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The statement of the problem (BVP)
) € Q C R? (Q is polyhedra)

A self-adjoint elliptic PDE in the region z = (zi, ..., Zg

d
~ %0 > %gii(z)a% +V(z)-E | ®(2) =0, go(2) >0, gi(z)=gi(2)
=1

Boundary conditions

(Dirichlet) : d(2)|s =
. oP(z)| (z) (2)
(Neumann) : o ’ 0, anD _Zu 1( ,8))gi(z ) 3z
(Robin) ‘9"’(2)] +o(s)o(2)] =0,

0Pm(z .
m(2) is the derivative along the conormal direction

BnD

7 is the outer normal to the boundary of the domain 9.

Ladyzhenskaya, O. A., The Boundary Value Problems of Mathematical Physics,

Applied Mathematical Sciences, 49, (Berlin, Springer, 1985).
Shaidurov, V.V. Multigrid Methods for Finite Elements (Springer, 1995).



The statement of the problem

Conditions of normalization and orthogonality (for discrete spectrum problem)

(Pm(2)|®m (2 /dzgo(z Sm(2)Pm (2) = Ommy, dz = dz;...dz4.

The FEM solution of the BVP is reduced to the determination of stationary points of

the variational functional

=(Opm, Em, 2)= /dzg0 )Om(2) (D—Em) &(2) = N(®m, Em, 2)— %cbm( )a"""( ).

(0. En2)= [ dz[Zg,,( 2)2%n2) 8“’”5 )4 go(z)¢m(z)(V(z)—Em)¢m(z)}.

Q ij=1

Strang, G., Fix, G.J.: An Analysis of the Finite Element Method, Prentice-Hall,
Englewood Cliffs, New York (1973)



/
The expansion of the solution in the basis of piecewise polynomial functions N,p

L
on(2) =Y NP (2),

=1

Algebraic (eigenvalue) problem

(A—BEh)nnﬁ,,:o
/ Z i v P (z
Aﬁ/: /nal\ng)al\ngZ)g()d _?{Np()alg)ds

+ / N (2)NE (2)U(2) go(2)0z
Q

By = / N (2)NE (2)go(2)dz.




How piecewise polynomial functions N,p " are obtained in FEM
o The polyhedral domain Q € R? is decomposed Q = Qx(2) = U$=1 Ay in finite
elements in the form of d dimensional simplexes or hypercubes.

@ On each finite element HIPs or LIPs go}zp/ (2), z € RY are constructed.

o The piecewise polynomial functions N,p /(Z) € C*° are constructed by matching of

the polynomials ¢y '(2)
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The piecewise 1D and 2D polynomials on domains
[-1,1] and [—1,1] x [-1, 1] equals one in origin
obtained by matching of HIP(1,0) on [—1,0] with
HIP(0,0) on [0, 1] and by matching of LIP(3,0) on
[-1,0] with LIP(0,0) on [0, 1].

The piecewise 2D pols.
obtained by matching of
triangular LIPs and HIPs.

The basis functions constructed by matching d-dimensional HIPs has continuous
partial first derivatives in boundaries of elements of a finite element grid.



Finite Element Method

Stages:

BVP — minimization of quadratic functional problem

Finite Element Mesh

Construction of shape functions
> Interpolation Polynomials

* Lagrange Interpolation Polynomials
* Hermite Interpolation Polynomials
> oo

Construction of piecewise polynomial functions by joining the shape functions

Calculations of the integrals

> Gaussian quadratures
> ...

Solving of Algebraic (Eigenvalue) Problem

> Continuous Analog of Newton Method
> e




Problem statement

Self-adjoint system of N second-order ODEs for unknowns ®(z) = {®)(z)}e Aoy

¢(’)(z) = (¢gi)(2), ')(Z))T by z in the region z € Q, = (z™", z™>)
1 fa(2) 1 dfa(2)Q(2) _
< B dzfA(Z)f—l—V(Z) 7 (Z)Q( )E oz )AT—El) ®(z) =0.

fz(z) > 0 fa(z) > 0, | is unit matrix; V(z) and Q(z) are a symmetric and an
antisymmetric N x N matrices, with real or complex-valued coefficients from the
Sobolev space H3="(RQ).

