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(S) PURPOSE AND TASKS

The purpose of this work is to study the energy spectrum of three-particle
mesomolecules tdu, dpp and tpu on the basis of variational approach.

Tasks:

1. Compile computer code to solve problems for bound state of several particles using
the stochastic variational method, which uses a correlated Gaussian basis to obtain a
very accurate solution for small systems.

2. Calculation of matrix elements for kinetic, potential energies and normalization for
excited states.

3. Calculation of the energy of the ground and excited states of mesomolecules tdu, dpu
and tpu on the basis of stochastic variational method of Varga-Suzuki and variational
method of Korobov.
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CSD RELEVANCE

To calculate the rates of formation of mesomolecules, it is necessary to
know the structure of their energy levels in states with different rotational and
vibrational quantum numbers, and also the corresponding wave functions. Such
calculations were made repeatedly, beginning in 1957, but only in 1973-1977, in
Dubna, a general method (an adiabatic representation in the three-body problem)
was developed, which made it possible to calculate all of them with reasonable
accuracy. In recent years, direct variational methods of calculations have
significantly improved the accuracy of previous calculations.

Korobov V.1., Puzynin 1.V. and Vinitsky S.I. Physics Letfers B 196 (1987) 272-276
Frolov A.M. and Wardlaw D.M. Eur. Phys. J. D 63 (2011) 339-350

Aznabayev D.T., Bekbaev A. K., Ishmukhamedov I. S., and Korobov V. I. Physics
of Particles and Nuclei Letters 12 (2015) 689-694.
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CS) FORMULATION OF THE PROBLEM

Consider a system of 3 particles with masses m,, m, and m; and charges z,, z,
and z, respectively. The Schrodinger equation in the Jacobi coordinates has the form:

HY =EY

N 2 N
Pi - -
H = Z% -T,. —ZVU. V; — For central two-body interactions
i- < i _ _ _

In stochastic variational approach (Varga-Suzuki) the basis functions are assumed to
have the form The diagonal elements of the (N-1)x(N-1)
Pomerm, X A) = MGL(X) Zsu, 7w, b dimensional symmetric, positive definite matrix A

Al correspond to the nonlinear parameters of an
G,(x)=¢ Gaussian expansion, and the off-diagonal elements
Ko, —is the spin function connect the different relative coordinates

representing the correlations between the particles.
v, —Is the isospin function of the system

- N-1N- X=(X,...,X, ,)— Jacobi coordinates
~XAX=) > AX X % Nl.)
i=1 j=1 Xy — the coordinate of the centre of mass
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CS) FORMULATION OF THE PROBLEM

In the variational method the wave function of the system is presented as follows

In atomic physics the trial function of Hylleraas

K
Wy — Z C. x. A type or correlated exponential type is often used with
-~ Vs, (% A) success. This function contains the exponential form

, expressed in terms of the interparticle-distance
-2 i (=) coordinates. Instead of the exponential function let us

— i<]j . . .
Wsmm, = e consider its Gaussian analogue

an upper bound for the ground and excited state energy of the system is given by the
lowest eigenvalue of the generalized eigenvalue problem

HC =E,BC
Hij = Wemm, (x, A)|H |WSMSTMT (X, A))
B = (Wsm.m, (X, A)| WYMo, (X, A;))
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CS) KOROBOV APPROACH

The variational exponential expansion for arbitrary L, using the relative coordinates (rj;, I3,
and r,, ), was-given-in the form:

Wio ZZCHYLIOL '(r31,r 2) EXP(= 051|I)r32 a(l)r a3||)r 1)

1=0 i=1

where the c; |are linear parameters and agil) are the nonlinear parameters. The notation v)3:~'x.y)
IS customary:
YI_Ii\)II2 (X’y) = X" yl2 [Yllml (ﬂx)lem2 (n y)] LM

For L = 1, there are two systems of angular functions:

10
YlO (r31’ r32) =K- I3

o where K is the unit vector along the Z axis.
Yio (r311 rsz) =k- I3

In these expressions, K is again the unit vector along the Z axis. The formulas for averaging
the matrix elements over the orientations of the Z axis are as follows:

§(@-b)dQy, =4rtab) P
§@-k)(b-k)(c-k)(d-k)dQ, = 1@b)(c-d)+(a-c)(b-d) +(@-d)(b-c)]

§(a-k)(b-k)ko =%”(a-b)
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CCD ORDER OF PARTICLES

We use the following order of particles:

12 3 1 2 3 123
tdu, dpu and ptu. D ®
The Jacobi coordinates are related to the particle ._ —>
radiuses-vectors as follows:
p=r—r, 2 1
5 _ im +1r,m, _r, "\
m, +m,
R=0
and back
rp,=rL-r=p
m
r,=r—-r=A+—2 3
13 =11 713 m, +m, p
m
r,=r—r,=h——2
23 =Ty 713 m, +m, P
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CC,) WAVE FUNCTION

The wave function of the ground state is represented as follow:

—TAp+ At 42, (p)] Wave function of ground state (0,0) and
Voo (P, 1, A) =€ excited state (0,1)

The wave function of the excited state:
LA+ A2 g (p1)]

v,(p. M A)=¢ (ep) Wave function of excited state (1,0)
AP+ Ay 42 Ay (prh)]
Vo (ph A)=e? " Yy
* —1[ 1 T 2 ? 2(p-M)]
v, (p, A A)=¢e? P et Raled (€[p x A]) Wave function of excited state (1,1)"

The wave function of the excited state with orbital angular momentum L=11is a
superposition of ¥,,and ¥,,. In our work we obtain for this state the approximation ¥, .
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Cg) GROUND STATE (0,0)

LAt A1 42, ()]

Yo (P, A, A) =€
The operator of Kinetic energy:
A hZ hZ
T=—-V,——V;
21 21,
where:
o = m,m, ’ U, = (ml + mz)ms
m, +m, m, +m, +m,

Matrix elements of kinetic energy:

2477 {h2 100, h? 190y
detB*® "2y, 7 2w, *
€ Hy H;

|20 = A122|311 —2A,A,B,, + A11(|3122 + (An - B11) Bzz)
Igo T A122822 T 2A22A12812 o A22(5122 nr (Azz T BZZ)Bll)
Bij i Aij 1 Aij

<@ |T|g>"=



GROUND STATE (0,0)

The operator of potential energy:

V = €% n €& n €%
m m
Pl e e pp a T p)
m, +m, m, +m,

Matrix elements of potential energy:

g 00 00 00
<¢g |V |g>=epg,l, +eel; +e,el,;

13,23 13,23
25 m ’ . m ’
o _SVer F% =By, + B,y (—2 ) F2B, —2L
2 T e 1otB m, +m, m, +m,
N e
22
13,23
m H
13,23 — 2,1
5,25 F% =B, F2B,, —2
I 00 . 8 7T 2 12 22 ml n m2

13,23 /F113,23 (B, F13% _ (F2%)2)

Matrix elements of normalization:

- 83
< e e IR
419 det B®



CS) EXCITED STATE (1,0)

LA™ 2 12y (1)

wi(p A, A)=e (€p)
The operator of Kinetic energy:
N 2 2
T= —h—vf, _h %
21 21,
where:
o = m,m, ’ U, = (ml + mz)ms
m, +m, m, +m, +m,

Matrix elements of kinetic energy:

<g|TIp>"=-

2 2 2
detB* 24, ©  2u,
|/100 = 5'6‘11822[8122 + (An B Bll)BZZ] - 2A12 B12(8122 +5A11822 B Bllez) + A122 (28122 +3BllBZZ)
Iio = 5A122 B222 + A22 Bzz (_10A12 BlZ + 3B122 _3811822) + A222 (2 B122 + 3B11822)

By = A+ A
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EXCITED STATE (1,0)

The operator of potential energy:

V — |ele2| + elren3 + le?]S
Pl ja+—2—p| |h——2p]
m, +m, m, +m,
Matrix elements of potential energy:
' 10 10 10
<@g |V]g>=epr,l; +ee;l; +e,8;l5 323 MEERE

|:113,23 = Bll + BZZ( = )2 + 2812 2

1.5 E—
110 _ W2rx v B m,+m, m, +m,

2 (det B)2 13,23
F13,23 — B 1 ZB m2,1
0 _ 2427 (3 B,F - (F>%)")  ° N “m +m,

13,23 — (F113’23)1'5 (822 F113,23 _ (F213,23)2)2

Matrix elements of normalization:

B 67[2822

< ' >10_
¢ 14 det B*°
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@,) EXCITED STATE (1,1)*

—%[Anpzmlzﬁz A (p)]

vu(p.hA)=¢ (e[px1])

The operator of Kinetic energy:

A hZ hZ
T=—-V,——V;
21 21,
where:
m,m (m, +m,)m
o = 12 U, = 1 2/’
m, + m, m, +m, +m,

Matrix elements of kinetic energy:

A 2 2 2
S s ST

11+ b
de’[B?"S{Z,u1 7 2u, 1

I,l;l = A122 B, - 2A11A12 B, + A11(B122 + (Au - B11) Bzz)
Iil = A122 B,, - 2A22A12812 + Azz(B122 + (Azz - BZZ)Bll)
Bij = Aij + Aij
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EXCITED STATE (1,1)*

The operator of potential energy:

V = €€, n €& 4 A
m m
Pl M M
m, +m, m, +m,
Matrix elements of potential energy:
' 11 11 11
<@ |V|g>=ep,l, +eel;+e,6l5
15 13,23 m;31’23 2 m;sl,zs
Ill_ 8\/§7Z- Fl ’ :Bll+BZZ(—m _|’_m ) +2812m
IV 2 1 2 1 2
J/B,, (detB) o
15 F*®=B,F2B, —*—
|1 8\/571- 2 12 22 m +m,

13,23 — W(Bzz F113,23 _ (F213,23)2)2

Matrix elements of normalization:

- 12772
< S _—27
¢ 14 det B?®
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CS) STOCHASTIC VARIATIONAL METHOD

In the stochastic variational method, there are two options for solving the
problem. Create a new basis, or increase an existing one.
1. Assuming that the basis already contains N-1 elements, we will create K new
elements and find the energy values for all new N-dimensional bases containing the i-
th new element and N-1 of the previously specified elements. The basic element for
which the lowest energy value was obtained is selected as the new Nth element of the
basis, and is retained in it. The dimension of the basis becomes equal to N.
Due to the fact that the basis of (N-1) elements is orthogonal, there is no need to
diagonalize.
1) several sets of A7,n=1,...,N are generated randomly;

2) by solving the eigenvalue problem, the corresponding energies Ey,...,E,. are
determined,

3) by choosing the parameter (A;) belonging to the lowest energy E. as a basis
parameter and by adding it to the previous basis states, the parameters of the new basis

become A ,...,A. A =A;

4) the basis dimension is increased to K + 1.
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CS) STOCHASTIC VARIATIONAL METHOD

In the stochastic variational method, there are two options for solving the
problem. Create a new basis, or increase an existing one.
2. "Stripping" the given basis, to improve the energy values.
In this case, the dimension of the basis remains fixed, but a certain k-th element is
replaced by a new one, by analogy with the first method. Simultaneously, it is
checked whether new elements give better energy in comparison with the initial state.
Such a substitution can be made for all elements of the basis.

1) several sets of (A',..., A;,n=1,...,N ) are generated randomly;

2) by solving the eigenvalue problem, the corresponding energies (E,...,E. ) are
determined,;

3) the parameter set (A',..., A¢) belonging to the lowest energy EZ are chosen as
basis parameters.
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CS) PROGRAM

To solve this problem was written the code in Matlab. The program was
based on the fortran program of K.Varga and Y.Suzuki.

In the program of Varga, Suzuki we made a number of changes. In particular,
the matrix elements of the kinetic energy, potential energy and normalization condition
were calculated analytically and included to the program code.

The main results of the calculation are the energies of the ground and excited
states. The wave function is calculated at each step of the program.

The energy is recorded in the file "ener.txt". Each step to refine the energy
can be found in the files "fbs.txt" and "fbs2.txt™" after the calculation is completed.

