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Cube of Physical Theories

® Role of fundamental physical constants c, G, h

[I. Tamos, 1. UBanenko u JI. Jlanmay, JKPDXO. Y. dus. 60 (1928) 13]
[G. Gamow, D. Ivanenko, L. Landau, Journal of Russian Physicochemical Society, Ser. Physics LX (1928) 13]

® Bronshtein-Zel’manov’s cube of physical theories

speed of light

NM = Newton Mechanics CIm
A ¢ =3x10" —
G SR = Special Relativity E | 8
Bronsht&in gravitational constant
/NG NQG NG = Newton Gravity ol
G =68x10"° —
GR TOE QM = Quantum Mechanics g s?
GR = General Relativity Planck constant
_ —27
NQG = Non-relativistic Quantum Gravity i — L0aE 1L I8 s
NM QM
—> = i ;
, QFT = Quantum Field Theory Planck units
TOE = Theory Of Everything 12
l/c /"sR QFT mo — €
p =
G
h h
. . mpcC mpepcC
practical units
2 2
m—scm, keg— g, Newton= £ — 107° Newton, Joule= kgm — erg= 25— = 107" Joule




Rational Units

N - m?
electromagnetic interaction: Coulomblaw F' = k(‘h—gz k=9 x 10’ C;n
r

electric charge: e = 4.80 x 107 (CGSE = dyn'/? - em = g"?em®?s7!) = 1.60 x 1077 C

(S) k=1 (CGSE)

Joul N .
Energy units: 1 Volt = 0(131 7 leV =1.60 x 107" (N - m = Joule)

C 1 erg = 6.3 x 10° MeV
“electron-Volts”

1 MeV = 1.60 x 10~ *Joule = 1.60 x 10~ %erg

electromagnetic interaction: ke¢® = 1.44MeV - fm

Planck constant; hc = 197.327MeV - fm = 197.327eV - nm
lectrodynamic fi ke L
. o = ~
electrodynamic fine structure constant: " 137
Atomicunits ¢ 5 and m.c® = 0.511 MeV
72 722 h
Unit of length  7p = _ e 0529%107°m =0529A Bohrradius
e2m. e2m.c?2  am.c?
Unit of e e*m. e*m.c? 5
ntorenersy pp=_— = = = a"m.c” = 27.2eV= 2Ry Rydberg (13.6 eV)
B h2 h2c?
h h 7.25
Unit of time tp = — = ¢ _ i 2.41 x 107 s = 24.1 as (attosecond)
EB EB C C

43 attoseconds: the shortest pulses of laser light yet created
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Nuclear units (=1 and c=1 he =197.327TMeV -fm =1 —— 1fm =
( and ¢ = 1) e eV - fm M=
—mayer/h
The Yukawa potential of the strong interaction (long-range part) V(r) = j ¢ myc? = 140 MeV
s r
Hence, the typical radius of nuclear forcesis .~ ho_ 1.4 fm 1fm = 0.71 m;*

MrC
Compare with the coefficient in the empirical formula for the nucleus size R(A) = 1.2 AY? fm

nucleon mass: my = 940 MeV= 6.7 m, nucleon number density: 7,4 = (0.16-0.17) fm > ~ 0.5m3

nuclear matter density: €9~ My Npuel = 940 Me\//c2 x 0.17fm > = 2.8 x 10" %

cm
. 4 MeV g 2 M d
matter density: % — 48.58 — 8.65 x 101 = ; 41 C eV 34 AYNE
3 2 X o’ pressure: m e 48.58 e 7.78 x 10 p—
. . o , ] ('1113 10 (111
Geometrized units (c=1and G = 1) G=067x10"— ¢=3x10 ;
g5
1s=c=23x10°cm lerg = 8.23 x 107 cm 1dyne = 8.23 x 107°°
lg = G/ =741 x 1072 cm C% = 7.41 x 107% cm ™ dy“f —8.23x 107 cm 2
cm

