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Motivation
space-time = Minkowski space 

Develop  methods in continuous nonperturbative QCD 

within a given dynamical simple framework

Solve the Bethe-Salpeter bound state equation

Observables: spectrum, SL/TL  momentum region

Relation BSA to LF Fock-space expansion of the hadron wf  



3Problems to be addressed
Observables associated with the hadron structure 
in Minkowski space obtainable from BSA

l parton distributions (pdfs) 

l generalized parton distributions 

l transverse momentum distributions (TMDs) 

l Fragmentation functions

l TL form factors ….

l Inversion Problem: EuclideanàMinkowski



4

TMDs  &  PDFs 
FSI gluon exchange: T-odd

Bethe-Salpeter
Amplitude @ x+=0 

q+ = q0+q3 q- = q0-q3

q2 = q+q- - q2
T q- →infty   

DIS 

TF & Miller PRD 50 (1994)210
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Bethe-Salpeter Amplitude àLight-Front WF (LFWF) 
• basic ingredient in PDFs, GPDs and TMDs



Reminder…
Bethe-Salpeter Bound-State Equation

(2 bosons)

132 C. Gutierrez et al. / Physics Letters B 759 (2016) 131–137

sentation of the LF valence component, both in momentum and 
impact-parameter (IP) spaces. One of the motivations for starting a 
detailed analysis of the non-perturbative features of an interacting 
system in momentum and IP spaces (see, e.g. [19] for an introduc-
tion) is given by the increasing interest on this topic in hadronic 
physics, where the valence component plays an important role in 
determining the dynamical properties of hadrons. For instance, the 
valence component is an important dynamical ingredient for eval-
uating parton transverse-momentum distributions, which depend 
upon both the Bjorken momentum fraction x and the transverse 
components of parton momentum [20,21], or parton density dis-
tributions in IP space, that can be related to the generalized parton 
distributions (see, e.g., Ref. [20]).

Our paper is organized as follows. In Sec. 2, we quickly in-
troduce the general formalism (see, e.g., Refs. [12–14] for more 
details) and we present a comparison between Minkowski and Eu-
clidean results for the eigenvalues of the relevant integral equation. 
In Sec. 3, the valence LF wave function and the corresponding den-
sity distributions, evaluated both in transverse-momentum space 
and impact-parameter one, are discussed, showing our numerical 
results for the available spectrum together with some interesting 
formal outcomes of our analysis. In Sec. 4, conclusions are drawn 
and some perspectives presented.

2. Minkowski space solutions of the Bethe–Salpeter equation

Let us recall the general formalism we have adopted to solve 
the BSE in Minkowski space. As it is well known the BSE in mo-
mentum space for a relativistic bound state is given by the follow-
ing homogeneous integral equation

!(k, p) = G(12)
0 (k, p)

∫
d4k′

(2π)4
iK (k,k′; p)!(k′, p) , (1)

where i K (k, k′; p) is the interaction kernel that contains all two-
body irreducible diagrams, pµ is the total momentum with the 
bound state mass given by M =

√
p2. In the present approach we 

do not consider the self-energy contribution, so that G(12)
0 (k, p) is 

the product of two free propagators,

G(12)
0 (k, p) = i[

(p/2 + k)2 −m2 + iϵ
] i[

(p/2− k)2 −m2 + iϵ
] ,

(2)

with m the constituent mass. The BS amplitude for an s-wave state 
solution of Eq. (1) can be written in terms of NIR as [9,12,13]

!(k, p) = −i

1∫

−1

dz′
∞∫

0

dγ ′ g(γ ′, z′;κ2)

[γ ′ + κ2 − k2 − p · kz′ − iϵ]3 , (3)

where κ2 ≡m2 −M2/4. By substituting (3) into (1) and integrating 
over k− on both sides, one can obtain the following generalized 
integral equation for the Nakanishi weight function (for details see 
Refs. [9,12,13]):

∞∫

0

dγ ′
{

g(γ ′, z;κ2)

[γ ′ + γ + z2m2 +
(
1− z2

)
κ2]2

−
1∫

−1

dz′V LF (z, z′,γ ,γ ′)g(γ ′, z′;κ2)

}

= 0, (4)

where

∞∫

0

dγ ′ g(γ ′, z;κ2)

[γ ′ + γ + z2m2 +
(
1− z2

)
κ2]2

= p+
∫

dk−

2π
!(k, p) =

√
2ψ(ξ,k⊥)

ξ(1− ξ)
, (5)

with γ = |k⊥|2, ξ = (1 − z)/2 and ψ(ξ, k⊥) is the valence light-
front wave function (the factor 

√
2 comes from the symmetry of the 

problem; see, for example, [12]). In Eq. (4) V LF is the Nakanishi 
kernel given in terms of the BS 4D kernel, by

V LF (z, z′,γ ,γ ′) ≡ip+
∞∫

−∞

dk−

2π
G(12)
0 (k, p)

×
∫

d4k′

(2π)4
iK (k,k′; p)

[k′ 2 + p · k′z′ − γ ′ − κ2 + iϵ]3 .

(6)

In this work we adopt the ladder approximation for the BS kernel:

i K (Ld)(k,k′) = i (−i g)2

(k − k′)2 − µ2 + iϵ
= −i

α (16πm2)

(k − k′)2 − µ2 + iϵ
,

(7)

where α = g2/(16πm2) and µ is the exchanged-scalar mass. Ac-
cording to [13], we have solved Eq. (4) by using a basis func-
tion expansion of the Nakanishi weight function, composed by 
Laguerre polynomials L j(aγ ) (with j = 0, 1, Ng ) for describing 
the γ -dependence (where a is an appropriate parameter, as dis-
cussed in [13]) and even Gegenbauer polynomials C (5/2)

2ℓ (z) for 
the z one (with 2ℓ = 0, 2, ..., 2Nz). More specifically, for the 
γ -dependence we use an expansion in terms of the functions 
L j(γ ) ≡√

aL j(aγ )e−aγ /2, where 
∫ ∞
0 dγLi(γ )L j(γ ) = δi j . The ex-

pansion in Gegenbauer polynomials is given in terms of the func-

tions Gℓ(z) ≡3
√

(2ℓ)!
(
2ℓ + 5

2

)
/+(2ℓ + 5)(1 − z2)C5/2

2ℓ (z), where 
∫ 1
−1 dzGℓ(z)Gℓ′ (z) = δℓℓ′ . This last choice is dictated by the sym-

metry property of the Nakanishi weight function g(γ , z; κ2) =
g(γ , −z; κ2), that is requested by the bosonic nature of the 
adopted constituents. It should be recalled that a definite statis-
tical property of the BS amplitude avoids the so-called abnormal 
solutions of BSE, namely the ones with negative norm [3,4,7], that 
are associated with excitations in relative time of the bound states 
(see Refs. [22,23] for a more recent discussion of the issue). Fi-
nally, the z2 dependence of g(γ , z; κ2) entails a symmetry of the 
valence wave function, namely ψ(ξ, k⊥) = ψ(1 − ξ, k⊥).

In our numerical approach, accurate convergence was achieved 
for the ground state by using 14 Laguerre (Ng = 13) and 10 Gegen-
bauer (Nz = 9) polynomials. For the excited states, the convergence 
was reached with 26 Laguerre and 10 Gegenbauer polynomials. 
After introducing the basis function expansion and the ladder ap-
proximation Eq. (7), Eq. (4) turns into the matrix form of a general-
ized eigenvalue problem. In particular, one can symbolically write

B(M) g = αA(M) g, (8)

where g is the eigenvector. Differently from the familiar non-
relativistic case, in the eigen-equation (8) the role of eigenvalue is 
played by the coupling constant α, while the mass of the system 
M is a parameter that can be assigned, after fixing the exchanged-
scalar mass µ. In the standard way of analyzing the BSE within 
the NIR framework [6–13], one introduces the binding energy as

B = 2m − M, (9)
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scalar mass µ. In the standard way of analyzing the BSE within 
the NIR framework [6–13], one introduces the binding energy as

B = 2m − M, (9)

= + +I

+ + + . . .

