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Boltzmann-Gibbs (BG) distribution is not universal.                             

Many anomalous natural, and social systems exist for which 
BG statistical concepts appear to be inapplicable 

Some of  them can be handled using the techniques of  Statistical 
Mechanics by introducing a more general entropy called the Tsallis 
(a.k.a Tsallis non-extensive) entropy.  
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Tsallis distribution is given by the following expression:

f = [1 + (q − 1)
E − μ

T ]
− 1

q − 1

I Bediaga, E M F Curado and J M de Miranda, Phys. A 286, 156 (2000);  C Beck, Phys. A 286, 164 (2000); 
J Cleymans, D Worku, Eur. Phys. J A 48, 160 (2012)

q → 1 ⇒ f → fBoltzmann ≡ e− E − μ
T
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∫ 𝑓(𝛽) 𝑒−𝛽 𝐸 𝑑𝛽

Boltzmann statistics: with a single value of  
Boltzmann temperature 

Distribution of T

‘Effective’ Boltzmann factor

Replace          by a      distributionf(β) χ2keff =

𝑞 − 1 = ⟨𝛽2⟩ − ⟨𝛽⟩2

⟨𝛽⟩2

T = 1/β

Tsallis (inverse) temperature, average of  all 
Boltzmann (inverse) temperatures 
   
Tsallis parameter, relative variance in Boltzmann 
(inverse) temperature 

G. Wilk and Z. Włodarczyk, Phys. Rev. Lett. 84, 2770(2000)

keff = (1 + ⟨β⟩(q − 1)E)
1

1 − q ≡ e−⟨β⟩E
q
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quarks, anti-quarks, gluons

A

B

Hadrons (yield 
described by the 
Tsallis distribution)

Tsallis distribution in high energy collision: Particle spectra
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Spectrum for ALICE p-p 900 GeV: Tsallis vs Boltzmann

Tsallis vs Boltzmann
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Tsallis distribution in high energy collision: Evolution equation

𝑡

𝑧
Pre-equilibrium

QGP

Hadrons

𝜏0

𝜏𝑓

Evolution of what ? To answer this let us look at the space-time diagram
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The low energy quarks and gluons created due to the collisions interact with each
other and after a (proper) time     (thermalization time), they form evolving QGP.
(Evolution 1)

𝜏0

High energy particles (like high energy charm and bottom quarks) barely thermalize 
with the medium and they act as the evolving ‘probes’ to evolving QGP. 
(Evolution 2)                     Boltzmann Transport Equation (BTE)
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An exercise: Boltzmann transport equation in the relaxation time 
approximation (RTA)

∂f
∂t

= −
f − feq

τ

S Tripathy, T Bhattacharyya, P Garg, P Kumar, R Sahoo and J Cleymans Eur. Phys. J A 52, 289 (2016)
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Drag Diffusion

Too simplistic: Where is drag ? Where is diffusion ?
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The quark-gluon plasma medium through which particles are 
moving is barely ideal.

Existence of  the quasi-stationary states like the one given by the 
Tsallis distribution as opposed to the Boltzmann distribution                           

Indications that we need to have a modified kinetic equation (i.e. 
a modified Boltzmann transport equation) to deal with such 
situations.
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f2(h, l) ≡ f1(h) × f1(l)

Boltzmann Transport Equation: Recap

][ fC

          Kinematics ⊗             Kinetics

1 2

HQ

LQ

HQ

LQ

   Molecular chaos

Momentum

N
um
be
r

←←

d
dt

f( ⃗x , ⃗p ; t) = C[ f ]

☛

⤻⤺
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Generalized Molecular 
chaos (GMC)

☛

Ansatz                          

f1(h) × f1(l) = eln[ f1(h)] × eln[ f1(l)]

f1(h) ⊗q f1(l) = e lnq[ f1(h)]
q × e lnq[ f1(l)]

q

    Molecular chaos (MC)

☛

f2(h, l) = f1(h) f1(l) + (q − 1) f1(h) f1(l) ln[ f1(h)] ln[ f1(l)] + 𝒪[(q − 1)2] + . . . .

eq(x) = [1 − (q − 1)x]1/(1−q)
+ ; lnq(x) =

1 − x1−q

q − 1

Generalized Boltzmann Transport Equation
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         Molecular chaos ⇒ BTE                       Fokker-Planck

Generalized BTE: Low momentum transfer 

Generalized Molecular chaos 
                            ⇒ non-linear BTE                       non-linear Fokker-Planck

