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Introduction

Neutrino physics, is related with a wide spectrum of physical
problems, including the astrophysical ones. The most prominant effect
in neutrinos passing through matter is related with resonance
amplification of oscillations (MSW effect), which solves the solar
neutrino problem.

Neutrino can interact with electromagnetic field due to anomalious
magnetic moment and present-day interest for this subject is related
first of all with search of new physics.

Most justified way to describe mixing and oscillations phenomena in
neutrinos system is the Quantum Field Theory (QFT) approach, and
the necessary element of QFT description is the neutrino propagator.

Here we biuld a spectral representation of neutrino propagator in
matter moving with constant velocity or in constant homogenious
magnetic field. A spectral representation was discussed earlier for
dressed fermion propagator in theory with parity violation (Kaloshin,
Lomov EPJ (2012)) and for matrix propagator with mixing of few
fermionic fields (Kaloshin, Lomov IJMP (2016)).



Propagator in moving matter and spin projectors

In media there exist two 4-vectors: momentum of particle p and
matter velocity u. Most general expression for inverse propagator
S(p,u) = G7' = 511 + s9p + 8310 + 540" pu,, +
+35i6“”)‘pa“”u,\pp + 5675 + s7py° + sgtiy®, (1)

where s; are scalar function.
We will solve the eigenvalue problem for inverse propagator

ST, =\, (2)

As a starting point it is convenient to introduce y-matrix basis with
simple multiplicative properties.

Let us introduce the 4-vector z*, which is linear combination of two
vectors p, u and has properties of fermion polarization vector:

zPp, =0, 22=-1, (3)



Propagator in moving matter and spin projectors

Orthogonal to momentum combination is
2 = b (pH(up) — u'p?), (4)

where b is the normalization factor, b = [p?((up)? — p*)]~'/2.
Then one can construct the generalized off-shell spin projectors:

1
T = S+ °zn), XEXE=3% xEXF =), (5)

where n* = p* /W, W = \/ﬁ
One can see that ©* commute with all y-matrices in inverse
propagator (1)

[2*(2), 5] = 0. (6)

Multiplying the inverse propagator S(p,u) (1) by unit matrix
S= (S () + 3 (2))S = §* + 5, (7)

one obtains two orthogonal terms S+, S~.



Propagator in moving matter and spin projectors

One more useful property of X*:

“under their observation” (i.e. in S, S~ terms) vy-matrix structures
may be simplified. Namely: «-matrices, which contain the matter
velocity u* may be transformed to the set of four matrices without
velocity: I,p,v°, py°.

For example, one can rewrite the term @ as a linear combination p
and 2 and to use the projector property (X1 -~520 = XF):

“ ~ ~ ~ az .
Y =X (a1p + a22) = L1 (2)(a1p — W2p75). (8)

Tnen it’s convenient to introduce the off-shell momentum orthogonal
projectors:

1 1
Af=(1xh), ni=1o, W=V (9)



Propagator in moving matter: basis

Having the momentum A* and spin projectors %, one can build the
basis (R-basis), which will be used below in the eigenvalue problem

Ry =Y"AT, Rs = XTAT,

Ry=%"A", Rg=%XTA",
R3=Y"AT5 R, =3XtATH5,
Ry = E—Aw5, Rg =XTA—A°. (10)

The inverse propagator (1) may be written in this basis as

4 8

S(p,u) =Y RiSi(p, pu) + Y _ RiSi(p*, pu), (11)

i=1 =5

where these two sums are orthogonal to each other.



Propagator in moving matter: basis

Multiplicative properties of the R-basis (10) are presented in Table 1,
where column elements multiply from left the row elements.

Tabamua: Multiplicative properties of the matrix basis (10)

Ry | Ry | R3 | Ry || Rs | R | Ry | Rg
Ry | Ry 0 R3 0 0 0 0 0
R 0 Ry 0 Ry 0 0 0 0
R3 0 | Rs 0 Ry 0 0 0 0
Ry | Ry 0 Ry 0 0 0 0 0
Rs 0 0 0 0 Rs 0 R 0
R 0 0 0 0 0 R 0 Rs
Ry 0 0 0 0 0 Ry 0 R;s
Ry 0 0 0 0 Ry 0 | Rg 0

So, the eigenvalue problem for inverse propagator (11) is separeted
into two different problems: one for R;..R, and another for Rs..Rs.
Every problem has two different eigenvalues.