Kernel: sum 2PI diagrams

• Valence LF wave function à BSA ?

• Valenceà full Fock Space w-f ?
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BS amplitude from the valence LF wave function: sketch
Quasi-Potential approach for the LF projection (3D equations);
Derivation of an effective Mass-squared operator acting on the
valence wave function;
The effective interaction is expanded perturbatively in
correspondence with the Fock-content of the intermediate states;
⇧(p) reverse LF-time operator: computed perturbatively

Reverse operation: valence wave function ) BS amplitude

| i = ⇧(p) |�LF i

Sales, et al. PRC61, 044003 (2000); PRC63, 064003 (2001); Frederico et al. NPA737,
260c (2004); Marinho et al., PRD 76, 096001 (2007); Marinho et al. PRD77, 116010
(2008); Frederico and Salmè, FBS49, 163 (2011).

(NPQCD16, Oct 17-21, 2016 ) BSE in Minkowski space 15 / 34
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“Parametric representation for any Feynman diagram for interacting
bosons, with a denominator carrying the overall analytical behavior
in Minkowski space” [Nakanishi PR130(1963)1230]

Kusaka and Williams, PRD 51 (1995) 7026;
Light-front projection: integration in k-

Carbonell&Karmanov EPJA27(2006)1;EPJA27(2006)11;
TF, Salme, Viviani PRD85(2012)036009;PRD89(2014) 016010,EPJC75(2015)398

(application to scattering)

Bethe-Salpeter amplitude

BSE in Minkowski space with NIR for   bosons 

Main Tool: Nakanishi Integral Representation (NIR)



& NAKANISHI INTEGRAL REPRESENTATION
Carbonell&Karmanov EPJA27(2006)1



Solution Method of the Bethe-Salpeter eq.: 
Carbonell&Karmanov EPJA27(2006)1;EPJA27(2006)11
LF projection of the homogeneous BSE: two-boson system

�(k , p) = G0(k , p)

Z
d4k 0 KBS(k , k

0, p) �(k 0, p)

) Z 1

0

d�0 gb(�
0, z ;2)

[�0 + � + z2m2 + (1� z2)2 � i✏]2
=

=

Z 1

0

d�0
Z

1

�1

dz 0 V LF
b (�, z ; �0, z 0)gb(�

0, z 0;2).

with V LF
b (�, z ; �0, z 0) determined by the irreducible kernel I(k , k 0, p) !

Ladder approx. by Carbonell and Karmanov within the explicitly-covariant
LF framework (EPJA 27 (2006) 1 (also x-ladder in EPJA 27 (2006) 11).
FSV PRD 89 (2014) 016010, non explicitly covariant version.

Very good agreement for both eigenvalues (the coupling constants at
given binding energies) and LF distributions.

Wide phenomenology: (i) Scattering lengths in FVS EPJC 75 (2015) 398,
(ii) spectra of excited states and LF momentum distributions in Gutierrez
et al PLB 759 (2016) 131.

(NPQCD16, Oct 17-21, 2016 ) BSE in Minkowski space 17 / 34

UNIQUENESS OF THE NAKANISHI WEIGHT FUNCTION?

PERTURBATIVE PROOF BY NAKANISHI.

NON-PERTURBATIVE PROOF?
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Generalized Stietjes transform and the LF  valence wave function 
Jaume Carbonell, TF, Vladimir Karmanov PLB769 (2017) 418

• UNIQUENESS OF THE NAKANISHI REPRESENTATION (NON-PERTURBATIVE )

• PHENOMENOLOGICAL APPLICATIONS from  the valence wf → BSA! 
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(I) Valence LF wave function in impact parameter space

Miller ARNPS 60 (2010) 25

» Burkardt IJMPA 18 (2003) 173

(NPQCD16, Oct 17-21, 2016 ) BSE in Minkowski space 22 / 34
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Gutierrez,  Gigante, TF, Salmè,Viviani, Tomio PLB759 (2016) 131
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Light-front valence wave function L+XL
Large momentum behavior 

Gigante, Nogueira, Ydrefors, Gutierrez, Karmanov, TF, PRD95(2017)056012.



Euclidean space:

• Note: Wick-rotation is the exact analytical continuation of the 
Minkowski space Nakanishi representation of the BS amplitude!
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Gutierrez,  Gigante, TF, Salmè,Viviani, Tomio PLB759 (2016) 131



Rotation in Complex Plane
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VIII. BRANCHING POINTS OF � IN k0

The branching points for the vertex function are

found for z = ±1 at:

�min+2�k2 ±k·p = (m+µ)2�p2

4
�k2 ±k·p = 0 , (50)

which in the rest frame gives the branching points at:

k±0 = ±
q
(m+ µ)2 + (~k)2 ⌥

p
p2

2
(51)

and the positive and negative branching points in k0 are

separated by:

2
q

(m+ µ)2 + (~k)2 �
p

p2 ,

that allows the rotation of the arguments of the vertex

function in the complex k0 plane without crossing sin-

gularities. The singular behavior of the vertex function

can be found at the branching points, which should be

corroborated by the numerical results found for �(k;P )
in the complex k0 plane.

IX. RESULTS AND DISCUSSION
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such that

�(p0 exp (i↵), p2; iM) =

= � exp (i↵)
g2

(2⇡)3

Z +1

�1
dk0

Z +1

0

⇥ k2dk

2pk

1

( i
2M + k0 exp (i↵))2 + k2 +m2

⇥ ln

✓
exp (2i↵)(p0 � k0)2 + (p� k)2 + µ2

exp (2i↵)(p0 � k0)2 + (p+ k)2 + µ2

◆

�(k0 exp (i↵), k2; iM)

( i
2M � k0 exp (i↵))2 + k2 +m2

(8)

For ↵ = ±⇡/2, this becomes

�(i p0, p
2; iM) =

= �i
g2

(2⇡)3

Z +1

�1
dk0

Z +1

0

k2dk

2pk

⇥ ln

✓
(p0 � k0)2 � (p� k)2 � µ2

(p0 � k0)2 � (p+ k)2 � µ2

◆

⇥ �(i k0, k2; iM)�
( 12M + k0)2 � k2 �m2

� �
( 12M � k0)2 � k2 �m2

�

(9)

IV. BSE FOR THE BOUND STATE VERTEX

The ladder two-boson Bethe-Salpeter Equation

(BSE) in Minkowski space

�(k;P ) = ıg2
Z

d4k0

(2⇡)4
�(k0;P )

((k � k0)2 � µ2 + i✏)

⇥ 1

(( 12P + k0)2 �m2 + i✏)(( 12P � k0)2 �m2 + i✏)
(10)

The Nakanishi integral representation (NIR) of the ver-

tex function is:

�(k;P ) =

Z +1

�1
dz

Z 1

�min

d�
g(�, z)

� + 2 � k2 � k · P z � ı✏
,

(11)

where 2 = m2 � 1
4P

2
. For convenience we made the

choice of power 1 in the the denominator, but our deriva-

tion can be changed to any integer power. A task we

have to undertake is to determine the minimum value

of � by checking for the adequacy of the solution in the

form above for the BSE, which can in principle depend

on z [2].

Introducing the NIR in the integral equation (??), we

have that:

Z +1

�1
dz

Z 1

�min

d�
g(�, z)

� + 2 � k2 � k · p z � ı✏
=

ıg2
Z +1

�1
dz0
Z 1

�min

d�0 g(�0, z0) I(k, p, �0, z0) (12)

where the scalar function is given by:

I(k, p, �0, z0) =

Z
d4k0

(2⇡)4
1

( 12p� k0)2 �m2 + i✏

⇥ 1

( 12p+ k0)2 �m2 + i✏

1

((k � k0)2 � µ2 + i✏)

⇥ 1

(�0 + 2 � k02 � k0 · p z0 � ı✏)
(13)

and we can perform the loop integral analytically.

Using Feynman parametrization,

NY

i

1

Ai
= (N � 1)!