Net = 1.95 x 107 em™ = 1.95 x 10~* km ™
solarmass: M, = 2.0 x 10 g = 1.5km



Temperature units

Joule

v
— 8.617333262 x 1075 —

Bolt tant ks = 1.380649 x 10~23
oltzmann constan B X Kelvin Kelvin

k=1 =— 1eV =11604.5Kelvin ~ 10*Kelvin



Fermionic systems

electron m.=0.5MeV, s= electron gas
in metals
— 7P — 7.874 -5
n = ZM—mNA for Fe PFe : -
B o3 atom B g
Ny =6.022 x 10 mole My, = 55.845 ol Z = 2 (4s* electrons)

typical number densities

nucleons: protons and neutrons

R(A) = ?"0141/3
ro = 1.1-1.2fm

nucleus size

Helium-3

(n p p + e +e) 5 particles with spin %2 — total spin %

n ~ (1-20) x 10*? cm™®

my = 940 MeV, s = %

4 1
Mgl ~ (?WTS’) — .14 0.18 fm™?

atomic nucleus eZ,

atomic core —e(Za-2)

conductivity electrons -eZ

n— 17.0 x 1022 Jtoms
' cm?

nuclear matter (Coulomb interaction is neglected)

liquid helium 3



Alkali atoms  The ground-state electronic structure of alkali atoms is simple: all electrons but one occupy closed shells,
and the remaining one is in an s orbital in a higher shell.

 Period

1

H .

wae — Alkali metals
3‘ B4

Neutral atoms contain equal

numbers of electrons and protons,

and therefore the statistics that an
atom obeys is determined solely
by the number of neutrons N: if N
IS even, the atom is a boson, and
if it is odd, a fermion.

Element Z  Electronic spin  Electron configuration

H 1 1/2 Is

Li 3 1/2 1s%2s!

Na 11 1/2 1522522p©3s!

K 19 1/2 1522522p%3s23pfas!

Rb 37 1/2 (Ar)3d194s24pS5s!

Cs 55 1/2 (Kr)4d!'5s25p°6s!
[sotope Z N 1 w/ux  vne (MHz)
H 10 1/2 2793 1420
Ti ___3_3__1 __082 ___ 228
Li 3 4 3/2  3.256 804
23Na 11 12 3/2 2.218 1772
K 19 20 3/2  0.391 462
O 19 21 4 _-1298 _ _ 1286
MK 19 22 3/2 0.215 254
%Rb 37 48 5/2  1.353 3036
5TRb 37 50 3/2 2.751 6835
133Cs 55 78 T/2  2.579 9193

The nuclear spin is coupled to the
electronic spin by the hyperfine
interaction.
Hyy=AI-J
I nuclear spin
J electron angular momentum

J=L+S

L=0and S=1/2

good qunatum number is
the total spin F =1+ J

F=I1I+1/2
I J-= ;[F(FJF) J(J+1)—I(I+1)]
AFy=FEF =1+1/2)—E(F=1-1/2)

= hine = (I—i— %)A

h=1.055x10"2Tergs = 6.65 x 10 %eV.s =771 x 100 2K s =7.71 x 10 K/GHz  h =2wh =48 x 10 *K/GHz



Dilute fermion gas

Let us consider a gas of neutral atoms interacting through a short-range binary:
potential. At high enough temperatures and low enough pressures, the gas is
dilute.

Each atom moves as if it were essentially free, apart from infrequent collisiong
with other atoms or with the container walls. i
The system is well described by the elementary kinetic theory of gases. :

Equation for the particle distributi ( t) oy Ilny]| k 1

uation for the particle distribution n¢(x, p, 7 Ay
q P ;P dt I[ny) :WZZW(p,plspzap?,)(S(Eerﬁpl — €p, — €py)
d’!’Lj 8?’Lf 4 8nf e anf ][ ] pr P2
— — =1n
dt 8t 8:3 p 8]) f X 6(3)(1) —I_ pl o p2 o p?)) [nfap2nfap3 o nfvpnfapl]
1 transition
Ryse > Amtp ~ —— > Lline o ~ ATy, nRky, <1 | probability
C,
It displays the usual properties of a classical gas; e Lead  Atuminium
the specific heat C,, is temperature independent R I aar S Setee s Lo Siicon " petit presiction
6@ S OF R Diamond

