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Partition function

» Partition function:

Z=%,eF =3, (neFln) = Tr[e#]

» [Eree energy:
F=-TlogZ=E-TS, Z=eT

» Probability to find a system at the n-th level:

T
P, =&

> (0) =5, Pa(n|Oln) = 4 32, (n]Oln)e™ 7

» 7 contains an important information about system:

ologZ o F
> (E) =T = -T? 5 (1)




Path integral formulation for partition function

> Z=Trle %] =3 (ale~Tlg) = [ dalgle™ 7 |q)

!

» Quantum evolution in time: <q’\e’i%t|q>, q(0)=gq, qt) = ¢

» 7 looks like quantum evolution in Euclidean time

t=—ir=—ig,q0) =q¢,q9(r = 7) =¢

> 7 ~limy o [T, dg(r)e5"
Sp = [YTdr(m 4 v(g(r)),  q(0) = glr = £) = ¢
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N degrees of freedom

» qi(r),i=1.N

> Z~ [T1 1T, dai(r)e "

Sp = [T dr(mED L y(g(r)), g0) = gi(r = ) = g
% T




Partition function for ¢*-theory

» Field theory:
> qi(1) = (&, 7)
> i =T
> > = [dPa

— 2 9

> S = [dtdPr(L(Vip)? — L(Vp)? — B2 — Aph)

» Mechanics: T e
Z ~ [T I, dai(r)e52 Sp = [ dr(F2=510 4 V(gi(r))),
(0)=q(r=%)=a¢

» Field theory:
Z ~ [T [1s do(r, &)= 5
- 2
Sp = [drd®z(L(V.9)? + L1(V)? + o + Aph),

—

©(7,0) = s@(i"’,T:% = (1)



Elementary particles

Standard Model of Elementary Particles

three generations of matter

interactions / force carriers

(fermions) (bosons)
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Building QED

» Interaction of charged particles

» Gauge transformation:

V(@) = S(x)P(x), S(z) = € U(1)

» Covariant derivative:
o) — S0, + (0,S)y = S(0, + (S_laMS))l/J
Ay — Ay — iﬁﬂSS’_l =A,+0.f
Oy — D,y = 0y +1iAy,, Dyp — SDyap

> F, =0uA, —0,A,, Fu — Fu
electric field: Fo, = E,, Foy = By, Fo, = E,
magnetic field: F,y = —H,, Fy, = H,, F,, = —H,
> QED action: § = [ d*a[— g Fuw F* + ¢ (iv* Dy — m)y]

. 2
» Coupling constant: e, = ﬁ ~ ﬁ <1



Maxwell equations

divE = 47p
divH =0
10H
thl = ————
o c Ot
47 10F
tH = —j 4+ ———
o c It c Ot

> Maxwell equations are linear



Building QCD

U1
> New quantum number: 1) = (1 9
V3

» Interactions of particles with the color
» Gauge transformation: ¥(x) — S(z)y(x), S(z)e€ SU(3)

» Covariant derivative:
Q;ﬂ/) - S?MZ) + (OuS)Y = S(Qu + (5_15NS))¢
Ay — SA#S’1 — iaﬂSS’l A, = taAZ, a=1..8
&y — D, =08, +iA,, Dy — SDb



Generators of SU(3)
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Building QCD

> FL =t9F2, = 0,A, — 0,A, + [Ay, A, B — S7UE,,S
chromo-electric field: Fy, = E7, F§, = EJ, Fy, = E2
chromo-magnetic field: Fy, = —HY, F, = Hy, Fy, = —Hy

» QCD action: § = fd4x[—ﬁTrﬁ'WﬁW” —I—@Z_)(i’y“f)u —m)i]

2
» Coupling constant: as = ﬁ ~1



Maxwell equations in QCD

divE® = Amwp+f1(E, H, ...)

divH® = 0+ fo( B, H, ...)
10H?

rotE® = _19 +f3(E,H,...)

Ar , 10K

c Ot
tHo = "oy -
o c] +c ot

+f4(E, H, )

> Maxwell equations for QCD are nonlinear



Quantum chomodynamics(QCD)

» Degrees of freedom: Quarks ¢, gluons A

> QCD Lagrangian

8 Ny
1 v a e ; =~ A
L=— > FUFL A+ Y @i du—m)gs+g Y a7 Augy
a=1 f=u,d,s,... f=1

» Nonlinear equation of motion with ag ~ 1
» The most complicated physical theory

» QCD Lagrangian is well known but the calculations are not
possible

» In particular: Confinement from QCD lagrangian is a
millenium problem

» Reliable results can be obtained on modern supercomputers



Lattice simulation of QCD

» Allows to study strongly interacting nonlinear systems
» Based on the first principles of quantum field theory