(
NY

i

Z 1

0
d↵i

)
�
⇣
1�

PN
i ↵i

⌘

⇣PN
i ↵i Ai

⌘N , (14)

in Eq. (13) we get that:

I(k, p, �0, z0) = 6
4Y

i=1

Z 1

0
d↵i �

 
1�

4X

i=1

↵i

!

⇥
Z

d4k0

(2⇡)4
1

(D(k0, p, �0, z0, ↵i) + ı✏)4
, (15)

where the denominator is:

D = ↵1((
P

2
� k0)2 �m2) + ↵2((

P

2
+ k0)2 �m2)

+ ↵3((k � k0)2 � µ2) + ↵4(k
02 + k0 · P z0 � �0 � 2)

(16)

Working ou the denominator, and taking into account

that ↵4 = 1� ↵1 � ↵2 � ↵3, we can write:

D = k02�k0·
⇣
2↵3 k +

h
↵1 � ↵2 � z0 (1� ↵1 � ↵2 � ↵3)] p

⌘

� (1� ↵1 � ↵2 � ↵3)�
0 + ↵3(k

2 � µ2)� (1� ↵3)
2

(17)

which by completing the square and renaming k0 we

have that:

D = k02 �M2
(18)

with

M2 = ↵3(1� ↵3)
�
k2 + k · p z̄ � �̄ � 2

�
, (19)

where

z̄ =
↵2 � ↵1 + (1� ↵1 � ↵2 � ↵3)z0

1� ↵3
(20)

�̄ =
(1� ↵1 � ↵2 � ↵3)�0 + (1� ↵3)22 + ↵3µ2

(1� ↵3)↵3

+
[↵2 � ↵1 + (1� ↵1 � ↵2 � ↵3) z0]

2 p2

4

(1� ↵3)↵3
(21)

k0 ! k0 exp ı ✓
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Comparison between solution for the vertex function in the complex plane and NIR

Castro, de Paula, TF, Maris, Nogueira, Ydrefors; in preparation

Peaks Branching points:
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Vertex Form-Factor 

Ladder approximation (L): suppression of XL (non-planar diagram) for Nc=3

[A. Nogueira, CR Ji, Ydrefors, TF, PLB 777 (2018) 207]

Carbonell and Karmanov EPJA 46 (2010) 387;

de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;

Vector

BSE for qqbar: pion
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BS amplitude

NIR for fermion-antifermion: 0- (pion) 

Light-front projection: integration over k- (LF singularities)



Within our LF framework, singular contributions to Lij can be singled out in a

straightforward way, and rigorously evaluated by using well-known results by Yan et al

(PRD 7 (1973) 1780 is one of their papers addressing the field theory in the Infinite

Momentum frame).

For the two-fermion BSE, singularities have generic form:

Cj =

Z 1

�1

dk�

2⇡
(k�

)
j S(k�, v , z , z 0, �, �0

) j = 1, 2, 3

with S(k�, v , z , z 0, �, �0
) explicitly calculable

N.B., in the worst case

S(k�, v , z , z 0, �, �0
) ⇠ 1

[k�]2
for k� ! 1

Then, one cannot close the arc at the 1 for carrying out the needed analytic

integration, but has to deal with a singular behavior on the light-cone, that acquaints

meaning in the realm of the distribution functions ! �(x)

F The severity of the singularities, i.e. the power j , does depend upon the numerator of

the propagators and the structure of the BS amplitude, only

F F The fermion-scalar case is not plagued by singularities of this type.

(INFN) Solving the Homogeneous Bethe-Salpeter Equation in Minkowski space 16 / 25

End-point singularities– more intuitive: can be treated by the pole-dislocation method 
de Melo et al. NPA631 (1998) 574C, PLB708 (2012) 87

3

It is easily seen that the analytical integration on k� of

(8) involves integrals like

Cj =
Z 1

�1

dk�

2⇡
(k�)j S(k�, v, z, z0, �, �0

) (11)

with j = 0, 1, 2, 3, as dictated by the content in kµ

of cij(k, k00, p). For k+D 6= 0 and j  3, one can safely

close the arc at infinity, in the complex plane, and get

the non singular contribution to Lij , namely the only

part considered in Ref. [8] (i.e. Eq. (18)).

For describing a two-fermion system or for generaliz-

ing NIR to massive vector constituents, one has to fully

evaluate Cj , carefully analyzing the case when k+D = 0.

One can recognize through a simple counting rule that

the tricky powers are j = 2, 3, even if n > 3 is cho-

sen in (5). In Ref. [13], singularities appearing in the

infinite-momentum-frame quantum field theory are in-

vestigated in details, singling out the following singular

integral, suitable for our purposes,

I(�, y) =
Z 1

�1

dx
h
�x� y ⌥ i✏

i2 = ± 2⇡i �(�)h
�y ⌥ i✏

i (12)

We also need (1/2) @I(�, y)/@y, easily deduced from Eq.

(12). Then, one gets our main result (details in [12]),

namely the singular contribution to Lij , given by

LS
ij = � i

M

1

8⇡2

(µ2 � ⇤
2
)
2

2 (1� z2)

Z 1

0
dv v (1� v)

⇥
n �(z0 � z)
⇣
˜̀
D + Fv

⌘2
˜̀
D

h
a2ij(v) + (1� v)

⇣
d0ij +

M2

4
z d1ij

+
2z(� +m2

)

(1� z2)
d1ij

⌘i
+

d1ij
v

h @

@z0
�(z0 � z)

i
DS

3

o
(13)

where we used �(x)/x = �d�(x)/dx and

˜̀
D = �(1� v) (v� + µ2

)� v
h
�0

+ z2m2
+ (1� z2)2

i

DS
3 =

1

F 2
v

h Fv

`D + Fv
+ ln

⇣ `D
`D + Fv

⌘i
(14)

The derivative of the Dirac delta-function is not an issue,

since in our numerical method for solving the coupled in-

tegral equations (6), after taking into account Eqs. (7),

(13), and the non singular contribution to Lij we expand

the Nakanishi weight functions gi(�0, z.;2
) on a suitable

basis. As in Ref. [5] for two-scalar bound states, the

basis is composed by Laguerre and Gegenbauer polyno-

mials (with the needed weights). It turns out that one

can safely integrate @�(z0 � z)/@z0 by part [12], given

the smoothness of our basis and the boundary property

gi(�0, z0 = ±1;2
) = 0. Then one can obtain an eigen-

problem of the type B v = g2 A v, (with B and A suitable

matrices). In our basis, we have up to 44 Laguerre poly-

nomials (with the same parameters as in Ref. [5]) and 44

TABLE I: The squared scalar coupling constant vs the bind-

ing energy for two masses of the exchanged particle µ/m =

0.15 and µ/m = 0.50. First column: binding energy. Second

column: coupling constant g2 for µ/m = 0.15, obtained by

taking analytically into account the fermionic singularities,

(see text). Third column: results for µ/m = 0.15, from Ref.

[8] with a numerical treatment of the singularities. Fourth

column: the same as the second one, but for µ/m = 0.50.
Fifth column: the same as the third one, but for µ/m = 0.50.
Sixth column: results in Euclidean space from Ref. [10]. In

the vertex form factor it is taken ⇤ = 2, as in [8] and [10].

µ/m = 0.15 µ/m = 0.50

B/m g2dFSV (full) g2CK g2dFSV (full) g2CK g2E
0.01 7.844 7.813 25.327 25.23 -

0.02 10.040 10.05 29.487 29.49 -

0.04 13.675 13.69 36.183 36.19 36.19

0.05 15.336 15.35 39.178 39.19 39.18

0.10 23.122 23.12 52.817 52.82 -

0.20 38.324 38.32 78.259 78.25 -

0.40 71.060 71.07 130.177 130.7 130.3

0.50 88.964 86.95 157.419 157.4 157.5

1.00 187.855 - 295.61 - -

1.40 254.483 - 379.48 - -

1.80 288.31 - 421.05 - -

Gegenbauer ones, with indexes equal to 5/2, 7/2, 7/2, 7/2
for gi(�0, z.;2

) with i = 1, 2, 3, 4, respectively. Moreover,

the small quantity to be added to Aii holds ✏ = 10
�7

, and

the number of Gaussian points is 120, that becomes 180

for analyzing the case when the binding energy, in unit

of m, B/m = 2�M/m is equal to 0.01.
In the studies of BSE, it is customary to assign a value

to the binding energy B/m, and, in correspondence, look

for an eigenvalue g2. If the eigenvalue exists then the

whole procedure is validated. Tables I (scalar coupling)

and II (pseudoscalar coupling) show the comparison be-

tween the values of g2 obtained within our approach,

where the singularities have been singled out and analyt-

ically evaluated, and both (i) the calculations by Ref. [8],

where a non trivial numerical treatment of the singular

behaviors was introduced (without recognizing the pos-

sibility of a systematic analysis of the singularities as in

[13]) and (ii) the available numerical results in Euclidean

space [10], with a suitable number of digits.