= (39, -1, - () :

v 0T /v ol /v ol /v -

N( o )3/2 2 5 o3 | R = kpN4 gas constant
n = — — 6_2mT . p 2d p . 3 R
dE =7TdS — PdV 17 2-:30 4;)0 i:'.'LI]-.'J ﬁluu mluu )




Thermodynamics of a Fermi gas PERIODIC BOUNDRRY  CONDITIONS

one type of fermions 5
single particle Hamiltonian Hi = o box Ly X Ly X L, ]
1 Box with periodic boundary conditions \f
U,(r) = —=e?"
vV o L
P — ﬁkl — ﬁ(z’ﬂ'L—m’b —+ QWL—y] —+- QWL—zk) (l:c; ly; lz) integers

The total wave function is a Slater determinant made up of N such plane waves. All the eigenstates of the system can be

characterized by the distribution function n,; , which is equal to 1 if the state ps , is occupied, to zero otherwise.

Probability that the system has the particular distribution of particles on various levels

{rp} = (Npyts Moy Ty s Mipy— s Mty Mp— - T, )

P({n,}) = ZT Jexp{ - %(zpj(ep e+ (e — )}

here 1 is the Legandre coefficients, which fix the averaged number of particles. Quantity Zﬁf)

is the normalization factor for the probability.

is the statistical sum, which



T =0
spin % particles in a box

momentum

A

Pauli exclusion principle

Two identical particles with uneven spin cannot occupy simultaneously the same quantum states, i.e. have
the same quantum numbers

Z(f 51 Y 51 Y Z Z - XD { ; (Z(EP — p)np,+(€p — ”)np’_> })

ni,+=0n1, _=0ng  =0no =0 ng,+=0mn; =0 P

For one sum of the particle numbers on the ith (enegy/momentum) level with spin s = + we have

1
D EARERLEP RS R

Fermi momentum p,
Fermi energy E=e(p;)

14,5 =0
. : : £ (f) _(f)
Then the statistical sum for the fermion system is equal to 2 ﬁ) = H Zp 2y
P
and the thermodynamical potential for fermions is
2d3p 1

OO = —7Y log 210 = ~TV log (1 + e~ Fer =)

} Z og (2r)7 ogll+e

o k d*p
Thermodynamic limit I, — 0o, V — o0, (N) — oo, but (N)/V = n = const. Z -V (27)3 =V (27h)? (n=1)
r



Now we can define the probability that on the level p there will be exactly n particles as

levelp — — — ——- e = — —O—=-O—-
I v ! v

we introduce the notation for the averaging With the probability P({n})

SD D VI D SEED DI SRR I(IR!

n1,4+=0n1,_=0ng 1 =0ng =0 ni +=0mn; =0

2
S0 + 26,16 T @1 45, [e—%&p—m}

) 2
(1 + e—T(Ep—M))

degeneracy factor
The averaged number of particles on the level p is / J Y
2
1 1
2 Qe_T(Ep_:Uf) + 2 |:€_T(5P_:Uf):| —L(ep—p)
e T\P 2
ns(p) = 3 ol (n) = —2 - <

For particles with specific spin projection

1
nf(p’S):e%(EP_”)_l_l s =+

Fermi-Dirac distribution function




Fermi gas at T=0

1 —— =1 e <pu

nf(p78) — 6%(67’_“’) 11 § == I'—0 nf(p, S): 0 1 :Q(M_Ep)zg(p]?_p)

Fully degenerate fermion system
P is the limiting momentum occupied by particles (Fermi momentum)