Spectral representation of propagator

Let us recall that the term spectral representation of linear hermitian
operator A means the following (see textbook of Messia)

A= ZMZ)(Z\ :Z/\iﬂi, (12)

which contains the eigenvalues \; and eigenprojectors II; = |i) (i].
Ald) = \gi). (13)

Orthonornality of the vectors leads to orthogonality of projectors
ILIT, = 610, (14)

If an operator is not hermitian, to build a spectral representation one
needs to solve two eigenvalue problems: left and right ones.

We want to construct a spectral representation for inverse propagator
of general form (1), (11), so we should solve the eigenvalue problem

STI; = M1, (15)



Spectral representation of propagator

After solving we get the spectral representation of inverse propagator
in a matter:

4
S(p,u) =Y _ ML (16)
=1

If the eigenprojectors set is the complete orthogonal system, then
propagator is easily obtained by reversing of (16)

4

Gp,u) =) 1, (17)

X2

=1

and looks as a sum of single poles, accompanied by corresponding
orthogonal projectors.



Spectral representation of propagator in matter

The use of R-basis (10) simplifies essentially solution of eigenvalue
problem.
So, the eigenstate problem for first quartet of basis elements

coinsides with the eigenstate problem for dressed vacuum propagator
with parity violation (Kaloshin, Lomov EPJ (2012)). The presence of
matter leads only to appearence of spin projector in (10) and
modification of scalar coefficients.



Spectral representation of propagator in matter

Repeating the algebraic operations from (Kaloshin, Lomov EPJ
(2012)) , we have answer for eigenvalues and eigenprojectors:

S+ S, \/ 81— S22
)\1)2 = 9 Sl ( 2 ) +SBS4 )
1
M = 1 (82— MR+ (81— M)Rs — S35 — SuR),
M=

m((SQ —A2)R1 + (51— A2)Ry — S3R3 — S4R4),

_ S5+ S6 \/55—56
Asa= o ( 2

2
) + 5758 ,
1
H3 = ((56 — A3)Rs5 + (S5 — A\3)Re — S7R7 — SSRS),
A4 — A3

1
I, = ((SG — A)Rs + (S5 — Ay)Re — SRy — SSR8>-
A3 — A4

Recall that the indexes 1,2 refer to S~ (i.e to first quartet in (11),
and 3,4 to contribution ST.

(19)

(20)



Spectral representation of propagator in matter

The introduced by us four-vector z# (4) plays role of the complete
polarization axis and all eigenvalues are classified by the projection of
spin onto this axis. In contrast to vacuum, this axis is not arbitrary.
As it will be seen from discussion of SM case, the projection on this
axis is not conserved in general case.



Neutrino propagator in matter (SM)

In the case of SM a fermion propagator in matter looks like:
S(p,u) =p—m — at(l —~>), (21)

where « is some constant. For example, in case of electron neutrino

alve) = &(ne(l + 4sin? Oy ) + n,(1 — 4sin® Oy) — ny,),

V2

where n., ny,, n, are densities of matter particles.



Neutrino propagator in matter (SM)

The solutions of the eigenvalue problem (15) in this case have the

form:

Notation: K+ =

)\1’2:—m:|:Wv1+2K+,
)\34=—m:I:W\/1—|—2K—, (22)
1+K+75K+}

V142Kt ’
1+K——75K—}
V1+2K- '
—a((pw) & V(w)? = 72) /p*.

Lo =% - [1:I:ﬁ

1
2
1
H3)4 = Z §

e



Neutrino propagator in matter (SM)

In case of SM it is easy to verify that the spin projection on the axis
of complete polarization is not conserved. The Hamiltonian is defined

by Dirac operator (21)
H=7p"—4°s.

We can use a known zeroth commutator
[R,S]=0, R=~°2n,
for simple calculation of commutator R with Hamiltonian
[R, H] = 7°[S, R + [\, RIS = [\°, RIS,

which may be reduced to [y", R]. With use of the standard
representation of y-matrices we have

R—(av —io{), v=n'2—2"n, £=[zxn)|

—icE oV

(24)

(25)



Neutrino propagator in matter (SM)

If to require [y°, R] = 0, we come to condition & = 0, i.e.
E=[zxn]=bW[pxu]=0. (28)

In this case the found polarization vector z* (4) takes the form

1 P
#=—(|pl, 0) , 29
W (Ipl Pl (29)

which corresponds to helicity state of fermion, but the off-shell one
since W # m.
In general case we have

[x%,8]=0, but [ H]#0



The rest matter

In this case, according to Eq. (28), spin projection is concerved and
polarization vector z* corresponds to helicity state.
Straight calculation gives

1 p
YE=—(1£3Z=), T =~%°. 30
2( |p|), vy (30)
Eigenvalues:
A1z = —m+W+/1-2a(E +|p|)/W?, (31)
A34=—m+Wy/1-2a(E — |p|)/W2. (32)

Thus, for the rest matter the well-known fact ( D. Mannheim (1988),
J.Pantaleone (1992) ) is reproduced that neutrino with definite
helicity has a definite law of dispersion in matter.