Notably, we were also able to extend our calculation

up to B/m ⇠ 2, namely when the expected critical be-

havior of a �3
theory manifests itself [14], i.e. where

@B/@g2 ! 1. This is well illustrated in Fig. 1, where

the comparison between our calculations for the vector

coupling and the ones by [8] is also shown.

The achieved full agreement, within the adopted nu-

merical accuracy, strongly supports the validity of our an-

alytical method for treating the singularities that plague

End-point singularities: 
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Viviani and L. Tomio, Phys. Lett. B 759, 131(2016).
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Numerical comparison: Scalar coupling

µ/m = 0.15 µ/m = 0.50

B/m g 2
dFSV (full) g 2

CK g 2
dFSV (full) g 2

CK g 2
E

0.01 7.844 7.813 25.327 25.23 -
0.02 10.040 10.05 29.487 29.49 -
0.04 13.675 13.69 36.183 36.19 36.19
0.05 15.336 15.35 39.178 39.19 39.18
0.10 23.122 23.12 52.817 52.82 -
0.20 38.324 38.32 78.259 78.25 -
0.40 71.060 71.07 130.177 130.7 130.3
0.50 88.964 86.95 157.419 157.4 157.5
1.00 187.855 - 295.61 - -
1.40 254.483 - 379.48 - -
1.80 288.31 - 421.05 - -

First column: binding energy.

Red digits: coupling constant g2
for µ/m = 0.15 and 0.50, with the

analytical treatment of the fermionic singularities (present work). -

Black digits: results for µ/m = 0.15 and 0.50, with a numerical treatment

of the singularities (Carbonell & Karmanov EPJA 46, (2010) 387).
Blue digits: results in Euclidean space from Dorkin et al FBS. 42 (2008) 1.

(ITA-INFN) Two-fermion BSE in Minkowski space 22 / 26
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de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;

Scalar boson exchange
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Massless vector exchange:  high-momentum tails

Power one is expected for the pion valence amplitude: 

X Ji et al, PRL 90 (2003) 241601. 

de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;
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PION MODEL
W. de Paula, TF, Pimentel, Salmè, Viviani, EPJC 77 (2017) 764

l Gluon effective mass ~ 500 MeV – Landau Gauge LQCD
[Oliveira, Bicudo, JPG 38 (2011) 045003;  
Duarte, Oliveira, Silva,  Phys. Rev. D 94 (2016) 01450240]

l Mquark = 250 MeV 
[Parappilly, et al, PR D73 (2006) 054504]

l Λ/m =1, 2, 3
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2

1

3

4

f⇡ = 150MeV
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3D LF amplitudes

Dynamical observables: the LFWF components;
(B/m = 1.35, µ/m = 2.0, Λ/m = 1.0, mq=215 MeV): fπ = 96 MeV,
Pval = 0.34
Other observables are straightforward to compute once you have
BS amplitude solution;
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0.68

Light-front amplitudes
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Valence distribution functions  

Valence probability:

W. de Paula, et. al, in preparation
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Valence probability

Lot of room for the higher LF Fock components of the wave function to manifest!

0.96
0.78
0.68

0.96
0.84
0.68
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Valence distribution functions: longitudinal and transverse

Mquark 187 MeV

Mgluon 28 MeV

Λ/m =2

Pval=0.64

Mquark 187 MeV

Mgluon 280 MeV

Λ/m =2

Pval=0.78

f⇡ = 77MeV
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f⇡ = 99MeV
<latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit><latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit><latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit><latexit sha1_base64="+HKBT7tr/raD1bhWhi7hKWVSMEo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAIHkLYFUFzEIJevAgRTCJkQ5id9CZDZh/M9IphCV78FS8eFPHqV3jzb5w8DppY0FBUddPd5cVSaLTtbyuzsLi0vJJdza2tb2xu5bd36jpKFIcaj2Sk7jymQYoQaihQwl2sgAWehIbXvxz5jXtQWkThLQ5iaAWsGwpfcIZGauf3/LYbC7d47hbLZbdIXYQHTK+hPmznC3bJHoPOE2dKCmSKajv/5XYingQQIpdM66Zjx9hKmULBJQxzbqIhZrzPutA0NGQB6FY6fmFID43SoX6kTIVIx+rviZQFWg8Cz3QGDHt61huJ/3nNBP2zVirCOEEI+WSRn0iKER3lQTtCAUc5MIRxJcytlPeYYhxNajkTgjP78jypH5ccu+TcnBQqF9M4smSfHJAj4pBTUiFXpEpqhJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz9oopYn</latexit>



Preliminary result for a fermion-scalar bound system
The covariant decomposition of the BS amplitude for a (1/2)

+
bound system, composed

by a fermion and a scalar, reads

�(k, p) =

h
S1 �1(k, p) + S2 �2(k, p)

i
U(p, s)

with U(p, s) a Dirac spinor, S1(k) = 1, S2(k) = /k/M,and M2
= p2

A first check: scalar coupling ↵s
= �s

F�
s
S/(8⇡mS), for mF = mS and µ/m̄ = 0.15, 0.50

B/m̄ ↵s
M(0.15) ↵s

WR(0.15) ↵s
M(0.50) ↵s

WR(0.50)

0.10 1.5057 1.5057 2.6558 2.6558

0.20 2.2969 2.2969 3.2644 3.6244

0.30 3.0467 3.0467 4.5354 4.5354

0.40 3.7963 3.7963 5.4505 5.4506

0.50 4.5680 4.5681 6.4042 6.4043

0.80 7.2385 7.2387 9.8789 9.8794

1.00 9.7779 9.7783 13.7379 13.7380

First column: the binding energy in unit of m̄ = (mS + mF )/2..

Second and fourth columns: coupling constant ↵M , obtained by solving the BSE in

Minkowski space, for given B/m̄.

Third and fifth columns: Wick-rotated results, ↵WR .
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Fermion-scalar system interacting through a massive scalar exchange
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Longitudinal light-cone distribution for a fermion in the valence component. Solid line :
B/m̄ = 0.1. Dotted line: B/m̄ = 0.5. Dotted line: B/m̄ = 1.0
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as it is found in that paper, for the zero-range interaction, the 
intermediate antiparticles are mandatory for generating the three-
body forces. Comparison of the results found by solving the LF 
and BS equations is instructive and it sheds light on the prop-
erties of the relativistic three-body systems with the zero-range 
interaction. The two-body LF and BS binding energies were cal-
culated and compared in [8]. We will calculate and compare also 
the dependencies of the LF and BS amplitudes on the transverse 
momenta. Fully Poincaré-covariant computation of the nucleon’s 
Faddeev amplitude with a ladder dressed-gluon exchange interac-
tion was performed in [9] (see [10] for a review).

(ii) It turns out that though the three-body state studied in [4,5]
for the interaction providing the existence of a two-body bound 
state is indeed the most low-lying physical state (with minimal 
positive three-body mass M2

3), there exists another (non-physical) 
low-lying state with negative M2

3. This is a “heavy legacy” of the 
Thomas collapse. Formally, from the point of view of the spec-
trum classification, the latter state is just the ground state (since it 
has the smallest M2

3), whereas the state found in [4,5] (and inter-
preted as the ground state) is the first excited state. By varying the 
two-body scattering length, we can push the ground state into the 
domain of the positive mass M2

3, so it becomes a physical state. In 
this situation the excited state found in [4,5] does not exist any-
more, since it was already driven into the continuous spectrum. 
This happens in both approaches –  the LF and BS ones, and the 
difference between them is in the numerical values of the param-
eters, as we will show here. Below we will discover and study this 
true low-lying state. This is another aim of our work.