∂f
∂t

= −
∂[ANE

i f ]
∂pi

+
∂[BNE

ij f2−q]
∂pi∂pj

G Wolschin, Phys. Lett. B 569,  67(2003), A. Lavagno Braz. Jour. of  Phys. 35, 516 (2005) 
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Linear Fokker-Planck drag and diffusion  
coefficients of  the heavy quarks
B. Svetitsky  
Phys Rev D 37, 2484 (1988)

S Mazumder, TB, J Alam, S K Das  
Phys Rev C 84, 044901 (2011)

S Mazumder, TB, J Alam 
Phys. Rev. D 89, 014002 (2014)

Non-linear Fokker-Planck drag and diffusion 
coefficients of  the heavy quarks              

4 Trambak Bhattacharyya: Non-extensive transport coe�cients

After getting the space averaged momentum distribu-
tion of the heavy quarks we will perform the space aver-
aging of the collision term; and while doing so we replace
p0 = p� k; q0 = q + k
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where

Gp, q = � log(g3,p, q) + log(g2,p) + � and

 
c�1 =  (0)(c� 1)3 + 6 (0)(c� 1) (1)(c� 1) +

2 (2)(c� 1) + 4⇣(3) (20)

2.3 The Non Linear Fokker Planck Transport
Coe�cients

Expanding the r.h.s. of the Eq. (18) in the Taylor’s ex-
pansion for small k we get,
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For, R2
p,q =

�
fNE
p

�
�q R1

p,q

The r.h.s. of Eq. (21) can be equated with the Non
Extensive Fokker Planck Equation (NEFPE) in the mo-
mentum space which is given by
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This form of NEFPE has been used in the Refs. [46],
[47]. Comparing the single and double derivative terms
in the Eqs. (21, 22), we get the following expressions for
the non-extensive Fokker-Planck drag (A) and di↵usion
coe�cients (B):
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The longhand expressions for the above two non ex-
tensive quantities are given below. Also, for comparison,
we tabulate their extensive counterparts [14], too.
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depend only on the vector p and we can
write them as a combination of the Kronecker’s delta �
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Hence, ANE, BNE
? and BNE

|| can be written as:

TB and J Cleymans arXiv: 1707.08425
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 16

6 Trambak Bhattacharyya: Non-extensive transport coe�cients

Fig. 4. Variation of the extensive and non extensive drag coef-
ficients (Eq. 28) with temperature of the medium. The dotted
(black) line represents the non-extensive drag for the charm
quark and the dashed (red) line represents that for the bot-
tom quark. The dot-dashed (blue) line and the solid (green)
lines are the extensive drag coe�cients for the charm and the
bottom quark respectively.

eter values characterizing the temperature profile in Eq.
(13) are [40]: T

p

= 290 MeV, a = 5.99 and r0 = 7.96 fm.
While the medium temperature T

q

is taken to be 350 MeV
for the Figs. 3, 5 and 7, the incoming momenta are taken
to be 5 GeV for Figs. 4, 6, 8. Also, while generating Figs.
3-8, we put �q = 0.01. In the calculations, we have con-
sidered only the heavy quarks elastically scattering with
light quarks and gluons of the medium. The collisional
matrix element has been taken from [48]. The radiative
Fokker-Planck drag and di↵usion coe�cients can be eval-
uated following the technique delineated in [24]. This we
reserve for our future work. In the plots of the Fokker-
Planck transport coe�cients we show both the (widely
studied) extensive as well as the non-extensive cases for
sake of comparison. The temperature variation of the col-
lisional extensive transport coe�cients can be compared
with those from [24] and they show more or less similar
results.

There is an increase in the values of the transport coef-
ficients when we consider that the probe and the medium
particle distributions are not independent. For charm or
bottom quarks, travelling through a medium of 350 MeV
temperature with 10 GeV momentum, the non extensive
drag coe�cient and the non extensive transverse di↵usion
coe�cient are ⇠ 3 times more than their extensive coun-
terpart. The corresponding factor is ⇠ 2.5 for the par-
allel di↵usion coe�cient. Also, the heavy quark non ex-
tensive drag increases with the momentum as opposed to
the trend shown by its extensive counterpart. Intuitively
speaking inverse of drag coe�cient is a measure of the re-
laxation time of the heavy quarks and as the heavy quark
becomes more and more energetic it becomes less and less
probable that it will relax inside the medium. But, when
we consider the scenario where the probe and the medium
distribution do not function independently, there is some
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Fig. 5. Variation of the extensive and non extensive parallel
di↵usion coe�cients (Eq. 28) with momentum of the incom-
ing heavy quark. The dotted (black) line represents the non-
extensive for the charm quark and the dashed (red) line rep-
resents that for the bottom quark. The dot-dashed (blue) line
and the solid (green) lines are the extensive drag coe�cients
for the charm and the bottom quark respectively.

