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Motivation

Monodromy matrix T (u)
_( Alw) B(u)
Tu) = ( C(u) D(u)
Yang-Baxter relation
1 2 2 1
Rio(u—v) T(u) T(v) = T(v) T(u) Riz(u—v)
1 2
T(w)=T(w)e1 ; T(v)=11 T(v)
4 x 4 R-matrix Ri2(u) = u+ P12 <> Spin chain models XXX;, Toda chain
Yang-Baxter relation —

[A(u), A(V)] = 0 , [A(u) + D(u), A(v) + D(v)] = 0

® Diagonalization of A(u) + D(u) <— Spectrum is discrete. Bethe
equations, Baxter equation.

® Diagonalization of A(u) <+ Spectrum is continuous and simple. Iterative
construction of eigenfunctions. Closed integral representations.

® New type of useful integral transformations. Separation of variables.



T'oda
000000000000 00000O00000000

Plan

® Quantum Toda open chain. Hamiltonian and family of commuting
operators.

® Lax operator, monodromy matrix and Yang-Baxter commutation
relations.

® Main Problem — construction of common eigenfunctions of the family
of commuting operators. Spectrum is continuous and simple.
Orthogonality and completeness.

® Q-operator. Definition, kernel identity. Motivation from classical
Baecklund transformation.

® A-operators. Iterative construction of eigenfunction in x-space —
Gauss-Givental representation for eigenfunctions.

® Feynman diagrams. Proof of the main relations.
® (Calculation of scalar product and hidden role of Q-operator.

° f\—operators. Iterative construction of eigenfunction in A-space —
Mellin-Barnes representation for eigenfunctions.

® Gustafson integrals and completeness.
Sklyanin, Semenov-Tian-Shansky, Kharchev, Lebedev, Silantiev,
Gerasimov, Oblezin, Kozlowski, ...
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Hamiltonian and commuting operators
Open Toda chain — the system of n one-dimensional particles with
coordinates xx € R. The Hamiltonian of the system has the form

n n—1
1 2 _ 10
H=-Z- Xk —Xk+1 : ——
2 ; pk + kz—; ) pk I an

The Hilbert space of the system is L (R").
Momentum operator

P=> pc ; HP=PH
k=1

Integrability — existence of n commuting operators
P,H—P,H,Hs,... H,

Generating function A(u)

Au)y=u"—u" TP+ u"? (%PZ - H) —u"*Hs+ ...+ H,

An(u)An(v) = An(v)An(u)
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Construction of generating function A(u)

Lax operator
. u—px e
Lk(u) — < _exk 0 >

Yang-Baxter relation Rio(u) = u+ Pr2

L(u) = Le(u) @1 Le(v) = 1 Li(v)

R12(U — V) ll_k(u) ik(v) = lz_k(v) ll_k(u) R12(U — V)

Monodromy matrix T (u) = Ln(u) ... Lo(u) L1(u)

o= (80 ) () - (A
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Vusualisation
Basis in V; ® Vo, = C? @ C2:

51:|TT> ) 62:|T~L> ) e3:|~LT> ) e4:‘\L\L>

1 2
Matrices of operators Ri2(u — v), T(u), T(v) in this basis

u—v+1 0 0 0
R12(U7V):U7V+P12: g UIV uiv 8
0 0 0 u—v+1
A(v) 0 B(v) 0
: _ 0 A(v) 0 B(v)
TM=1cwv o b o
0 C(v) 0 D(v)
Alu) B(u) 0 0
2 _ C(u) D(u) 0 0
TW=1 79" 0" AQu B

0 0 C(u) D(u)
Matrix RTT-relation <> 16 commutation relations for A, B, C, D

Ria(u — v) T(u) T(v) = T(v) T(u) Rzt — v) — A(u) A(v) = A(v) A(u)
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Eigenfunctions of A(u)

Common eigenfunction of n commuting operators P, H , Hs,...  H, is
eigenfunction of A,(u) with polynomial eigenvalue

An() Wy (X, xa) =(u—=A1) - (u =) W, (X1, oy Xn)

Spectrum is continuous and simple. Eigenfunctions are labelled by n zeroes
A €R ;k=1,...,n of eigenvalue of operator A,(u)

Iterative construction of eigenfunctions Wy, . ., (x)

Waiow =M, Voo,

Waoan (X, x0) =

/ dyr- - dyn—1 M\, (X, Xy, o Yn—1) W, (1, oo Yem1)
RrRn—1
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\U>\1(X1) = e"Am — W>\1>\2(X1 ,Xg) = /\Q(Az) ei)\lx1 =