The rest of this paper is organized as follows. In Sections 2
and 3 we present the three-body BS and LF equations. Sec. 4 is de-
voted to the derivation of the k⊥-dependent amplitudes in terms 
of the LF wave function and the BS Euclidean amplitude. In Sec. 5
we compute the positions of the ground and first excited levels 
and study how they move depending on variation of the two-
body interaction. Sec. 6 presents the numerical results for the LF 
wave function, BS amplitude and corresponding k⊥-dependent am-
plitudes. Finally, in Sec. 7 we draw the conclusions.

2. Bethe–Salpeter equation

The zero-range three-body BS equation for the vertex function 
v(q, p) from which the external propagators are excluded, for zero-
range interaction, has the form [4]:

v(q, p) = 2i F (M12)

∫
d4k

(2π)4
i

[k2−m2+iϵ]
i

[(p−q−k)2−m2+iϵ] v(k, p).

(1)

Here v(q, p) is the Faddeev component and, besides the total 
momentum p, it depends on one four-momentum q only. The 
function F (M12) is the two-body zero-range scattering amplitude 
found in a relativistic framework. It is given in [4,5]. For complete-
ness we cite it here, however, using as a parameter, the scattering 
length a:

F (M12) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

8π2

1
2y′

M12

log
1+ y′

M12

1− y′
M12

− π

2am

, if M2
12 < 0

8π2

arctan yM12
yM12

−
π

2am

, if 0 ≤ M2
12 < 4m2

(2)

Its argument M12 is two-body effective mass: M2
12 = (p − q)2 and 

y′
M12

=
√

−M2
12√

4m2−M2
12

, yM12 = M12√
4m2−M2

12

. If the two-body system has a 

bound state with the mass M2, then a is positive and it is related 
to the bound state mass M2 as:

a = π yM2

2m arctan yM2

, yM2 = M2√
4m2 − M2

2

. (3)

If a < 0, the amplitude F (M12) has no pole in the physical do-
main 0 ≤ M12 ≤ 2m, that is, the two-body bound state is absent. 
However, as we will see below, the three-body system still can be 
bound as a Borromean state.

As mentioned, to simplify finding the solution of eq. (1), instead 
of the Minkowski space BS equation (1), we will solve the corre-
sponding integral equation in the Euclidean space. It provides the 
same spectrum, but different amplitudes.

The Euclidean equation is obtained by the Wick rotation of the 
integration contour, when it is possible. In Eq. (1) it is impossible: 
one can easily check that the position of singularities in the vari-
able k0 of the integrand in (1) prevents from this rotation. That is, 
the rotating contour crosses the singularities of the integrand. This 
was the obstacle in finding solution of Eq. (1). However, the shift 
of the rotation point changes the relative position of the rotating 
contour and singularities and might allow to avoid their crossings. 
We notice that the Wick rotation becomes possible after the fol-
lowing shift of variables:

k = k′ + 1
3
p, q = q′ + 1

3
p. (4)

After introducing new functions:

ṽ(q′, p) = v
(
q′ + 1

3
p, p

)
, ṽ(k′, p) = v

(
k′ + 1

3
p, p

)

the equation (1) obtains the form:

ṽ(q′, p)

= 2i F (M ′2
12)

∫
d4k′

(2π)4
i2 ṽ(k′,p)[(

k′+ 1
3 p

)2
−m2+iϵ

][(
1
3 p−q′−k′

)2
−m2+iϵ

] ,

(5)

where M ′2
12 = ( 23 p − q′)2. In the three-particle rest frame, for ex-

ample, the position of the pole (above the real axes) of the second 
propagator in (5) in the variable k′

0 is in the point k′
0 = k′

01, where

k′
01 = ξ + iϵ − q′

0, ξ = 1
3
M3 −

√
(k⃗ + q⃗)2 +m2. (6)

For the bound state M3 < 3m, the value of ξ is always negative: 
ξ < 0. We rotate the line of integration over k′

10 by the angle φ
and simultaneously replace q′

0 → q′
0 exp(iφ). Then the pole and the 

contour move so that the pole never crosses the contour.
The amplitude F (M ′2

12) has also a pole at M ′2
12 = M2

2 − iϵ , cor-
responding to the two-body bound state, if any. It generates two 
poles in ṽ(k′, p) vs. k′

0. One can easily check that if 2
3M3 < M2

(this is the case, since the three-body binding energy per parti-
cle is larger than the two-body one), then these poles also do not 
prevent the Wick rotation. Therefore we can safely make the Wick 
rotation in Eq. (5), in contrast to the Eq. (1).

In the rest frame, after Wick rotation by the angle φ = π/2: 
k0 = ik4, q0 = iq4, and after integrating in (5) over the angles be-
tween k⃗ and q⃗, we obtain the equation:
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as it is found in that paper, for the zero-range interaction, the 
intermediate antiparticles are mandatory for generating the three-
body forces. Comparison of the results found by solving the LF 
and BS equations is instructive and it sheds light on the prop-
erties of the relativistic three-body systems with the zero-range 
interaction. The two-body LF and BS binding energies were cal-
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more, since it was already driven into the continuous spectrum. 
This happens in both approaches –  the LF and BS ones, and the 
difference between them is in the numerical values of the param-
eters, as we will show here. Below we will discover and study this 
true low-lying state. This is another aim of our work.

The rest of this paper is organized as follows. In Sections 2
and 3 we present the three-body BS and LF equations. Sec. 4 is de-
voted to the derivation of the k⊥-dependent amplitudes in terms 
of the LF wave function and the BS Euclidean amplitude. In Sec. 5
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wave function, BS amplitude and corresponding k⊥-dependent am-
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momentum p, it depends on one four-momentum q only. The 
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a = π yM2

2m arctan yM2

, yM2 = M2√
4m2 − M2

2

. (3)

If a < 0, the amplitude F (M12) has no pole in the physical do-
main 0 ≤ M12 ≤ 2m, that is, the two-body bound state is absent. 
However, as we will see below, the three-body system still can be 
bound as a Borromean state.

As mentioned, to simplify finding the solution of eq. (1), instead 
of the Minkowski space BS equation (1), we will solve the corre-
sponding integral equation in the Euclidean space. It provides the 
same spectrum, but different amplitudes.

The Euclidean equation is obtained by the Wick rotation of the 
integration contour, when it is possible. In Eq. (1) it is impossible: 
one can easily check that the position of singularities in the vari-
able k0 of the integrand in (1) prevents from this rotation. That is, 
the rotating contour crosses the singularities of the integrand. This 
was the obstacle in finding solution of Eq. (1). However, the shift 
of the rotation point changes the relative position of the rotating 
contour and singularities and might allow to avoid their crossings. 
We notice that the Wick rotation becomes possible after the fol-
lowing shift of variables:

k = k′ + 1
3
p, q = q′ + 1

3
p. (4)

After introducing new functions:

ṽ(q′, p) = v
(
q′ + 1

3
p, p

)
, ṽ(k′, p) = v

(
k′ + 1

3
p, p

)

the equation (1) obtains the form:

ṽ(q′, p)

= 2i F (M ′2
12)

∫
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3 p
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][(
1
3 p−q′−k′

)2
−m2+iϵ
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(5)

where M ′2
12 = ( 23 p − q′)2. In the three-particle rest frame, for ex-

ample, the position of the pole (above the real axes) of the second 
propagator in (5) in the variable k′

0 is in the point k′
0 = k′

01, where

k′
01 = ξ + iϵ − q′

0, ξ = 1
3
M3 −

√
(k⃗ + q⃗)2 +m2. (6)

For the bound state M3 < 3m, the value of ξ is always negative: 
ξ < 0. We rotate the line of integration over k′

10 by the angle φ
and simultaneously replace q′

0 → q′
0 exp(iφ). Then the pole and the 

contour move so that the pole never crosses the contour.
The amplitude F (M ′2

12) has also a pole at M ′2
12 = M2

2 − iϵ , cor-
responding to the two-body bound state, if any. It generates two 
poles in ṽ(k′, p) vs. k′

0. One can easily check that if 2
3M3 < M2

(this is the case, since the three-body binding energy per parti-
cle is larger than the two-body one), then these poles also do not 
prevent the Wick rotation. Therefore we can safely make the Wick 
rotation in Eq. (5), in contrast to the Eq. (1).

