenfunctions

0(r) = (2(7)) 72 ()X (L = (7)) MV R (L a())
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Natanzon operators: application

@ Formal solution
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Natanzon operators: application

@ Formal solution

Vv(e(2)) = VR(E) (1 -2,
@ Shape-invariant operators

R(Z) :zqo(l_z)q17 q0, 41 2071727 qo + q1 <2

z(T) z R(2)
Maning-Rosen (1+e2)7 ! 2z(z—1) 1
hyperbolic P-T tanh® 7 2212(1 — 2) z
Eckart 1—e 2™ 2(1-2) 22
trigonometric PT sin? 7 2212(1 — 2)1/2 z(1—2)
Scarf 11 —isinh7) | (—=2)Y2(1 - 2)V2 | —42(1 - 2)
Rosen-Morse 5(1+icotT) —2iz(1 — 2) -1
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e Operator (Ny, N; — integer)

_€+(€+ +1)
cosh? 7

1 1
+20,0_ tanhT—i-Ei + 02, lp=—+—

Wik (7) = No My
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e Operator (Ny, N; — integer)
1 1

by +1) 2 | 2
-2 4+ 20, 0_tanhT + 05 + 42, /L — 4+ —
cosh? 7 + anaT + = No N

@ Potential parameterization

Wur(T) =

& Bl
VMR(az(z))—z’VO(l—z) a:(z):zNOQFl(NiO,l—N%ﬂ%—NLO;z)
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e Operator (Ny, N; — integer)
1 1

by +1) 2 | 2
-2 4+ 20, 0_tanhT + 05 + 42, /L — 4+ —
cosh? 7 + anaT + = No N

@ Potential parameterization

Wur(T) =

& Bl
VMR(az(z))—z’VO(l—z) a:(z):zNOQFl(NiO,l—N%ﬂ%—i;z)

Nikita Kolganov February 21, 2024 16 / 22



e Operator (Ny, N; — integer)
1 1

by +1) 2 | 2
-2 4+ 20, 0_tanhT + 05 + 42, /L — 4+ —
cosh? 7 + anaT + = No N

@ Potential parameterization

Wur(T) =

& Bl
VMR(az(z))—z’VO(l—z) a:(z):zNOQFl(NiO,l—N%ﬂ%—i;z)

@ Polynomial case

Vir(z) = 22(1—2™M)?, Ny=1,
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Hyperbolic Péschl-Teller

e Operator (Ny = 1,2, N7 — integer)

1 2 2 2

Wher(7) = = cosh? 7
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Hyperbolic Péschl-Teller

e Operator (Ny = 1,2, N7 — integer)

1 2 2 2
f(ﬁ—i— ) m2’ €:7+7—1, m=—

Whe(7) = = cosh? 7

o Potential parameterization

2 2 B
Vir(z(2)) = 2N (1= 2)™M,  x(z) = 2M2Fi (5,1 — 33 1+ 773 2)
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Hyperbolic Péschl-Teller

e Operator (Ny = 1,2, N7 — integer)

1 2 2 2
@ m2’ €:7+7_1’ m=—

Whet(T) = — N TV N

cosh? 7
o Potential parameterization

2 2 B
Vir(z(2)) = 2N (1= 2)™M,  x(z) = 2M2Fi (5,1 — 33 1+ 773 2)

o Plots
T T
— N =3 — Ny =4
— Ny =9 — N =12
— N; =111 — N, =118
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Hyperbolic Péschl-Teller

e Operator (Ny = 1,2, N7 — integer)

1 2 2 2
@ m2’ €:7+7_1’ m=—

Whet(T) = — N TV N

cosh? 7
o Potential parameterization

2 _ 2 1
Vg (2(2) = 2% (1= 2)M,  2(2) = 280 (1 — i1+ £52)
o Plots

a

— N =3 — Ny =4
— N =9 Ny =12
— Ny =111 — Ny =118

@ Polynomial case

VipT(2) = 5

2(1*33N1), N():l
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e Operator (M — integer)
sinh 7

42
_M_Qp(zg+1) S + 02, )= —

We(r) =
5(7) cosh? 7 cosh” 7 M
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e Operator (M — integer)
sinh 7

00+ 1) — 4p? )
—_— —2p(20+1 + £, (= —
cosh? 7 p( ) cosh? 7 M

Ws(r) =
@ Potential parameterization
Viag ((2)) = 2372 (1 — )73 =20,

z(z) = Z_ﬁQFl(ﬁ, o tip 14427
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e Operator (M — integer)
sinh 7

A2
M_Qp(25+1) S + 02, )= —

W. = —
5(7) cosh? 7 cosh” 7 M

@ Potential parameterization
Viag ((2)) = 2372 (1 — )73 =20,

x(z) =2 M2F1(M o tip 14427

o Plots

— M=1 Vs () —p=0 Vs(z)
— M =4 — p=0.032

— M =172 —p=0.110

T /aN / T
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o Invertible case (M = 1)

Vs(z) = (e7™(1 —z) + e””x)2 cos? [2% log(e™™ (1 —x) + e”px)} :
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o Invertible case (M = 1)
Vs(z) = (e7™(1 —z) + e””x)2 cos? [% log(e™™ (1 —x) + e”px)} :
@ Unusual quasi-periodicity property

Vs(x+1) = e Ve (6_2”'%).
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Conclusions

We found:

o Method for reconstruction of Lagrangian from linear fluctuations on
instanton background
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Conclusions

We found:

o Method for reconstruction of Lagrangian from linear fluctuations on
instanton background

@ Application to simplest solvable operators: reflectionless Péschl-Teller
operators. Non-analytic potentials, strong-coupling regime :(

@ Application to less simple solvable operators: Natanzon and
shape-invariant. Analytic potentials :)

VMR () :a:Z(l—a:Nl)Q, VipT () xz(l—le),

o7
Vs(z) = (e7™(1—2) + e”’)x)2 cos? [ﬁ log(e™™P(1 —x) + e’”’az)} :
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Conclusions

We found:

o Method for reconstruction of Lagrangian from linear fluctuations on
instanton background

@ Application to simplest solvable operators: reflectionless Péschl-Teller
operators. Non-analytic potentials, strong-coupling regime :(

@ Application to less simple solvable operators: Natanzon and
shape-invariant. Analytic potentials :)

VMR () :a:Z(l—a:Nl)Q, VipT () xz(l—le),

o7
Vs(z) = (e7™(1—2) + e”’)x)2 cos? [ﬁ log(e™™P(1 —x) + e’”’az)} :

o Classification of tunneling potentials, having solvable fluctuation
operators!
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Future directions

Not found:

e Quantization of operator obtained (beyond 1-loop, uniform/exact
WKB)
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Future directions

Not found:

e Quantization of operator obtained (beyond 1-loop, uniform/exact
WKB)

@ Generalization to field theory/few-particle cases

e SUSY
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Thank you for your attention!
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