All coefficients are continuous (or piecewise continuous) functions that have
derivatives up to the order of K™ —1 > 1 in the domain z € Q.

The boundary conditions:

@ : ®(z') =0, t= min and/or max,
I1) : I|m fA(Z) <|£ —-Q(z )) ®(z) =0, t= min and/or max,

(I11) - zli_)n;, (IE = Q(z)) ®(z) = G(Z2")®(Z"), t = min and/or max.




Problem 1. For bound or metastable states

Case of the real potentials and real eigenvalues E: £y < E; < ... < Ep,

Zmax

(®|®py) = / (2™ (2)' 0 (2)0z = b

Case of the complex potentials and complex eigenvalues E = RE + 1SE:

RE; < RE, < ... < REw,,

The eigenfunctions ®,(z) obey the normalization and orthogonality conditions

max

(@nl®n) = [ a(2)(®7(2) 0" (2o = .

J.G. Muga, J.P. Palao, B. Navarro, [.L.. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357426

A.A. Gusev et al,Symbolic-numeric solution of boundary-value problems for the
Schrodinger equation using the finite element method: scattering problem and
resonance states, Lecture Notes in Computer Science 9301 (2015) 182-197.




Problem 2. The scattering problem

“incident wave + outgoing waves” asymptotic form

D, (z )
XM®(z
) ; tb_,(z — £00)
_ mln (Z) + Xmm ( )R‘> + Xfri)n(z)R:a Z— —Q
XO@)R, | XV ()T, - XS (2)To + X (2)TS,, 2 +o00
O, _(z—>1w)
XO(2) o (z = +00)
< > _ G @Te + XD (AT, 72— —c0
XO)T, | XO()R, X5 (2) + xmax( JRe + X9 (2)R, z— +oo

¢_>(z), ®, (2) are the matrix solutions by dimension N x N%, N x NJ
N N are the numbers of open channels,

Xiin (z) Xmln (2) are open channel asymptotic solutions at z — —oo, dim. N x N5,
x(2) (2), x(5) (2) are open channel asymptotic solutions at z — 400, dim. N x N,
XE:IL(Z), X, (z) are closed channel solutions, dim. N x (N — N5), N x (N — N),

R_,, R_ are the reflection amplitude square matrices of dimension N5 x N5, N& x NF,
T, T. are the transmission amplitude rectangular mat. of dim. N x N5, N5 x NF,

R, T°,, T% , RS are auxiliary matrices.




Problem 2. The scattering problem

Wronskian conditions

Wr(Q(z); XF)(2), XH)(2)) = +2u00, Wr(Q(2); XF)(2),XH)(2)) = 0
a(z

)
Wr(Q(2) a(2),b(2) =o' (2) (2 ~ a(b(a)) - (2 - aa(a)) b2)

For real-valued potentials

TLT. +RLRL =1, TLTo +RLRL = o,
T,R_+RLT_. =0, RLT,+TLR, =0,
T.=T., RL=R,, R_=R..

For real-valued potentials the scattering matrix is symmetric and unitary, for

complex potentials it is only symmetric

_( Ry T g _ ggf —
S_<T_> R<_>’ S'S§ =8S' =1.