In the rest frame, after Wick rotation by the angle φ = π/2: 
k0 = ik4, q0 = iq4, and after integrating in (5) over the angles be-
tween k⃗ and q⃗, we obtain the equation:

Wick rotation after the transformation
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If a < 0, the amplitude F (M12) has no pole in the physical do-
main 0 ≤ M12 ≤ 2m, that is, the two-body bound state is absent. 
However, as we will see below, the three-body system still can be 
bound as a Borromean state.

As mentioned, to simplify finding the solution of eq. (1), instead 
of the Minkowski space BS equation (1), we will solve the corre-
sponding integral equation in the Euclidean space. It provides the 
same spectrum, but different amplitudes.

The Euclidean equation is obtained by the Wick rotation of the 
integration contour, when it is possible. In Eq. (1) it is impossible: 
one can easily check that the position of singularities in the vari-
able k0 of the integrand in (1) prevents from this rotation. That is, 
the rotating contour crosses the singularities of the integrand. This 
was the obstacle in finding solution of Eq. (1). However, the shift 
of the rotation point changes the relative position of the rotating 
contour and singularities and might allow to avoid their crossings. 
We notice that the Wick rotation becomes possible after the fol-
lowing shift of variables:
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ample, the position of the pole (above the real axes) of the second 
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0 is in the point k′
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01, where
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For the bound state M3 < 3m, the value of ξ is always negative: 
ξ < 0. We rotate the line of integration over k′

10 by the angle φ
and simultaneously replace q′
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0 exp(iφ). Then the pole and the 

contour move so that the pole never crosses the contour.
The amplitude F (M ′2

12) has also a pole at M ′2
12 = M2

2 − iϵ , cor-
responding to the two-body bound state, if any. It generates two 
poles in ṽ(k′, p) vs. k′

0. One can easily check that if 2
3M3 < M2

(this is the case, since the three-body binding energy per parti-
cle is larger than the two-body one), then these poles also do not 
prevent the Wick rotation. Therefore we can safely make the Wick 
rotation in Eq. (5), in contrast to the Eq. (1).

In the rest frame, after Wick rotation by the angle φ = π/2: 
k0 = ik4, q0 = iq4, and after integrating in (5) over the angles be-
tween k⃗ and q⃗, we obtain the equation:
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Fig. 4. The value M2
3 vs. the inverse scattering length (a m)−1. BS ground state (solid 

curve); LF ground state (dashed curve); BS first excited state (dashed–dotted) and 
LF first excited state (double-dash-dotted).

Table 1
The values of the inverse scattering length 
(a m)−1 for which the curves in Fig. 4 cross 
M2

3 = 9m2 (that is, B3 = 3m − M3 = 0) and 
M2

3 = 0. Values presented within the used con-
vergence, as discussed in the text.
M2

3 Inverse scattering length (am)−1

ground state excited state

BS LF BS LF

9m2 −0.78 −0.57 −0.08 −0.04
0 −0.51 −0.21 0.34 0.50

Fig. 4 shows that the three-body mass M2
3 found in the BS ap-

proach is always smaller than M2
3 found in the LF one. This means 

that the three-body forces discussed in Sec. 3 are attractive and 
strong. This conclusion coincides with the result found in Ref. [7]
for the OBE kernel. The dimensionless values (a m)−1 for which 
the values M2

3 cross zero and cross 9m2 (when the three-body 
binding energy B3 = 3m − M3 crosses zero) are given in the Ta-
ble 1. The positive inverse scattering lengths (a m)−1 ≈ 0.34 (BS) 
and (a m)−1 ≈ 0.50 (LF), for which M2

3 for excited state crosses 
zero, correspond, according to Eq. (3), to the two-body bind-
ing energies B2 ≈ 0.194m and B2 ≈ 0.582m, respectively. When 
B2 = 2m − M2 → 0, the ground state values are M2

3 ≈ −94 m2

for the BS equation and M2
3 ≈ −18 m2 for the LF one. They are 

extremely over-bounded. The corresponding excited state values 
(when B2 = 0) are B3 ≈ 0.066m for the BS equation and B3 ≈
0.013m for the LF one. The latter value is close to the one com-
puted in [5].

6. Light-front vertex function and Bethe–Salpeter amplitude

In order to study how the binding energy impacts the behav-
ior of the solution, we vary the two-body parameters to obtain, 
in the LF framework, the binding energy B3 = m, first, for the 
ground state (in this case: (a m)−1 = −0.31), then, for the excited 
state (in this case: (a m)−1 = 0.4 → B2 ≈ 0.297m). These two solu-
tions !(k⊥, x) of the LF equation (10), corresponding to the same 
binding energy, but to different states (ground and excited ones) 
and normalized by !(0, 1/3) = 1, are compared in Fig. 5. Though, 
in general, they considerably differ from each other, the functions 
!(k⊥, x = 1/3) vs. k⊥ for the ground and excited states have the 
same asymptotic decrease, though with different coefficients: ! for 
the excited state is ten times smaller than for the ground state.

The asymptotic behavior of !(k⊥, x) follows from Eq. (10). Up 
to the logarithmic correction resulting from F (M12), the asymp-
totic k⊥-dependence is provided by the factor (M2

0 − M2
3) ∼ k2⊥

that gives !(k⊥, x) ∼ c/k2⊥ , which is close to the asymptotic form 
of both curves shown in the right panel of Fig. 5. Whereas, ! in 
the non-asymptotic domain and the factor c are determined by the 
integral in l.h. side of Eq. (10) which is sensitive to the details of 
!(k⊥, x). Therefore they strongly depend on the state.

The solutions vE (k4, kv) of the Euclidean BS equation (7) for 
B3 = m [(a m)−1 ≈ −0.57 for the ground state and (a m)−1 =
0.25 → B2 ≈ 0.093 m for the excited state] are shown in Fig. 6. 
Note that Re[vE (k4, kv = const)] vs. k4 is symmetric relative to 
k4 → −k4 and Im[vE (k4, kv = const)] is antisymmetric, in accor-
dance with Eq. (9).

The comparison of the k⊥-dependences of the LF and BS ampli-
tudes is shown in Fig. 7. Though the full amplitudes are given by 
sums of three Faddeev components (Eq. (14) in the LF approach 
and Eq. (15) in the BS approach), we present the contributions 
of one component only, i.e., ALF

1 , Eq. (14), in comparison to ABS
1 , 

Eq. (15), each of them depends on k⃗1⊥ and k⃗2⊥ . We put k⃗2⊥ = 0, 
normalize both A1 to 1 at k1⊥ = 0 and compare their k1⊥ de-
pendencies. The calculations were carried out for B3 = m in both 
approaches. The node structure is clearly visible in the figure. This 
is important since the number of nodes is a way of characteriz-
ing states and the ground state has no node, while the first excited 
state presents one.

One can see in Fig. 7 that for the same three-body binding en-
ergy, the BS approach results in a wider distribution than the LF 
one. This reflects the effect coming from the three-body graphs 
that are not considered in the LF truncated equation. If we com-
pare the k⊥-dependences obtained from Minkowski and Euclidean 
BS equations we should obtain the same result, as shown in [12]
for the two-body case. In any given approach (BS or LF), the large 
momentum behavior of the excited state is the same as for the 

Fig. 5. The vertex function !(k⊥ = 0, x), satisfying the LF equation (10), vs. x (left panel); and !(k⊥, x = 1/3) vs. k⊥ (right panel). In both panels we present the ground state 
with B3 =m (solid curve); and the excited state (dashed curve), also with B3 =m, but for different (a m)−1, both given in the text.
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Fig. 2. The three-body LF graphs obtained by time-ordering of the Feynman graph shown in right panel of Fig. 1.