» Most effective approach due to supercomputers and algorithms



Lattice set up

vV VvVy Vv Vv VvYyvyy
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Lattice coordinates z,, = a(ni,n2, ns, ng)

n; €[0,Ls—1],i=1,2,3 ny €[0,L; — 1]

a-lattice spacing, the size of lattice L? x L,

o(x) "live" at the lattice nodes

Impose periodic boundary conditions for spatial directions
Bosons: Impose periodic boundary condition for 7-direction

Fermions: Impose antiperiodic boundary condition for 7-direction



Lattice p*-theory

» Derivatives on the lattice (& unit vector in p direction)

(f (@ + aft) = f(2)lamo = f'(x)
(f () = f(2 = af))la—o = f'(x)

A f(z) =
AL f(z) =

Q=

» Lattice action for ¢-theory

Z Za4(A£@)Q + %2 Za4g02 + % zﬂﬁ:a4<p4

p=1234 x
Z Za (x+ajr) — Za %Za4<ﬂ4
u 1,2,34 =z Tz

> 7y~ fHT Hfd@(ﬂ 5)6—51

» Continuum limit a = 0: Z; — Z 4



Building lattice gluodynamics

>

| 2

>

Suppose one has a gauge theory

() = S(x)¢(x)

How one can build lattice derivative?

Afp(x) = 2((2)(x + aj) — (x))

Alp(@) = L(S(x + ap)ib(x + ajt) — S(x)p(x))
We would like to have

Aap(x) = S(x) Al ()

Afp(@)lamo = Dyt

Parallel transporter U(C):
Alup(e) = LU,z + ap) flz + o) — F(x)



Parallel transport in gauge theory

C ——> -C

w(y) = U(ny)iﬂ(l”)’ U(ny) € SU(3)

, V(x) = S(x)p(x)
) is gauge invariant
(

Cyz)S™H ()



Parallel transport in gauge theory

» Covariant derivative:
Dl p(x)dat = U(Cyprae)(x + dz) — ()
Dfﬂb(@“)’a—MJ = (O +iAu)Y(2)

> U(Cotdo) =1 —iAudat =1 — it Addat,

> dU(C,) = (—id,da)U(Cs)
U(C) = Pexp (z JodatA, ) =

U(:L'N,.%'N_l)...U(wQ, wl)U(xl, .%'())



Building lattice gluodynamics

Ll a L

j’; P PRy T T

n—/1| o +: n| o

U_,.(n) =Uu(n—p)t U, (n)
> Lattice spacing-a
» Degrees of freedom:
U,(n) = Pexp (—i fc dx”flu> ’a—)OZ eiaAn(n)

|n+,&



Building lattice gluodynamics

n+4 v Uy(n+0) n+p+ v

Uy(n) O | Uu(n+f)

> U;w(n)|a—>0 = €exXp (ia2p/w)

» Sl = g% Zn ZN<V ReTT'[l - U‘uy(n)”a%o =
% Do T’I“FI%V — ﬁ fd4xTrF3V



Building lattice gluodynamics

v

Si=235, 3 ey ReTr[1 = Uy (n)]

6

» Inverse coupling constant: § = p

v

Partition function of gluodynamics

Z = [11,,, dUu(n)e™
» Gauge theory: U(n), — S(x + ap)U,(n)S™1(z)

» One can prove that Zj|a—0 = Zgiuodynamics

Haar measure
> deUf deUf (VU) deUf(UV)
> deU = 1
> deUf deUf )



Gauge fixing

> U (n) = S(n+ p)Uyu(n)S~'(n) =1
» Temporal gauge: Us(n) =1, A4 =0




Phase transition in gluodynamics

T>Te

T=T.

T<T,

Experience from ¢*-theory

» Local order parameter: ()

» Low temperature phase: (¢) # 0
» High temperature phase: (p) =0



Phase transition in gluodynamics

> =85, e, ReTr[l = Uy (n)]

» Try local order parameter: (U;;), but fG dUU;; =0



Wilson loop

» Wilson loop
W(C) =TrPexp (i [oda"Ay) = Tr ] Uy(x)

» Nonlocal gauge invariant object
» Low temperature phase: (I//(C')) ~ ¢ 7

» High temperature phase: (17 () ~ ¢ *"



Wilson loop

» Gauge Uj(z) =1
> W(C)=TrPexp (i [ drAsy0,7))Pexp(—i [ drAs(r,7))
» Experience from QED: S;,; = dedeJ“A#

> JH = 53(:?)%4 - 53z - )04
Sint = [dTA4(0,7) — [ dTAs(7, T)



Wilson loop

> <W> — <e_Si”t> ~ e—TV(r)
> V(r) = — limp_o % log(W(C))

» Confinement phase(low temperature):

V(r) = —limp_ %log e ol = gr



Confinement potential

31 T T T 7]
2+ !
1, B
fod
S ot 1
5
A ]
2
9 |
f
3 1
_4‘. I I 1 I 1
05 1 5 2 25 3



Polyakov line

p*-theory
2
> V(o) = =5 + !
» Order parameter: (p)