2
M= €rF limiting energy (Fermi energy) = Pr

e - 2m
1 . /f

Fermi temperature 7% = kpep

T Sy Wi Moo

PF
N d*p 4 dpp? PP
° ) 3 ”:_:Z i (pss) =2 3~ 9.2:3
F V. =] (2mn) (27h) 3m2h
. . . ) s hQ(Sﬂ.Qn)Q/B
Relation between the Fermi momentum and density pr = h(3m2n)V €F = Sy

electron gas in metals (Fe) e = 17.0 x 10*cm™  kp = p_;; = (37217 x 102H)Y3em™ =1.71 x 108 em™! = 17.1nm ™!

nke  heky 197.33¢eV -nm - 17.1nm™* Ly ki
— — ~ 0.6 x 10 €F = = 11eV Tr = knep ~ 10° K
M. | M.t 0511 x 105 oV ¢ X AYe " 2m, P BeE

€p << M,

Vr —



neutron matter Nmel = 0.16 fm ™ & 0.45m?

n \1/3
) PE 035
mny

1/3
”) :331Mev(

Mnucl

pr = (37T2n)1/3 = 2.4mﬁ(

Tlnucl
relativistic effects could be important

2 2/3 2/3
ep = LE_ _ 0.43%(3) — 60 Mev(ﬁ)
2mpy no no

PF

. E d’p P’ 1 [ dpp’ Dy 3 pp 3
Energy density 7 = 2/ o r —P)g = Wzﬁ,s/ o~ Tomame  5'am 5T
0

2d3p E 3 2

P P i lim T'V / 2dp 1 (1 +e 7l _“)) = / ( ) = un =n nep = —ne
= —— = p —_— — €, — — - — = e — —Nep = —
ressure lim 27)? 0g e (2m)E p)=pn— BT pNER = SNEE
!

PV =-F
2

for the electron gas in metals (Fe)

2 J J
P=-(17Tx10%cm™®-11eV- 1.6 J/eV) = 1.2 x 10°— = 1.2 x 10" — =1.2 x 10"* Pa
5 cm? m?3



ny(p) = fey)  where  f(e)

Fermi gas at T=/=0
1
= ole=m)/T 11

at finite temperature p # ep

L fixes the total number of particles (particle density)

N d®p d°p
"V ;/ a0 ./ 2 ()

S

-
.,....

+00 +00

—T1=0 T _ [ae [ 2P — [ deD

- T=01T - ¢ (27‘_}1)3 (E o Ep)f(e) _ ¢ (G)f(ﬁ)
—-=T=0. . 0 0

---=T=10T )

---------- T=30T dn

D(e) is the density of states  D(e) = -
€

3 1 2 2 1
D(e) = / 2dp d(e —€,) = —B/dpp25(e — p_) - " —duul/Qé(Qme —u) = " 2me

Density of states on the Fermi surface  D(ep) = —

(27h)3 T2h




particle density
—+o0

nzfmﬂwﬂo - = u(n,T)

0

energy density
u = g = / deD(e)ef(e) mmhp uw=u(p,T)=ulpn,T),T)=ulnT)

0
entropy density

+o0
s= 5= [ aeDene) 54(6) = —(1 = f() (1 — £(6)) — f(e)In f(e),

0
pressure

o0

P=u—-Ts—un= /deD(e)[e—Taf(e) — u]

0



6. @]

| H (e)
How to calculate integrals — ldﬁ for small temperatures?
0 Tt
[ H [ H(u+ T [ 7, [ H( T, i T [ H( 7,
/ W(E) de:T/ (k2 )dz_T/ (u+z (1 + 2T :T/ (u—= (1 + 2T
e T +1 e+ 1 e* e+ 1 e e+ 1
0 T —u/T —u/T 0 T
LT H 1 e? 1
T — — 1 —
e *+1 e*+1 e+ 1
¥ M/TH T H T) M/TH T H T
:T/H(M—ZT)dz—T/ (= 21) 2 d —/H )de — T / — - 2
e’ +1 e+ 1 e +1
0 0

low temperature expansion T <<, z ~ 1

/H Yde 4+ T

/H(u+ZT)