‘U>\1>\2 (X1 ,Xg) = / dy1 exp (i)\z (X1 + X0 — y1) — 6X17y1 - GYI7X2) ei)\l’vl
R
Orthogonality relation

/R TG g6 )H D5 — () (A — V)

n n

/ Vs () ) T 2 = T 60— )

j=1 k=1

1
F(ide — iIM)T(IA — ide)

Ho(N) = ~

J<k

Soym (A = Z H 5 (M= Aow)

€S, k=1
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Q-operator

Q(u) Q(v) = Q(v) Q(u) : Q(v) A(u) = A(u) Q(v)

[RQINW] (x1,... ,Xn) :/ dyi---dyn Qa(xt,... s Xnly1, - s ¥a)V(y1,... ,¥a)
Rn
Integral kernel

n n

n —1
A (x|y) = exp (i)\ Z(Xk —yk)— )y e~ eykxk“)
k=1

k=1 k=1
Integral operators
Qi(A) <> exp (iA(x1 — 1))
@2(N\) < exp (i/\ (x1+x—y1—y) — 17 — 272 — e“_xz)

3
Q()\) ¢ exp <i)\ Z(Xk — i) — ATV _ g 8Ty i ey2X3>

k=1
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Construction of Q-operator
Motivation from classical Baecklund transformation

V.A. Fock, On canonical transformation in classical and quantum mechanics (in

Russian), Vestnik Leningradskogo universiteta 19 (1959) 67

V. Pasquier and M. Gaudin M, The periodic Toda chain and a matrix
generalization of the Bessel function recursion relations, J. Phys. A: Math. Gen. 25

(1992) 5243-5252

E. K. Sklyanin Baecklund transformations and Baxter’s Q-operator

arXiv:nlin/0009009

Operator A(u) = A(ul|x;, Ox;) is function of quantum canonical variables x;

and p; = —idy;. Relation of commutativity
A(u) @A) = Q(A) Av)
is equivalent to the kernel identity for the integral kernel Q(x,y)
A(ulxi; ) Qu(x,y) = Alulyi, —0y) Qx(x; y)

Let us restore & for the moment p; = —ihd,, and consider semiclassical
approximation for integral kernel Q(x,y) = exp 1 F(x, y)

A(ulxi, —ihdy) eF ") = A(ulys, ihd,) eh ) 22,
A(ulxi, 05, F) = A(ulyi, —8y,F)
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Construction of Q-operator

Canonical transformation (P,y) — (p, x) in classical mechanics

{Pi, yk} = dix — {pi, xx} = Ok
Generating function F(x,y)

_ _OF(xy) . OF(x.y)
b= " P~ "o

A(ulxi, 05, F) = A(ulyi, =0y, F) <+ Alulxi, pi) = A(ulyi, Pi)

Guess that semiclassical approximation is exact, forget about h and try
ansatz Q(x,y) = exp F(x,y), where F(x, y) is generating function of
classical Baecklund transformation (Toda, Gaudin)

n n—1

Floy) = n3 (- ) = 3 e = 3 e
k=1 k=1

k=1
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Simplest example of kernel identity

A(ulxi, 05) Qu(x,y) = A(ulyi, —9y) Qx(x, )

Qu(x1, 3y, y2) = exp (IA(a + x2 —y1 — yp) — €177 — €272 —

u+idy, e u+io, e
( —e® 0 ) ( —e™ 0 -
u—XA—i (e“’y2 — e“’”) e u—\— et
—e™2 0 —eM
u—io, e u — io, et

U—\—jeey2 g0 U—\N—1i (exlﬁh _ ey1*><2>
e 0 _en

e )

e ™
0
e*Yl
0
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Iterative construction of eigenfunctions Wy, ,(x)

Vo on (X, %) =

/ dyr - dyn—1 Mo, (X, Xy, o Yn—1) W, (1, oo Yee1)
RrRn—1

Integral kernel

AM(X, o s Xnlyiy ooy Yn1) =

n—

n 1 n—1 n—1
exp i E Xk — E Yk _ eXk*Yk _ e)’k*><k+1
k=1 k=1 k=1

k=1

Integral operators
A1 (X) < exp (idx1)

Aa(X) < exp (i)\ (x1+x—y)— et — eyr“)
As(X) <> exp (i>\ (xi+xet+x3—y1—y)— et — 272 T2 eyz_x3)
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Iterative construction of eigenfunctions Wy, ,(x)
\U)\l (Xl) = e"Am = /\1()\1)1