Problem 3. The metastable state pr. with complex e.v. E=RE+1SE:

Asymptotic form

(I)M(z — 1)

X ()0 +X9(2)0%, z— -0
¢_} 4 — min <~ min =9
(2= £o0) { X (2)0- + XP(2)0°,, 2 oo

Robin (Siegert) BC

(1) - lim (I% — Q(Z)) ®(z) = G(z")®(z"), t=min and/or max

z—zt

69 = (1m (12 ~a@)) (X2 x0@) ) (X @, x0@)

Orthonormalization conditions

(®nl®r) = [ B@)O(2) O™ @)z = 57

J.G. Muga, J.P. Palao, B. Navarro, [.L.. Egusquiza Complex absorbing potentials
Physics Reports 395 (2004) 357426




Test example (ODE System with Piecewise Constant Potentials)

az2

2
( 19 vz - EI) ®(2) =0, V(2)={Vi,2<z1,...Vk_1,2<Z1,Vi, 2> 21},

%
y

Matching the Fundamental Solutions

2
( ;2+Vm EI):D,,,(Z):O, z€ (Zm-1,2Zm], m=1,..,Kk,

= Op(2)= Z(, exp( \/Agm)—Ez)lIJ,(-m)ﬁ—B} exp(\/)\ EZ)‘U(m))

Here )\,(-m) and lll,(-m) are the solutions of the algebraic eigenvalue problems

VERWm = A\Mw™ (M T =

B . b 1(2) Pm(2)
im @ni(2) - 0n(2) =0, lim =MRE - ZEE o,

=2N(k—1) linear egs. with 2N(k—1) unknowns.

m=2, ..k




Problem 2. The scattering problem. Example of asymptotic solutions

ODE in asymptotic regions z — +oo

2
<—I% + VER E|> ®(z) =0, where VEf are constant matrices.

Asymptotic solutions

The open channel asymptotic solutions: ip = 1, ..., Ng*H:

exp <:l:z E )\,.LO’F'Z)
X£)(z — £00) = v AR <E

The closed channels asymptotic solutions i; = Né’H +1,...,N:
X,(.Oc)(z — +00) — exp <— Afc'ﬁ = E|z|> W,.LC’R7 )\tF’ > E.

Here )\;"R and lIJ,-LE’R are the solutions of the algebraic eigenvalue problems

LRy LR _ \L,RysLR LANT LR _ 5.
VoTweT = AT (W )lllj = dj.




Problem 3. The metastable state pr. with complex e.v. E=RE+1SE:

Example of asymptotic solutions

The open channel asymptotic solutions: ip = 1, ..., N5R.
—
X,(.f)(z—mo)—)exp (+Z\/E—)\£)’H|Z|>\Vé’ﬁ, ANF<RE, =1, Ng'",
The closed channels asymptotic solutions iz = Né’R +1,...,N:

X (z—00)— exp <— )\,LC’F'—E|Z|> wER o APRSRE, =N, N.

Robin BC

R(zt) WL AELA (WL R) =1

Fb R—dlag \/TE \/m




The piecewise constant potentials

* (& P
File Edit View Insert Format Evaluate Tools Window Help
A MNIOKC & AAR @ [ Acis

o0& 58 w» BT>=

- [Server 3] - Maple 2019

@startmn X | @ ~example 10,6t X
P Feilvsth [ C Mepletput  +| [ Gouterfien Nz BIU B=E=

> restart;read "kantbpdm.mwt";eqgs:=6;

> 1HPtype:=[2,1,1,1,2];

>

> for i from 1 to egs do

> for il from i to egs do

> vi(i, i ; wv(il,i,1):=0; #2<-2

> v(ii #int (sin(ity) *sin (il*y)*y*2/Pi,y=0..Pi); v(il,i,2) :=v(i,il,2) #z in(-2,2)

> *int(sin (i*y) *sin(il*y)*y*2/Pi,y=0..Pi); v(il,i,3):=v(i,il,3) ;#2>2

>

>

> ,2)+1%2;

> v(i,i,3)i=v(4,1,3)+i02;

> od:

q |

> wpot:=proc(il,i2,z) “if (z<-2,v(il,i2,1), if (2<2,v(il,i2,2),v(i1,i2,3))); end;

> [ —

> 1

> nintv:=3; V

> zi —6; zintv (1) :=-2 ;zintv (2) :=2; zintv (3) :=7; = n V..