Fig. 3. Examples of many-body intermediate state contributions to the LF three-body forces.

ψ(k⃗1⊥ , k⃗2⊥ , k⃗3⊥ , x1, x2, x3)

= "(k⃗1⊥ , x1) + "(k⃗2⊥ , x2) + "(k⃗3⊥ , x3)

M2
0 − M2

3

, (12)

where M2
0 is defined by (11).

For the BS amplitude, the energy denominator is replaced by 
the product of three propagators:

i#M(k1,k2,k3; p)

= i3
vM(k1) + vM(k2) + vM(k3)

(k21 −m2 + iϵ)(k22 −m2 + iϵ)(k23 −m2 + iϵ)
, (13)

where k1 + k2 + k3 = p.
In the three-body case we start with a 4D integral (over k14, 

k1z , k24 and k2z) from the Euclidean BS amplitude. We can in-
tegrate analytically over two of the four variables, which do not 
enter in the argument of v . Similarly, we obtain a 2D integral (over 
x1 and x2) from the LF wave function. We can integrate analytically 
over one of these variables. In this way, for the LF wave function 
contribution we find:

ALF (k⃗1⊥ , k⃗2⊥ ) = ALF
1 + ALF

2 + ALF
3 ,

ALF
i =

1∫

0

dx1 "(k⃗i⊥ , x1)η(k⃗1⊥ , k⃗2⊥ ; x1), (14)

where

η(k⃗1⊥ , k⃗2⊥ ; x1) = −1
2

√
π

2

1−x1∫

0

dx2
a′x22 + b′x2 + c′ ,

and a′ = E2
1⊥ − x1M2

3, b
′ = −(1 − x1)E2

1⊥ + x1[E2
2⊥ − E2

3⊥ + (1 −
x1)M2

3], c′ = E2
2⊥ − x1M2

3.
For the Euclidean BS contribution we get:

ABS(k⃗1⊥ , k⃗2⊥ ) = ABS
1 + ABS

2 + ABS
3 ,

ABS
1 =

∫
ṽ E(k14,k1v)β(k14,k1z; k⃗1⊥ , k⃗2⊥ )dk14dk1z, (15)

β(k14,k1z; k⃗1⊥ , k⃗2⊥ ) = − χ(k14,k1z; E2⊥ , E3⊥ )[(
k14 − i

3M3

)2
+ k21z + E2

1⊥

] ,

χ(k14,k1z; k⃗1⊥ , k⃗2⊥ ) =
1∫

0

πdy
ay2 + by + c

,

where k1v =
√
k21z + k21⊥ , Ei⊥ =

√
m2 + k2i⊥ , k⃗3⊥ = −(k⃗1⊥ + k⃗2⊥ )

and

a = −k21z −
(
k14 + i

2
3
M3

)2

,

b = k21z +
(
k14 + i

2
3
M3

)2

+ E2
2⊥ − E2

3⊥ , c = E2
3⊥ .

Analogous formulas are easily found for ABS
2 and ABS

3 .
If the LF wave function is obtained by the LF projection of the 

BS amplitude, then ALF (k⃗1⊥ , ⃗k2⊥ ), Eq. (14), must coincide with 
ABS (k⃗1⊥ , ⃗k2⊥ ), Eq. (15). If the LF wave function is found from 
Eq. (10) and the BS amplitude is found from Eq. (7), then ALF and 
ABS differ because of different input in the kernels of Eqs. (10)
and (1). The comparison of ALF with ABS shows the influence of 
the many-body intermediate states on the k⊥ -dependence of the 
amplitude ABS .

5. The two lowest-lying levels

In this section we present the numerical results for the ground 
and first excited states. Both LF and BS equations are solved 
by means of spline decomposition and the results are presented 
within the convergence ! 3%, which is enough for our purposes.

We expect that the spectra of both equations are rather rich. 
However, as we said, we restrict ourselves to two low-lying states. 
The LF equation (10) determines the value M2

3. The situation with 
the BS equation (7) is the same. At a first glance, the BS equa-
tion determines M3 in the first degree. However, the change of the 
sign M3 → −M3 is equivalent to the complex conjugation, which 
does not change the real eigenvalues. Hence, Eq. (7) also deter-
mines M2

3. Though M2
3 originally appears as squared, when this 

parameter is found from the equations, it can have any sign. The 
relativistic effects eliminate the Thomas collapse, i.e., they do not 
allow the eigenvalues M2

3 to decrease down to −∞, though they 
do not prevent the value of M2

3 from being negative for strong 
enough two-body interaction. It turns out that “strong enough” is 
already the interaction forming a two-body state with the bind-
ing energy close to zero –  it provides negative M2

3 for the ground 
state. However, when we further weaken the two-body interac-
tion (the scattering length becomes negative and then |a| → 0), 
the ground state value of M2

3 becomes positive and then M3 → 3m
(B3 = 3m − M3 → 0), i.e., the three-body bound states disappear. 
The plot of M2

3 vs. the inverse scattering length (a m)−1 is shown 
in Fig. 4. Note that in the previous papers [4,5] just the “LF-excited 
state” was studied. Our present calculations confirm the values M2

3
vs. M2 found in [5].
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Fig. 6. The BS amplitude vE (kv , k4) vs. k4 and vs. kv normalized to Re[vE (k4 = 0, kv/m = 3)] = 1. Solid (ground state) and dashed (exited state) curves are Re[vE (kv/m =
3, k4)] (left panel) and Re[vE (kv , k4/m = 3)] (right panel); dot-dashed (ground state) and dot–dot-dashed (exited state) curves are Im[vE (kv/m = 3, k4)] (left panel) and 
Im[vE (kv , k4/m = 3)] (right panel).

Fig. 7. k⊥-dependences of the Faddeev components of the LF and Euclidean am-
plitudes for the same binding energy, B3/m = 1. The solid and dot-dashed curves 
are the BS calculations (Eq. (15)) for the ground and first excited state, respectively. 
The dashed and dash–dash-dotted curves are the LF calculations (Eq. (14)), for the 
ground and first excited state, respectively.

ground one, though BS and LF asymptotics look slightly different 
from each other.

7. Conclusion

We have found the ground and first excited state solutions for 
the three-boson system with zero-range interaction in the frame-
work of two relativistic approaches: Bethe–Salpeter equation in 
the Euclidean space and light-front dynamics. In the BS frame-
work, the solution was found for the first time. Our input is the 
two-body scattering length (or binding energy), the output is the 
three-body binding energies, the light-front wave functions and 
Bethe–Salpeter amplitudes.

We confirmed the value of binding energy found previously [5]
in the LF framework. In addition, we found that the calculations 
[4,5] dealt with the first excited state, though for the two-body in-
teraction which allows the two-body bound state (used in [4,5]), 
there is a three-body ground state but with non-physical negative 
squared mass, M2

3 < 0. This solution formally exists, but not as a 
physical state. The negative (though finite) M2

3 can be interpreted 
as collapse of a relativistic system. However, for a two-body inter-
action characterized by negative scattering length (i.e. no two-body 
bound state), the aforementioned three-body state becomes phys-
ical, i.e. having positive M2

3. We get a strongly bound Borromean 
system for the negative scattering length, that is rather curious. 
Another way to avoid the negative M2

3 is to introduce a cutoff. 
We expect that a cutoff can also weaken the two-body interaction 
and make M2

3 positive. By a further decrease of the two-body in-

teraction the three-body binding energy tends to zero so that the 
three-boson system becomes unbound.

We have also found that in spite of the same zero-range in-
teraction, the dynamical contents in both approaches – BS and 
LF – are different. Relative to the LF dynamics, the BS approach 
implicitly takes into account the antiparticles and the many-body 
intermediate states which generate the effective three-body forces 
of the relativistic origin, like it happens for the OBE kernel [7], 
but with smaller diversity of the graphs contributing to three-body 
forces. However, their net effects are the same – the increase of the 
effective attraction and, consequently, the binding energy in the BS 
framework with respect to the LF one. At the same time, the fully 
relativistic effects in both frameworks are the effective repulsion, 
eliminating the Thomas collapse [1] in a three-boson system. This 
was found earlier in the LF approach [4,5]. In the present paper 
this is confirmed also in the BS approach.