Alu)=u—pr=u+ ii v A(u) e — (u—X1) erx
8X1

Vo (31, x2) = A2(A2) Ar(Ar) 1
wM)\z (X1 ,Xg) = / dy1 exp (i)\z (X1 + X2 — y1) — exl*h - e“fXZ) ei)\lyl
R

Ao (u) Wiy, (X1, x2) = (U — A1) (0 — A2) Wiy, (x1, x2)
Symmetry A @ X2 +— y1 = xi+x—n

Ao + i6X2 e 2 Ao + I'ax1 e
Ar) & ( —e* 0 ) < —eM 0 -

iey17><2 ef)Q 7iexlfyl e7X1
—e™ 0 —e 0
A(X2)Vx 5, (x) = 0 — by symmetry A1 2 X2 = A(A1)Vax,(x) =0 —

A(”)“’)q)\z (Xl 7X2) = (Ll — )\1)(Ll — )‘2)‘“>\1>\2(X1 ,XQ)
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Iterative construction of eigenfunctions Wy, ,(x)

\U)\L.)\,,(Xl geee ,Xn) = /\n()\n) e /\2()\2)/\1()\1) 1
AW x, (X) = (0= A1) -+ (0= An) Wi, x, ()
Qu(N) W (X)) =TUX = i) - T(A = iXa) WU, (X)

Symmetry \; & \; «—

A(Ak) Ak—1(Ak—1) = Ac(Ak—1) Ak—1( M)
AAn)Va, .., (x) = 0 — by symmetry A\ &= A = A(Xj)Vx,.,(x)=0—
AW a,(x) = (0= A1) - (0= X)Wy 0, (X)
Calculation of eigenvalue of Q-operator is based on relation

@n(A) An(p) = TOA = i) An(p) Qn1(X)

Qn(/\) /\n(An) An—l()\n—l) e /\1()\1) 1=
A = iXn) An(An) Qo (0) Anct(Anet) -+ A(A) 1 =
FGA — iXn) TOX = iXo—1) Aa(An) Ane1(Ane1) Quz(A) -+ As(A1) 1
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Q- and A-operators

s Q_\(’P['L/\ (x-4) - @HJ

%=y
x> oxp —e x Rl M\: LA X
><l ) >(I \
‘jl 9|
O-ender %2y Aopandan <,
9. I
Y_S N Y_} \
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Commutativity of Q-operators

A X~y _L/\
Sy e

bR ]
WSy, SN
o) M=%
h X _;é-\ ER ¥, " ‘JI
A \ \%uz I \<~J
, 060« G0 40
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QA-relation

S < Pl m\ {__é__

Q) A\, = V(\A-M«\ _/\3@ ()
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Calculation of the scalar product

| oty y(x>H"Xf = 1 () Sm(A — X)

Step one — regularization

- dx;
/ Waran () W (%) H 277: -
R’T

. . —i)\/xo r /) A X0 — X1 de
lim lim e "» / W, (x) exp (’/\nXO —€ ) wk1+ismkg+i5(x) o
RH

Xg——00 e—0
j=1

Step two — hidden Q-operators allow to calculate everything in a closed form
n

H F(iXi — iXe +¢€) exp ixo Z ()\k — )\L)

ik=1 k=1
Last step — delta-sequence
- 70D Q=AY (1) 72 2ri)n!
im lim =
Xg——00 e—0T1 H )\ — )\;( — iE) H7<k ()\, — )\k)z

65}""()‘7 )‘/)7
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Calculation of the scalar product

~UuX, o
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Dual representation for eigenfunctions
Iteration in x-space

WX, o, xe) =
/ dy1 e dy,,_1 A)\,,(Xl goe ,X,,|y1 I ,_)/n—l) \U>\1-~~/\n—1(y1 PN ,_y,,_l)
Rrn—1
Iteration in A-space

Wi, x0) =

N d
/ /\Xn()\l,... 7>\n|’Yl7--- 7'Yn—1) w’Ylm’Yn—l(Xl"" Xn—1 /An 1 "Y) H 71
Rrn—1

Orthogonality of eigenfunctions — /\Xn is defined by the scalar product of
V,and V,_;

/A\X"()\l,... ,)\n|')’1,... ,'Yn—l) =

dx;
/R,,ﬂ Vo (X, ey Xnm1) W, (X1 oy Xa) H 271{
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Dual representation for eigenfunctions

