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Banana diagram

Coordinate space Momentum space
Oloop | (O+m?)Gm=0 <20 (02— 2)F[Gp] =0
n-1loop | (P?2)[10; Gm =0 <& (222)F [[T7y Gmy] =0
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General construction scheme

Single line satisfies:
(O4+m?)Gm(X) =0

The equation implies that G is the function of modulus |X| what allows to
move to more convenient A = Xd; = xdy operators:

(N +(D—2)A+x*m?) Gm(x) =0

This relation allows to write equation on G/ in rather simple way:

k . .
NG =Y axix®NGm+ Y by ix* Gy

k
i=0 i=1
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One loop example

As A? can be expressed through A, it's reasonable t distinguish 4 “basis”
functions:

I070 = G]_ GQ, /170 = (/\G]_) G2, I07]_ = G]_ (/\G2), I]__’]_ = (/\Gl) (/\G2)
Then acting by A on Iy o we get the linear system:

Noog=ho+ 11

/\2/0’0 =2 (D- 2)/170 —(D=2)lp1— (m% + m%)x2lo~,0
Nloo = Bihi+ Byho+ Bsloi+ Baloo

Nloo= Cihi+ Gho+ Glo1+ Ciloo

Maxim Reva PMMP24 February 22, 2024 5/21



One loop example

It's convenient to express this system in matrix form:

1 0 0 0 o
0 1 1 0 Aho
A=|—(m+m)x2 —(D-2) —(D-2) 2 Al
B B By By My

G G G G Ny

The kernel of this matrix is of the form (l0, h0, /0,1, h,1,—1), which implies

detA=0
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One loop example

det A :{/\4 +2(2D —5)A3 + (2x2(m§ +m2)+(D—2)(5D — 16))/\2+
+2((m§ +m2)x2(2D 73)+(D—4)(D—2)2)/\+x2((mf — m2)2

+2(D~1)(D = 2)(m? + 1)) }loo = 0
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Equal mass case

The case of equal masses implies new identity:

ho=la

Then the linear system reduces to:

1 0 0 oo
A 0 1 0 Al
o —2!7']2X2 2—D 2 /\2/()7()
2(D—4)m*x* (D-2)2—4m’x®> —6(D—-2) NAlo

Repeating the same argument we get the equation

det A= (N> +3(D—2)A°+ (2(D—2)> +4m*x*) A+ 4(D — 1)m*x?) lpo = 0
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Momentum space

As we are interested in “maximal cut” solutions, the Green function reads:
G = /e"PXf(p)s(p2 — m)dp

So for n-loop integral we have:

6" /'PXf(ps():k P80 - mt)[Tehido = [ 7 F(p)inc

Using Feynman trick and integrating over k; we arrive at

n y3(2-D)
/Hdo" ( —Lo >1<1><oz>
e

Rn = i=1

v-Tafe' r=(Hage) (L) s
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Momentum space

As the integrand is homogeneous we can move to projective form
| yz(-D)

= ———50
n / Fl_(n71)2(D—2)

where I, = {(a4,...,0) € CP" !|(at,...,000) €R"} and

0=Y" (-1 aidoy A---Adatj A Adat,.

Using Hopf fibration we move the integrration to complex domain
1 / Ug(27D) n

o [ [ 9%

. %~ I

n

with T, = {(@,...,0,) € C" | & = a;e®, a; €T, ¢ € S}
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General construction scheme

As T, is closed the differential equation can be easily found

_ ys@-p)y
2 1

For convenience we put t = p?
The right hand side can be expanded as

Bg,- v?

where f; are homogeneous polynomials of certain degree.
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One loop example

U=o+0, F=(0n+o0)(mia+mion)—tao
In different mass case:
0

{2t(e = (m1 = ma))(e = (my+ m2)?) =+
U27D

+ (02)(md — mR) 2 + )i+ (4- D)) } g

d

In equal mass case:
U37D

D
F>=z2

9 U27D b 0
B nd _ _ 2 N R
{t(t 4m?) 5 — (D —4)t—4m }F2? m <aa1 +8a2>
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Calabi-Yau case

w Res
Fn

I(D =2) = X: F=0

The integral becomes the period of CY X, possibly singular. This allows to
derive the additional property on differential operator annihilating
integral.

LetP=Y7, a;%, P-1,=0and its formal adjoint P* = ,’-’:0(—1)"3‘9—;3;, then
the following relation holds:

Pf(t) = (—1)%8Pf(t)P*
where f(t) is some function depending on operator.

f(2ap,—1—nal) +na,f' =0
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Fourier transform

The Fourier transform from x to p space:

A d

A= —-D —2ta—t

0 02

2> 2D —4t—
X dt Jt?

And from p to x:
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Fourier transform

coordinate Fourier transform momentum
Minimal in A ~ % can be Large in X = Largein &
| factorization
1 factorization
Minimal in 2. = PF
Large in % ~NA = can be Largein t
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One loop, equal masses, arbitrary D

coordinate Fourier transform momentum
bi-degree (3,2) = bi-degree (3,3)
x- T 1 left div. by (D+2t%) 2~ x?
bi-degree (3,2—-1) — bi-degree (1,2)
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One loop, different masses, arbitrary D

coordinate Fourier transform momentum
bi-degree (4,3) = bi-degree (4,4)
left div. by x~3(x 2 —1) 1 V leftdiv. by (D+2t%) 2
bi-degree (5,4 —3) — bi-degree (1,3)
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Two loop, equal masses, arbitrary D

coordinate Fourier transform momentum
bi-degree (4,3) = bi-degree (4,4)
left div. by x 3 (x 1) (x & +D-3) 1 | leftdiv. by (D+2¢%) 2,
bi-degree (6,5—3) = bi-degree (2,3)
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Two loop, different masses, D =2

coordinate Fourier transform momentum
bi-degree (8,11) = bi-degree (12,10)
factorization T l factorization
bi-degree (14,13 —11) — bi-degree (2,7)
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The End

Questions? Comments?
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