A comparison of the LF wave function with the Euclidean BS 
amplitude cannot be done directly, since these quantities have dif-
ferent nature and physical meaning. However, as it is shown in 
Sec. 4, the integrals calculated from both quantities, either over x, 
or over k− and kz , represent one and the same amplitude depend-
ing on transverse momenta (provided, the underlying dynamics is 
the same). At the same time, the contributions from three-body 
forces discussed in Sec. 3, that make different the binding ener-
gies, also affect the k⊥-amplitudes. We compared these amplitudes 
for the same binding energy B3 of the three-body system and we 
found that in the BS approach the k⊥-distributions are somewhat 
wider than in the LF one.

The solutions and observations found in this work deepen our 
understanding of the role of relativistic effects in three-body sys-
tems. This research can be generalized to systems with non-equal 
masses [13], which naturally may have a richer spectrum.
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Fig. 2. The three-body LF graphs obtained by time-ordering of the Feynman graph shown in right panel of Fig. 1.

Fig. 3. Examples of many-body intermediate state contributions to the LF three-body forces.

ψ(k⃗1⊥ , k⃗2⊥ , k⃗3⊥ , x1, x2, x3)

= "(k⃗1⊥ , x1) + "(k⃗2⊥ , x2) + "(k⃗3⊥ , x3)

M2
0 − M2

3

, (12)

where M2
0 is defined by (11).

For the BS amplitude, the energy denominator is replaced by 
the product of three propagators:

i#M(k1,k2,k3; p)

= i3
vM(k1) + vM(k2) + vM(k3)

(k21 −m2 + iϵ)(k22 −m2 + iϵ)(k23 −m2 + iϵ)
, (13)

where k1 + k2 + k3 = p.
In the three-body case we start with a 4D integral (over k14, 

k1z , k24 and k2z) from the Euclidean BS amplitude. We can in-
tegrate analytically over two of the four variables, which do not 
enter in the argument of v . Similarly, we obtain a 2D integral (over 
x1 and x2) from the LF wave function. We can integrate analytically 
over one of these variables. In this way, for the LF wave function 
contribution we find:

ALF (k⃗1⊥ , k⃗2⊥ ) = ALF
1 + ALF

2 + ALF
3 ,

ALF
i =

1∫

0

dx1 "(k⃗i⊥ , x1)η(k⃗1⊥ , k⃗2⊥ ; x1), (14)

where

η(k⃗1⊥ , k⃗2⊥ ; x1) = −1
2

√
π

2

1−x1∫

0

dx2
a′x22 + b′x2 + c′ ,

and a′ = E2
1⊥ − x1M2

3, b
′ = −(1 − x1)E2

1⊥ + x1[E2
2⊥ − E2

3⊥ + (1 −
x1)M2

3], c′ = E2
2⊥ − x1M2

3.
For the Euclidean BS contribution we get:

ABS(k⃗1⊥ , k⃗2⊥ ) = ABS
1 + ABS

2 + ABS
3 ,

ABS
1 =

∫
ṽ E(k14,k1v)β(k14,k1z; k⃗1⊥ , k⃗2⊥ )dk14dk1z, (15)

β(k14,k1z; k⃗1⊥ , k⃗2⊥ ) = − χ(k14,k1z; E2⊥ , E3⊥ )[(
k14 − i

3M3

)2
+ k21z + E2

1⊥

] ,

χ(k14,k1z; k⃗1⊥ , k⃗2⊥ ) =
1∫

0

πdy
ay2 + by + c

,

where k1v =
√
k21z + k21⊥ , Ei⊥ =

√
m2 + k2i⊥ , k⃗3⊥ = −(k⃗1⊥ + k⃗2⊥ )

and

a = −k21z −
(
k14 + i

2
3
M3

)2

,

b = k21z +
(
k14 + i

2
3
M3

)2

+ E2
2⊥ − E2

3⊥ , c = E2
3⊥ .

Analogous formulas are easily found for ABS
2 and ABS

3 .
If the LF wave function is obtained by the LF projection of the 

BS amplitude, then ALF (k⃗1⊥ , ⃗k2⊥ ), Eq. (14), must coincide with 
ABS (k⃗1⊥ , ⃗k2⊥ ), Eq. (15). If the LF wave function is found from 
Eq. (10) and the BS amplitude is found from Eq. (7), then ALF and 
ABS differ because of different input in the kernels of Eqs. (10)
and (1). The comparison of ALF with ABS shows the influence of 
the many-body intermediate states on the k⊥ -dependence of the 
amplitude ABS .

5. The two lowest-lying levels

In this section we present the numerical results for the ground 
and first excited states. Both LF and BS equations are solved 
by means of spline decomposition and the results are presented 
within the convergence ! 3%, which is enough for our purposes.

We expect that the spectra of both equations are rather rich. 
However, as we said, we restrict ourselves to two low-lying states. 
The LF equation (10) determines the value M2

3. The situation with 
the BS equation (7) is the same. At a first glance, the BS equa-
tion determines M3 in the first degree. However, the change of the 
sign M3 → −M3 is equivalent to the complex conjugation, which 
does not change the real eigenvalues. Hence, Eq. (7) also deter-
mines M2

3. Though M2
3 originally appears as squared, when this 

parameter is found from the equations, it can have any sign. The 
relativistic effects eliminate the Thomas collapse, i.e., they do not 
allow the eigenvalues M2

3 to decrease down to −∞, though they 
do not prevent the value of M2

3 from being negative for strong 
enough two-body interaction. It turns out that “strong enough” is 
already the interaction forming a two-body state with the bind-
ing energy close to zero –  it provides negative M2

3 for the ground 
state. However, when we further weaken the two-body interac-
tion (the scattering length becomes negative and then |a| → 0), 
the ground state value of M2

3 becomes positive and then M3 → 3m
(B3 = 3m − M3 → 0), i.e., the three-body bound states disappear. 
The plot of M2

3 vs. the inverse scattering length (a m)−1 is shown 
in Fig. 4. Note that in the previous papers [4,5] just the “LF-excited 
state” was studied. Our present calculations confirm the values M2

3
vs. M2 found in [5].

Transverse amplitude
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Beyond the valence ….

l Population of lower x, due to the gluon radiation! 

l Evolution?

Sales, TF, Carlson,Sauer, PRC 63, 064003 (2001)

Marinho, TF, Pace,Salme,Sauer,  PRD 77, 116010 (2008)

 

 

+ +
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Beyond the valence ….

ERBL – DGLAP regions

Fragmentation function
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• A method for solving bosonic and fermionic BSE: NIR (LF singularities-fermions);

• Nakanishi Integral Representation and fermions and fermion-boson BSE’s;

• Euclidean BSE for 3-bosons; [Minkowski space solution (under construction)]

• Self-energies, vertex corrections, Landau gauge,   ingredients from LQCD….

• Confinement? 

• Beyond the pion, kaon, D, B, rho…, and the nucleon

• Form-Factors, PDFs, TMDs, Fragmentation Functions...

Conclusions and Perspectives
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THANK YOU!
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IPNO (Jaume Carbonell)…. + Brazilian Institutions …



Numerical method 
g
ðLdÞ
b ðγ; z; κ2Þ ¼

XNz

l¼0

XNg

j¼0

AljGlðzÞLjðγÞ;

GlðzÞ¼4ð1−z2ÞΓð5=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2lþ5=2Þð2lÞ!

πΓð2lþ5Þ

s

C
ð5=2Þ
2l

ðzÞ;

LjðγÞ ¼
ffiffiffi

a
p

LjðaγÞe
−aγ=2:

Laguerre polynomials

Gegenbauer polynomialsof even

Solution of the eigenvalue problem for g2 for each given B

B=2m-M  binding energy 
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