The scalar product of W, and W,_; is calculated in a closed form using
Q-operators similar to previous scalar product calculation

A Aol ) =

n n—1

HHF (ixk — ivj + €) exp ixa (ZA —Z’yj>

k=1 j=1
\UAL.‘A,,(Xl PR 7Xn) = /A\n(Xn) . "A2(X2)A1(X1) 1

Integral operators
A1(x) > exp ix\1
Aa(x) < T(id1 — i1 4 €)T(ida — i1 +€) expix (A + A2 — 71)
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\U)\l(Xl) = E»\lxl = A1(X1) 1 — \UAI)\z(Xl ,X2) = /\Q(XQ)/\l(Xl) 1— ...

w)q)\z(xl ,Xz) = / d’71 exp ixo (A1 + X — ’71)
R

F(id — iy + )M (iXa — iy + ) €™
Eigenfunctions are constructed iteratively in A-space

n n—1

n—1
. . i(AN—)x, dv;
“’n(XI/\):/ . TTTT G = i +2) e woa () paa () T 52
Rn—

2w
k=1 j=1 j=1

where in explicit notations we have: A = ZJ’.’ZI A, = Z;;ll v; and

Wo(x|A) = W, (X1, .oy Xn] A1y - o vy An)

oot (X17) = W (X1, oy Xoe1 910 3 Y1)
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Gustafson integrals

n+l n n n+1

/ TTTTrGowx = ix)r(in — iBi) ma(N) %: kj= 11('% i)
RY y=1 j=1 o ™ r(zn (i — Iﬁ,))

First reduction a1 = —ie™™L ; Bop1=ie YL ; L — oo
+ BOnt

/R H Miow — iN)T(INA — iBk) €M ua(N) H

k,j=1

n
el e (e + efiy),ﬁila H T (icy — iBx)

k,j=1

N=3Ta M i a=33 o i B=300 B
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Gustafson integrals

/R H Fick — iN)T(iN — iBk) €M pa(N) H

k,j=1
B g ive (efix + e—iy)iﬁfia H Mic; — iBk)
k,j=1
Second reduction o, = —iL ; Bn =il ; L — oo
n—1 n
/ HH Fick — iAj + )T (N — iBi 4 €) €™ i (N) H
R y—1 j=1

- % 5(x — y) Ssym (0 — B)
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Completeness and Gustafson integrals

The completeness relation has the following form

| ) Ha(Xk )

Jj=1

Eigenfunctions are constructed iteratively in A-space

n n—1 n—1
) X d
w0 = [ TTTTrOv =€) € wostei) s [ 52
k=1 j=1 j=1

where in explicit notations we have: A = ZJ’.’ZI A, Y= ZJ’.:II v; and
Wo(x|A) = W, (X1, ..oy Xn] A1y - ooy An)
Vo1 (x[7) = Vo1 (x1, - Xo—1|715 -, Y1)

Substitution inside completeness relation of explicit iterative expressions for
W,(x|A) and W,(y|\) gives.
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Completeness and Gustafson integrals

n

d)\
/ VLGN Wy ) [T 52 =
RP j=1
Y da; dB
- i(a—B)xn &7]
\/]R:nfl \Un—l(Xla) \Un—l(y|5)e /J“"_l(ﬁ) ’un_l(a) 27 27

j=1
—1 n

or
1j=1 j=1

/ Hr ik — iNj+ &)T(iNj — iBx + &) €™ (X) dx _
R j=

_— daj
=505 [ TG e la) (o) e
Ro—1 ey
where we used reduced Gustafson integral in the form

n—1 n n

/ TTTT G — i + ) (n — i+ &) 0D, (3) T 92 =
Rn

2
k=1 j=1

271')" 1
" ln1(a)

j=1

(xn = yn) Osym (v = B)
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Instead of conclusion — naive point of view

® Gauss-Givental representation. Everything is governed by local
identities or, equivalently, Yang-Baxter relation.

® Mellin-Barnes representation. There is not local relations but instead
there exists Gustafson integral.

® Toda, XXX-spin chains <> local relations + Gustafson integrals

® XXZ-modular magnets, g-deformed g/, Toda system <> local relations

+ Rains integrals
Gus Schrader, Alexander Shapiro, On b-Whittaker functions

arXiv:1806.00747

Paradox or lack of understanding?
Ruijsenaars hyperbolic system <> no local relations and special famous
integrals but everything works in a very similar way
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