> Zs-symmetry: ¢ — (£1)p
» V(p) is invariant but not the ()
» Low temperature phase Z5 is broken

» High temperature phase Z5 is restored



Polyakov line

Gluodynamics

>

>

S1 =5 X Cyuey RETr[1 = Upa ()]
Polyakov line: (P(Z)) = TrPexp (i fOT dztAy(Z, z%)
It is gauge invariant because periodic boundary conditions

Zs symmetry: U — 2 /31 | = 0,1, 2

—

S; is invariant but not the (P(Z))

Low temperature phase: (P(Z)) =0, Fg = oo, i.e. Z3 is
restored

High temperature phase (P(Z)) # 0, Fg = finite, , i.e. Z3
is broken



Polyakov line
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Building lattice QCD

» 4-dimensional lattice: Lg X Ly X Ly X Ly = Lg x Ly

> Lattice spacing—a

> §= 85,5, ReTr[l — Uy (n)] + G(D(U) + m)y

> 7, = [[1dUdypdipe 5 =
f H dUeisG(U) Hi:u,d,s... det (Dl(U) + ml) =
f H dUe_Seff(U)



Lattice simulation of QCD

v

We study QCD in thermodynamic equilibrium

The system is in the finite volume

Calculation of the partition function

Z ~ [ DUe 5] det (Dy(U) +m;) = [ DUe=SessU)

Monte Carlo calculation of the integral

i=u,d,s...

Carry out continuum extrapolation a — 0

Uncertainties (discretization and finite volume effects) can
be systematically reduced

The first principles based approach. No assumptions!

Parameters: g2 and masses of quarks



Modern lattice simulation of QCD

7y ~ fDUe—Seff(U)

> Lattices

> 96 x 483
» Variables: 96 - 483 - 4.8 ~ 300 - 10°
» Matrices: 100 - 108 x 100 - 10°

» Dynamical u, d, s, c—quarks
» Physical masses of u, d, s, c-quarks

» Lattice spacing a ~ 0.05 fm



Monte Carlo method

-3 -2 -1 1 2 3

r/2

» We calculate the integral: [ = f+00 a7 f+ dxf(x

» Generate the sequence of random numbers: (z1, z2, T3, acN) in
the region z € [—c, (]
2 N
> In = 5§ 2z (@)
limN_mo IN =1

> o =0.8836, Ii00 = 1.0708, Ii000 = 0.9807, I10000 = 0.9983,
1100000 = 1.0018

v



Monte Carlo method

v

-3 -2 -1 1 2 3

T/‘Z

We calculate the integral: I = f+oo a7 f+ dxf(x

Generate the sequence of random numbers: (z1, z2, T3, acN) in
the region z € [—c, (]
N
Iy = % > iz [ (i)
limN_mo IN =1

Tio = 0.8836, I100 = 1.0708, Iigo0 = 0.9807, I10000 = 0.9983,
1100000 = 1.0018

Not very effective!



Metropolis algorithm

. _S g2
Calculation of the [dze™%@)  S(z) = =
The first approximation xg = 0
Choose randomly Ax € [—¢, ]
' =x, + Ax

vvyyy

Metropolis algorithm(accept /reject procedure):

AS = S(z") — S(zg). If AS <0, S(2') < S(xg), then
rp41 = o' Else, 2 is accepted with probability: e 2.
» In practice: generate a random number r € [0, 1]. If

r < e ™5 then 1 = 2/, else Tpp1 = T



Metropolis algorithm
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42,2

Figure 2: The distribution of 2, 22/, 2™ for n = 10°,10° and 107, and &
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from arXiv:1808.08490



Metropolis algorithm for gluodynamics

Ll a L
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> We calculate Z = [[[dUe™

Si= 5303 e, ReTr[1 = Uy (n)]
The first approximation: {Up} = 1
Choose randomly V € SU(3)

U =VUy

Metropolis algorithm (accept /reject procedure):
AS; = 5(U") = S;(Uk). If AS <0, then accept U'. Else, U’ is
accepted with probability: e =25 (quantum fluctuations).

vV vyYyywy



Hybrid Monte Carlo method (HMC)

» HMC method is brownian motion

P> accept/reject procedure:

with probability p ~ e_AS, AS = Seff(Unew) — Seff(Uold)




Hybrid Monte Carlo method

» For sufficiently large number of steps the distribution is
~ exp (—Sesr(U))
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Applications

Spectroscopy

Matrix elements and correlations functions
Thermodynamic properties of QCD
Transport properties of QCD

Phase transitions

Nuclear physics

vVvvyVvVvVvyyypy

Properties of QCD under extreme conditions (magnetic
field, baryon density, relativistic rotation,...)

v

Topological properties

v