The rest matter

If some eigenvalue is vanished, we obtain a dispersion relation —
energy and momentum connection. We have for A; o =0

E? —2aFE —m? — p* — 2a|p| =0, (33)

Ei2=ax+/(p|+ a)? +m?, (34)

and for A3 4 = 0:
E? —2aFE —m? — p® + 2a|p| = 0, (35)

Esq=at/(lp|—a)*+m?, (36)

Well-known expressions



Neutrino propagator in magnetic field

We found that in moving matter there exists an axis of complete
polarization z*, and corresponding spin projectors commute with the
propagator.

A similar situation arises for neutrino in a magnetic field.
An inverse propagator of a neutral fermion with an anomalous
magnetic moment p in a constant external electromagnetic field:

) 1
S=p—m— %,uao‘ﬁFa,g, o8 = 5[ O‘,vﬁ]. (37)

In the case of a magnetic field, it takes more customary form:
S=p-—m+pEB, I =+ (38)

Having electromagnetic field tensor and 4-momentum, we can
construct a polarization vector z# (22 = —1 and z,p" = 0):

Z* = b M F,\p,, b= (pB? — (pB)?)~1/2, (39)



Neutrino in magnetic field

Using this vector we can construct a spin projector:
+_ 1 55
= = 5(1 +4°2). (40)
It is easy to see that the spin projectors commute with the inverse
propagator (38). In the case of magnetic field:

2 =b((Bp),p"B), b= (pyB’ - (Bp)*)"'/? (41)
and matrix v°2 looks as
R=7"2=b(y"7"(Bp) +p°1°(EB)), R*’=1 (42)

After this, it is easy to see that [S, ] = 0.

Further we can apply the same trick that was used for matter: “under
observation” of the spin projector, the gamma-matrix structures are
simplified.



Neutrino in magnetic field

Again:
S =(S*(z) + Z(2))S = St + 5. (43)

Since [S, R] = 0, two matrices have a common eigenvector:
SU =AU, 20 =00, o==l. (44)

The eigenvector of the operator R is obvious: ¥+ = S+ W, therefore
the system looks like this:

SEUE = NUE AP 0F = 40, (45)

Since the eigenvalues of the matrix R are equal to +1, from (42) we
can find the useful relation

(EB)¥* = 5 (1°(pB) £ 7°7) ¥ (46)

Then, in analogy with the case of matter, in the S* contributions the
~v-matrix structure can be transformed. Instead of (38) we get

5% = 2@ [p - m+ 5P (0B) £

)] (47)



Neutrino in magnetic field

Let us recall that for covariant matrix of the form
S =al +bp+ cy® + dpy° (48)

solutions of the matrix eigenvalue problem are known.

The inverse propagator in the external field (38), (47) is non-covariant
(in particular, it contains "), but for algebraic problem this is not so
important. Therefore, if we redefine the vector p* in S*, we can get
rid of 4% and use the ready answer for eigenvalues and eigenprojectors.
So, we can introduce “4-vector”

" 0 H

pi=0@ =+ B’ P) (49)

and after this, the inverse propagator takes the form:

) B
Si:pi—m+u75(pf>7 (50)

in which there are only I, p and +° matrix.