Fig. 6. Variation of the extensive and non extensive parallel
di↵usion coe�cients (Eq. 28) with temperature of the medium.
The dotted (black) line represents the non-extensive drag for
the charm quark and the dashed (red) line represents that for
the bottom quark. The dot-dashed (blue) line and the solid
(green) lines are the extensive drag coe�cients for the charm
and the bottom quark respectively.

kind of ‘interplay’ between the two and heavy quarks tend
to stick more around the medium particles and hence the
drag coe�cient increases with respect to the extensive
case. The non extensive transport coe�cients depend on
the quantities R1

p,q and R2
p,q (Eq. 23). In the �q = 0 limit

both the quantities approach the exponential distribution
(f(q) ⇠ exp(�q/T

q

)) and hence the non extensive quanti-
ties approach the extensive values. We have checked that,
for R1

p,q for example, at a very small q ⇠ 100 MeV the
di↵erence is around 25% at the heavy quark momentum
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Fig. 7. Variation of the extensive and non extensive trans-
verse di↵usion coe�cients (Eq. 28) with the momentum of the
incoming heavy quark. The dotted (black) line represents the
non-extensive transverse di↵usion for the charm quark and the
dashed (red) line represents that for the bottom quark. The
dot-dashed (blue) line and the solid (green) lines are the ex-
tensive transverse di↵usion coe�cients for the charm and the
bottom quark respectively.

Fig. 8. Variation of the extensive and non extensive trans-
verse di↵usion coe�cients (Eq. 28) with the temperature of the
medium. The dotted (black) line represents the non-extensive
transverse di↵usion for the charm quark and the dashed (red)
line represents that for the bottom quark. The dot-dashed
(blue) line and the solid (green) lines are the extensive trans-
verse di↵usion coe�cients for the charm and the bottom quark
respectively.

value p ⇠ 1 GeV. At around p ⇠ 20 GeV, R1
p,q becomes

more than 2 times bigger than its extensive (�q = 0) coun-
terpart. We can perform similar check for the quantity
R2

p,q also. So, in spite of �q being a small number, the
di↵erence in the integrand when we put �q 6= 0 becomes
big and this may result in a big di↵erence in the transport
coe�cients.

4 Summary, Conclusion and Outlook

To summarize, we have calculated the Fokker-Planck drag
and di↵usion coe�cients of heavy quarks (charm and bot-
tom) traversing through a medium of quarks and gluons
and interacting elastically with them. The novelty of this
work lies in the introduction of the interplay between the
incoming heavy quarks and the medium particles, i.e. in
generalizing the molecular chaos hypothesis. We observe
that the transport coe�cients are substantially modified
because of this. Also, in the vanishing correlation limit we
get back the extensive transport coe�cients.

In the present calculations, we have considered the col-
lisional processes only. As already mentioned, radiative
scattering processes will also be important particularly in
the high momentum region. Treatment of the radiative
processes (heavy quark scattering with light quark to emit
single gluon is one such example) can be done following
the techniques outlined in [24] and we reserve the work
for future.

Combining drag and the stopping power dE/dx (en-
ergy loss per unit time divided by the particle speed) we
can define a relativistically invariant quantity [49] and
hence the present calculation can directly lead to the cal-
culation of the stopping power. Also, using the non ex-
tensive transport coe�cients we can try to solve the non
linear Fokker-Planck equation to find the evolution of the
incoming heavy quark distribution. The ratio of the final
distribution to the initial distribution can be compared
with the experimentally observed nuclear suppression fac-
tor (RAA) of heavy quarks. While comparing with the
experimental data, we have to keep �q as the free pa-
rameter and its values can be determined from fitting the
solution to the experimental data. The results can be com-
pared/contrasted with the results obtained in the earlier
works in this direction in the Refs. [50], [51].