> zmesh:=[seq(zintv (0) —zstep*3*((2/3.) Aii-1) ,ii=5.. !J s

>, zintv(0) s B

>, seq(seq(zintv(ii-1)+i*(zintv(ii)-zintv(ii-1))/ceil

>  ,i=l..ceil((zintv(ii)-zintv(ii-1))/zstep)) ,ii=1..ni 304 . sm—

>

E B j—

= — 1 ) -
> 209 N
> -05

> Emax:=1.;

>

> 104 4

> hermites () |

> read "examplelOt.txt": — |—

- A L S S—— H v

< . >
© Ready || Editable  Maple Defauit Profile C:\Users\Asus\Desktoplantbp4m Memory: 136.70M Time: 66.10s Zoom: 100% TextMode

A. Gusev, S. Vinitsky, V. Gerdt, O. Chuluunbaatar, G. Chuluunbaatar, L. Le Hai, E.
Zima, A Maple implementation of the finite element method for solving boundary
problems of the systems of ordinary second order differential equations. Maple

Conference, Waterloo Maple Inc., Canada 2020



The piecewise constant potentials (multichannel scattering problem)

C:\Users\Asus\Desktop\l st PlotWindow (1) - O -3
File Edit View Insett Format Evaluate Tools

) =]=]=] Qe

Bstartmw X | @) “example1l txt X

ndow_Help

s

[[C = outout v | [Times New Roman

dim A B=312

0358853578389003 + 0.766120491347133 1 —0.281551764691187 — 0.0¢

Smatr=| —0.281551764750678 — 0.006531630506751821  0.0840389304665068 — 0.435523008956125 1 0.803553409003352 — 0.179420878106191 T
-10 0242763009+ 0IRNLSONOHI OSO3ISHORSEIN —O.IGTIOSISTT  —0.1TOSEIDSSI06463 — D 9TETIISLIO991
710
01 654912127013604 10-11 1 1.41944008630324 10- 21 1.40263217707215 10-10 + 220562656787518 10-101
"$-5"T'=| —6.84912127013604 1071 — 1.41944008630324 10~ 1 o1 6.39490573262644 101 — 1.47194617605706 10~'°1

—1.40263217707215 1010 —220562956787518 10101 —6.50490573262644 10~1% + 1.47104617605706 10-101 01

9.90407755807610 1071 4+ 0.1 7.82023890089079 10711 +235773000403302 107101 —3.45044106694418 10711 4+ 1.74404587093671 101
7.82023890089079 1011 — 2.35773900403302 10~ 1 5.75639091948688 1071+ 0.1

—8.50573384692780 1011 + 2.46644260570861 1010
5 10711 1 7440458709367 10111

4692780 10~11 — 2.46644260570861 10-101 —6.74670645484844 10710 4 0.1
RLRt | RIR, TRT
7 Sexaci=| RLRy ) RIRyy TRT

TRy, TER4, RRTy,

1528672534800 10-F1  1.89908813064132 10~ —2.70387332383779 101 2.30812271795353 10~ — 4.12545678507570 1071
337751823436 10771 1.59506396777992 107 = 1.53636124990409 1071 —3.32946192027783 10~° = 1.72006191373475 10T

1276241464357 1071 —8.395 1081 10

10-7 301 156259 10~71

”
RZ V] Editable

I
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The piecewise constant potentials (resonance scattering states)

@} (2)

@15(2)

[T (y, z)|? —0-

T T
y
(8]
—-10 -5 (0] 5 - 10
7T = «‘QA_’, e =7 s o 3
Y e ] S e




The piecewise constant potentials (metastable state problem)

2.45516173911463 — 0.0421979285249686 L.
2.43283281143163 — 0.0800023145851780 L, " mu
43038531807541 — 0.0790737567752053 L. * muk='
2.43040031834588 — 0.0789057287065438 L. "