Neutrino in magnetic field

After this simplification, we can use general formulas (19) :

2 2
A= —m+, W2+ g—Q(Bp)Q, Ay =—m— W2+ %(BPV’ (51)
0 0

+
i = 2 (1 oz e + L00)), 2
xE I B
= 2 (14 s + LR )), (53)

Notations: Wy = 4/p, At = \/Wi + u?(Bp)?/pé.
If the eigenvalue is vanishing, we can obtain the well-known dispersion

law for movement of anomalous magnetic moment in magnetic field
(I.M. Ternov, V.G. Bagrov, A.M. Khapaev. JETP (1965))

E? =m? + p? + *B? £ 2u,/m?B2 + B2, (54)

Here + corresponds to different signs in (50), i.e. to terms ST in
propagator, which are accompanied by spin projectors X+,



Neutrino in magnetic field

The spectral representation of the inverse propagator with found
eigenvalues and eigenprojectors can be written as:

2 2
S=Y NI+ AT (55)
=1 =il

So, in constant magnetic field all eigenvalues are classified by the spin
projection on the fixed axis z (41). The inverse propagator (38) can
be connected with the Dirac Hamiltonian

S=+°(" - Hp), Hp=ap+pm+p°(EB). (56)

Using the zero commutator of the matrix R = +°2 with the inverse
propagator

0= [RvS] ZVO[HDaR]_F[Ra'}/O](pO_HD)v (57)



Neutrino in magnetic field

we can reduce the case to the commutator [R,~°]. Calculating it in
the standard representation of gamma-matrices, we have

= (o % )e 2 =0 (@) (58)

So we see that the projection of the spin on the axis of complete
polarization (39) is conserved only in case of a transverse magnetic
field.



Summary

So, we have constructed a spectral representation for neutrino
propagator

@ in matter, moving with constant 4-velocity u*;

e in external magnetic field B = const

Starting point: eigenvalue problem for inverse propagator S
SU=\U.

As a result, we have representation of propagator G = S~}
G=> 1o,
T A
In both cases there exists the fixed 4-axis of polarization z*
[2%(2), §] =0.
In both cases projection is not conserved (only in special cases)

[2*(z), Hp] #0.



Summary

Presence of such axis simplifies essentially the problem.
As for eigenvalues of inverse propagator S, they are classified
according to projection on this fixed axis

A
Therefore, all laws of dispersy in media also separated into two classes

E}(p)



Summary

After all:

o We have very simple and convenient approach for propagation of
fermion in media;
Spectral representation < Diagonalization

e The approach can be applied to problem of mixing of few fermion
fields;

o There are some interesting questions, conserning to role of the
found axis of complete polarization in spin dynamics.



Thank you for attention!



Details for rest matter

o i(l B 2@)(1 N ﬁ“ B (Ev;'p')(l 5)]>7 (59)

L, i(l B zm)(l _ ﬁ[l . (EM‘/’:2|p|) (1 5)])7 (60)

=0+ (1+ - SEo B o) e
a(E —|p|)

= 0+ =2 (1- - 255 a - ).

where B* = /1 — 2a(E £ |p|)/W?2.




Spectral representation of matrix of general form

In order to build a spectral representation of the matrix S of general
form, one needs to solve two eigenvalue problems.
Left eigenvalue problem:

Sip = M (63)

and right one:
¢TSS = ¢T A (64)

Here S is matrix of dimension n and 1, ¢ are the columns of this
dimension.
Let us indicate the main properties of these problems.

o The spectra of the left and right problems coinsides. Indeed, the
eigenvalues of the left problem are defined by equation
det(S — AE) = 0, as for spectrum of the right — it is defined by
transpose matrix det(S — AE)T = 0.



Spectral representation of matrix of general form

o Orthogonality of eigenvectors. Let us write down two equations
Sv; = Aiths. (65)

pS = i M. (66)

Let us multiply (65) by ¢1 from the left, (66) by 1; from the
right and subtruct one equation from another. We have

0= (\i — \p)oLabs, (67)

i.e. eigenvectors of left and right problems ¢y, ¥; are orthogonal
at i # k.
Grhi = U] bk = (i, dk) =0 at i £k (68)

One can require the orthonormality of these two sets of vectors

(Vs Br) = k- (69)



Spectral representation of matrix of general form

e Having solutions of both left and right problems with the
property (69), one can build matrices of the form

I, =iy, i=1...m, (70)
which are the set of orthogonal projectors.
IT,10y, = 04 11y (71)

Note that the projectors II; (eigenprojectors) are the matrix
solution of both left and right eigenvalue problems.

o In particular case of hermitian matrix S, solutions of left and
right problems are related as follows

¢ =y (72)
and eigenprojectors look like:

I, =], i=1...n (73)



Spectral representation of matrix of general form

Having solutions of left and right problems, one can represent matrix
in a form

S = i Nl = z": i (74)
=1l =l

This is a spectral representation of a general form matrix, which
includes solutions of both left v; and right ¢; eigenvalue problem.