Appendix A: Mellin-Barnes contour integra-
tion in space averaging
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d3r


1 +

�qEp

T (r, t)

�� 1+�q
�q

= 4⇡

Z
dr r2

1h
g1,p + g2,pExp

⇣
a r

r0

⌘i
c

(29)

We then recall the MB contour integral representation,

1
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✏�i1
dz/(2i⇡)


� (�z) � (c+ z)

� (c)

Y z
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�
, (30)

valid here for Re (c) > 0 and Re (✏) 2 (�Re(c), 0). Here,

c > 0 is a real number. WithX = g1,p, Y = g2,pExp
⇣
a r

r0

⌘

we apply Eq. 30 to Eq. 29 and reverse the order of the con-
tour integration and the space integration to get,
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Fig. 7. Variation of the extensive and non extensive trans-
verse di↵usion coe�cients (Eq. 28) with the momentum of the
incoming heavy quark. The dotted (black) line represents the
non-extensive transverse di↵usion for the charm quark and the
dashed (red) line represents that for the bottom quark. The
dot-dashed (blue) line and the solid (green) lines are the ex-
tensive transverse di↵usion coe�cients for the charm and the
bottom quark respectively.
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Fig. 8. Variation of the extensive and non extensive trans-
verse di↵usion coe�cients (Eq. 28) with the temperature of the
medium. The dotted (black) line represents the non-extensive
transverse di↵usion for the charm quark and the dashed (red)
line represents that for the bottom quark. The dot-dashed
(blue) line and the solid (green) lines are the extensive trans-
verse di↵usion coe�cients for the charm and the bottom quark
respectively.
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p,q also. So, in spite of �q being a small number, the
di↵erence in the integrand when we put �q 6= 0 becomes
big and this may result in a big di↵erence in the transport
coe�cients.
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tom) traversing through a medium of quarks and gluons
and interacting elastically with them. The novelty of this
work lies in the introduction of the interplay between the
incoming heavy quarks and the medium particles, i.e. in
generalizing the molecular chaos hypothesis. We observe
that the transport coe�cients are substantially modified
because of this. Also, in the vanishing correlation limit we
get back the extensive transport coe�cients.

In the present calculations, we have considered the col-
lisional processes only. As already mentioned, radiative
scattering processes will also be important particularly in
the high momentum region. Treatment of the radiative
processes (heavy quark scattering with light quark to emit
single gluon is one such example) can be done following
the techniques outlined in [24] and we reserve the work
for future.

Combining drag and the stopping power dE/dx (en-
ergy loss per unit time divided by the particle speed) we
can define a relativistically invariant quantity [49] and
hence the present calculation can directly lead to the cal-
culation of the stopping power. Also, using the non ex-
tensive transport coe�cients we can try to solve the non
linear Fokker-Planck equation to find the evolution of the
incoming heavy quark distribution. The ratio of the final
distribution to the initial distribution can be compared
with the experimentally observed nuclear suppression fac-
tor (RAA) of heavy quarks. While comparing with the
experimental data, we have to keep �q as the free pa-
rameter and its values can be determined from fitting the
solution to the experimental data. The results can be com-
pared/contrasted with the results obtained in the earlier
works in this direction in the Refs. [50], [51].
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Fig. 1. Variation of R1
p,q and f(q) (red/solid) with q

(momenta of the medium particles). R1
p,q gradually ap-

proaches f(q) with decreasing �q values: i) �q = 0.05
(green/dotted), ii) �q = 0.01 (magenta/dotdashed), iii) �q =
0.001 (brown/dashed)
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Utilising the notation used in Eq. 23, we express ANE,
BNE

? and BNE
|| in the following way:
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We evaluate the transport coe�cients in Eq. 28 using
the standard techniques [14].

2.4 Non Linear Fokker Planck Transport Coe�cients
to Linear Fokker Planck Transport Coe�cients

Comparing Eqs. (24, 25) it is clear that to get back the ex-
tensive Fokker Planck transport coe�cients from the non
extensive ones, the functions R1

p,q and R2
p,q should reduce

to f(q) (= Exp(�q/T ), the momentum space medium
particle distribution with medium temperature T ) and we
expect this reduction to take place in the limit �q ! 0, i.e.
when the probe and the medium particle distributions are

Fig. 2. Variation of R2
p,q and f(q) (red/solid) with q

(momenta of the medium particles). R2
p,q gradually ap-

proaches f(q) with decreasing �q values: i) �q = 0.05
(green/dotted), ii) �q = 0.01 (magenta/dotdashed), iii) �q =
0.001 (brown/dashed)
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Fig. 3. Variation of the extensive and non extensive drag coef-
ficients (Eq. 28) with momentum of the incoming heavy quark.
The dotted (black) line represents the non-extensive drag for
the charm quark and the dashed (red) line represents that for
the bottom quark. The dot-dashed (blue) line and the solid
(green) lines are the extensive drag coe�cients for the charm
and the bottom quark respectively.

independent. From Figs. (1, 2), we can ascertain that with
decreasing �q values R1

p,q and R2
p,q both approach f(q).