. 0.00351733007121743 + 0.0422601304388465 L. " tauk:
. —0.0224076765444256 — 0.0379377132132860 L, " tauk:
—0.00245733677582239 + 0.000932292318230688 L. " tau

,0.996485630213742
0.995994273271508
0.999166770403140

. 2.43040519662742 — 0.0789057739888943 1, " mu 8818846388343 1076 — 4.53167597962985 10™* L " tauk=", 0.99¢

. 2.43040520256504 — 0.0789059082149379 1, " muk=", 5.94752414431043 10™° — 1.34450049802699 10~ L, " tauk=", 0.99¢

43040520033247 — 0.0780059085116543 I, " muk=", —3.68212818404794 10~° — 4.89369287202605 10~ ° L " taulc
8.34037485459859 + 0.1 " mu 11087478251196 + 0.1 " tauk=", 0.957032066200800

", 6.32027671167417 — 0.00424430621842201 L, " muk=", —2.02015744973555 — 0.00424443082438145 L, " tauk:

6.32017140657719 — 0.00315358579615368 I, " muk=".

6.32021064356112 — 0.00326082741351016 " =" A AAAAIANITANEAEIEATA A AAA1ATI41730836718 L " tau

6.32021061624238 — 0.00326071336182179 1 3113554954107 L " taul

".0.6
eration="

"V: iteration=",

"V iterati

6.32021061627537 — 0.00326071325093783 1 0t

=", 1" E=", 11.0256370673128 - 0.2

05 200096146 — 0.02459919506903 3 e A 368, =225 S
36169711 — 0.018267483058301¢ 2107 =52 3—"1¢

93 18723132 — 0.020022896786606: -0.2 =

bi 4182577 — 0.0195142330907408 04

Sl § . 997971 — 0.0194135304044893 L
-10 S gl 5 10 7589015 —0.01941213646995041, " muk=". 8.66025426520553 10~ +1.394208 g

7.50608789092505 — 0.0194121445676173 1. " muk="_ 1.59192049679373 10~° — 8.57394
- for j in 4,5,8,10 do 0
- nexec:=20+3;
read cat("ne" nexec,"proc.dat"): K
ev:=proc(j,y,z) add(-EIGF||nexec(jc,z,0)*sqrt(2/3.14159265358) *sin(jc*y) ,jo=1..eqs) end;

- plots[surfdata] ([seq([seq([yi, zi, -abs(ev(j, yi, zi))*2],zi=-12..12,0.1)],yi=

..3.14159265358 ()

- ,5caling=CONSTRAINED, view=-0.36. .0, shading=zhue  orientation=[180,0,180]

» ,style=patchcontour,contours=[seq(-0.25/5%i,i=0..6)1, ,lightmodel= ,thi -10
print(%);

» od:




Bajianne Ha 6aKAIABPCKYIO WM MATUCTEPCKYIO PaboTy

e Pemunrn

> MHOTIOKAaHAJIBHYIO 33J1a9y pacCCesHUs
> 33/a4y Ha MeTacTabU/IbHBbIE COCTOSHUS

® I

> TecTOBOroO mpHMepa (a)
> 3371891 IIPOXOXKEHUS JABYX OJHOMEPHBIX YACTHUIL C OCHUJIISITOPHBIM

B3anMozeiicTBueM uepes 6apbep (6)
> 3a7a9M PACCESHUS TPEX OZHOMEDHBIX YaCTHIL C MOTEHIMAIOM B3aUMONEHCTBHS

Mopse (B)
o ¢ nomombio MKD

> ¢ UIJI (nnu UIID) Ha npsimoyrossHOi ceTke (a,6)
> ¢ opaomepubivu UTLJT (niu UIID) u passioxkenus: no 6asucHbM dyHKIusM (B)