H,u—l—zT H(M—zT)dZ

e+ 1

oo

oo K
H(e) B 5 / zdz
0 0

0

1
ity ol 2
i 3 (1) / e? 4+ 1

 H(ji— =T) ~ 2H' ()T + éH"'m)(zT)B

oo

23dz

0



Gamma function: ['(z) = /ym—le—y = ol (x — 1)
['(n)=(n-—1)! I'(l)=1,I(1/2) = /=

Riemann zeta-function: ((z) = — ((2) =




The chemical potential

—+o0
m m 2m
— D D — 2 / —
n= [ 450 (€)= Ve D)= Sy
0
9 2 21, )1/2
n — ﬂ;(Qm)l/Q—ﬂg/z I T QmQ( m)
3 6 7w 2\/u 2 2
e S YT L
po Pr _ Gmer)” 8\
372 372
We search for a solution in the form  p = ¢F (1 + af—; + O(T4/64F)>
2 3/2 2 T2 T2 —1/2 3 T2 71'2 T2
3/2 3/2( T ) T ( ) -
& ~el(1l+a—) +—==(l+a— ) 0~ —a—— +
K K €2 8 611?/ 2 €2 2 e;/ 2 8 611:/ 2
w2 T2 44
s GF(1 _ Eé) +O(T* /)

Fermi temperature is the criterion if the Fermi gas is degenerate or not-degenerate

(/) (T



—+00
. FE
The energy density u = 7= / deD(e)ef /D Jede + —TQ(;:I [ED(E)}
€

i
0

n

/D(e)ede = [ Ce¥%de = %C;P/Q = gpzD(]u)

5)
D(e) = Ce/?  mmp Od 0 D(u) 3
eD(e)]| = D(p) +pD'(p) = D(p) + p—5— = =D(p)
de " 24 2
o g\/Qmmez N W—2T2§V2mmu1/2 N g\/Qmmeg/z(l B W_QT_;)5/2 W_2T2§\/2mm€;/2
5 w2 6 2 w2 5 w2 12 eg 6 2 72
2\/2mm 5/2 \/Qmm 1/27T2T2 —|—7T2T23 \/Qmm 1/2
R — €l — € — €
5 w2 F 72 12 6 2 72 F
1 (2mep)?/? (2mep)®/? [ T2 N w2 T? 3} 3 N w2 T?
T5 2 F 72 F 242 12 €2 2] 5 F TRy €2

3 T
= 1 5——}
u 5TLEF[ -+ 12 &



au 2 T mp SOME ROUGH EXPERIMENTAL VALUES FOR THE COEFFICIENT
i i n F OF THE LINEAR TERM IN T OF THE MOLAR SPECIFIC HEATS
Heat capacity of the fermion gas  Cy = T v — ?e—n -3 OF METALS, AND THE VALUES GIVEN BY SIMPLE FREE
F ELECTRON THEORY
: FREE ELECTRON Y MEASURED ¥ RALIU*
2B (in 1074 cal-mole~!-K~2) (m*/m)
Heat capacity in metals has also a phonon \ Li 1.8 4.2 2.3
contribution (oscillations of the ion lattice) Cv =71 + AT Na 2.8 33 :;
K 4. . -
Rb 4.6 58 1.3
Cs 53 7.7 1.5
> Cv — v+ AT? Cu 1.2 1.6 13
T Ag 1.5 1.6 11
Au L.5 1.6 1.1
- . . 0.5 0.42
In order to separate out these two contributions it f:g ;j T e
has become the practice to plot C,/T against T2 Ca 3.6 6.5 18
: St 4.3 8.7 20
Ba 47 6.5 14
: : : Nb 1.6 20 12
One finds y by extrapolating the C,/T curve linearly Fe 15 12 %0
2= i it 1 " Mn I.5 40 27
doyvn to T2= 0, and noting where it intercepts the C,/T = . . —
axis cd 23 1.7 0.74
Hg 2.4 5.0 21
Al 22 3.0 14
Ga 24 1.5 __062
In 29 4.3 1.5
Tl 3.1 3.5 1.1

Sn 33 44 1.3

- N T N

In-medium “effective mass” of the electron can strongly deviates from the vacuum one!
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