For �q = 0.001 they are very close to f(q). Reducing �q
further will result in the exact overlap. This proves that
the modified expressions for the Fokker-Planck drag and
di↵usion coe�cients give back the linear Fokker-Planck
transport coe�cients when there exists no interplay be-
tween the probe particles and the medium.

3 Results and Discussion

In our calculation we use 1.3 GeV and 4.2 GeV as the
charm and bottom quark masses respectively. The param-
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Fig. 4. Variation of the extensive and non extensive drag coef-
ficients (Eq. 28) with temperature of the medium. The dotted
(black) line represents the non-extensive drag for the charm
quark and the dashed (red) line represents that for the bot-
tom quark. The dot-dashed (blue) line and the solid (green)
lines are the extensive drag coe�cients for the charm and the
bottom quark respectively.

eter values characterizing the temperature profile in Eq.
(13) are [40]: T

p

= 290 MeV, a = 5.99 and r0 = 7.96 fm.
While the medium temperature T

q

is taken to be 350 MeV
for the Figs. 3, 5 and 7, the incoming momenta are taken
to be 5 GeV for Figs. 4, 6, 8. Also, while generating Figs.
3-8, we put �q = 0.01. In the calculations, we have con-
sidered only the heavy quarks elastically scattering with
light quarks and gluons of the medium. The collisional
matrix element has been taken from [48]. The radiative
Fokker-Planck drag and di↵usion coe�cients can be eval-
uated following the technique delineated in [24]. This we
reserve for our future work. In the plots of the Fokker-
Planck transport coe�cients we show both the (widely
studied) extensive as well as the non-extensive cases for
sake of comparison. The temperature variation of the col-
lisional extensive transport coe�cients can be compared
with those from [24] and they show more or less similar
results.

There is an increase in the values of the transport coef-
ficients when we consider that the probe and the medium
particle distributions are not independent. For charm or
bottom quarks, travelling through a medium of 350 MeV
temperature with 10 GeV momentum, the non extensive
drag coe�cient and the non extensive transverse di↵usion
coe�cient are ⇠ 3 times more than their extensive coun-
terpart. The corresponding factor is ⇠ 2.5 for the par-
allel di↵usion coe�cient. Also, the heavy quark non ex-
tensive drag increases with the momentum as opposed to
the trend shown by its extensive counterpart. Intuitively
speaking inverse of drag coe�cient is a measure of the re-
laxation time of the heavy quarks and as the heavy quark
becomes more and more energetic it becomes less and less
probable that it will relax inside the medium. But, when
we consider the scenario where the probe and the medium
distribution do not function independently, there is some

Fig. 5. Variation of the extensive and non extensive parallel
di↵usion coe�cients (Eq. 28) with momentum of the incom-
ing heavy quark. The dotted (black) line represents the non-
extensive for the charm quark and the dashed (red) line rep-
resents that for the bottom quark. The dot-dashed (blue) line
and the solid (green) lines are the extensive drag coe�cients
for the charm and the bottom quark respectively.

Fig. 6. Variation of the extensive and non extensive parallel
di↵usion coe�cients (Eq. 28) with temperature of the medium.
The dotted (black) line represents the non-extensive drag for
the charm quark and the dashed (red) line represents that for
the bottom quark. The dot-dashed (blue) line and the solid
(green) lines are the extensive drag coe�cients for the charm
and the bottom quark respectively.

kind of ‘interplay’ between the two and heavy quarks tend
to stick more around the medium particles and hence the
drag coe�cient increases with respect to the extensive
case. The non extensive transport coe�cients depend on
the quantities R1

p,q and R2
p,q (Eq. 23). In the �q = 0 limit

both the quantities approach the exponential distribution
(f(q) ⇠ exp(�q/T

q

)) and hence the non extensive quanti-
ties approach the extensive values. We have checked that,
for R1

p,q for example, at a very small q ⇠ 100 MeV the
di↵erence is around 25% at the heavy quark momentum

c: NL; b:NL; c:L; b:L

Drag
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Summary, conclusion and outlook

Tsallis distribution is a generalisation of  the Boltzmann distribution

Fluctuation, non-ideal plasma effects can be dealt with with the 
help of the Tsallis statistics

S Mazumder, TB, J Alam Phys. Rev. D 89, 014002 (2014)

Dokshitzer and Kharzeev, PLB 519, 199 (2001) JPG 17, 
1481 (1991) 

TB, Surasree Mazumder and Raktim Abir 
Advances in High Energy Physics 2016 , 1298986  (2016 )

Inclusion of  radiation
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Connection with the experimental observables and finding out the  
values of  Tsallis q-parameter from the nuclear suppression factor data.

Extension to dense systems
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Thank you !! 