K. Varga, Y. Suzuki Computer Physics Communications 106 (1997) 157-168

yn. MockoBcKoe wocce, A.34, r.Camapa, 443086, Ten.: +7 (846) 335-18-26, chakc: +7 (846) 335-18-36, cainT: www.ssau.ru, e-mail: ssau@ssau.ru ) }



PROGRAM

Command Window
step 14 Energy= —-0U.1Z2054949587 77368705

Step 13 Energy= -0.1205%6409688847702
Step 14 Energy= -0.12088030574479012
Step 15 Energy= -0.12141222917713432
Step le Energy= -0.1215797922864804
Step 17 Energy= -0.121604876068%161
Step 18 Energy= -0.12186450633757231
Step 1% Energy= -0.1215422530435&873
Step 20 Energy= -0.12206472101087217
Step 21 Energy= -0.12215&657107035518
Step 22 Energy= -0.1222562253506257
Step 23 Energy= -0.12234467006101225
Step 24 Energy= -0.12248275756238527
Step 25 Energy= -0.12269669494288232859
Step 26 Energy= -0.122718076892494027
Step 27 Encergy= —-0.12278437399206754
Step 28 Encergy= —-0.12285006880754223
Step 292 Energy= —-0.122978544385¢e77e
Step 30 Energy= -0.1230214350112653¢6
Step 31 Energy= -0.12308180824119143
Step 32 Energy= -0.12324774742331247
Step 33 Energy= -0.12342615226205315
Step 34 Energy= -0.12344389143312422
Step 35 Energy= —-0.1234830183063142
Step 36 Energy= -0.12350691643659257
Step 37 Energy= -0.12352459393030322
Step 38 Energy= -0.,12353721328083923
Step 39 Energy= -0.,12354%43522907338
Step 40 Energy= -0.123558389153379036
Step 41 Energy= -0,1235727T7Teee0E2008
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CS) RESULTS OF BOUND STATE ENERGY (0,0) AND (0,1)

Bound state energy (0,0) tdu : Bound state energy (0,0) tpy.:
-0.538555183546243(svml) -0.51979447100426 (svml)
-0.538591760656226 (svm?2) -0.51986559694429 (svm2)
-0.538593976205724 (5 svm?2) -0.51987798832482(5svm?2)

-0.53859497087932082507 (Korobov)

The number of excited states: 1

Boundstateenergy (0,1) tdu. : Bound state energy (0,0) dpp.:
-0.486564423416966 (svml) -0.512496673445515 (svm1)
-0.487265261345949 (svm?2) -0.512695447627241(svm2)
-0.487977237559981 (5 svm?2) -0.512709837201390 (5 svm?2)

-0.48806535322284823806 (Korobov)
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CS) RESULTS OF BOUND STATE ENERGY (1,0) AND (1,1)

Boundstateenergy (1,0) tdu. : Bound state energy (1,0) dpp.
-0.52296780112542 (svm1) -0.490333236515962 (svm1)
-0.52310122781941(svm?2) -0.490465131319056 (svm2)
-0.52311978760520 (5svm2) -0.490470566438299 (5 svm2)

-0.52319145093410217939 (Korobov)

Bound state energy (1,0) tpu :
-0.499244358593750 (svm1l)
-0.499282884145806 (svm2)
-0.499289503090621 (5 svm?2)

Boundstateenergy (1,1) tdu :
-0.48025122820694 (svm1)
-0.48031862915565 (svm?2)
-0.48043608551941(5svm?2)
-0.48199152659007597839722660 (Korobov)
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(S) RESULTS OF BOUND STATE ENERGY (1,1)*

Bound state energy tdu :
-0.123855852053679 (svml)
-0.123866827488976 (svm?2)
-0.123867561755999 (5 svm2)
-0.12386781255912720169 (Korobov)

Bound state energy dpp.: Bound state energy tpu :
-0.118985919349536 (svm1) -0.120467219084781(svm1)
-0.118988462402906 (svm2) -0.120467553327225 (svm?2)

-0.118989205304850(5svm2)  -0.120467665186657 (5svm?2)
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