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PURPOSE AND TASKS

The purpose of this work is to study the energy spectrum of three-particle

mesomolecules tdμ, dpμ and tpμ on the basis of variational approach.

Tasks:

1. Compile computer code to solve problems for bound state of several particles using

the stochastic variational method, which uses a correlated Gaussian basis to obtain a

very accurate solution for small systems.

2. Calculation of matrix elements for kinetic, potential energies and normalization for

excited states.

3. Calculation of the energy of the ground and excited states of mesomolecules tdμ, dpμ

and tpμ on the basis of stochastic variational method of Varga-Suzuki and variational

method of Korobov.
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To calculate the rates of formation of mesomolecules, it is necessary to

know the structure of their energy levels in states with different rotational and

vibrational quantum numbers, and also the corresponding wave functions. Such

calculations were made repeatedly, beginning in 1957, but only in 1973-1977, in

Dubna, a general method (an adiabatic representation in the three-body problem)

was developed, which made it possible to calculate all of them with reasonable

accuracy. In recent years, direct variational methods of calculations have

significantly improved the accuracy of previous calculations.

Korobov V.I., Puzynin I.V. and Vinitsky S.I. Physics Letfers B 196 (1987) 272-276

Frolov A.M. and Wardlaw D.M. Eur. Phys. J. D 63 (2011) 339–350

Aznabayev D.T., Bekbaev A. K., Ishmukhamedov I. S., and Korobov V. I. Physics

of Particles and Nuclei Letters 12 (2015) 689–694.
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FORMULATION OF THE PROBLEM 
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For central two-body interactions

In stochastic variational approach (Varga-Suzuki) the basis functions are assumed to 

have the form


−

=

−

=

−

=−

−

−

=

=

1

1

1

1

2/)(

})({),(
1

N

i

N

j

jiij

TM

SM

A

A

TMSMATMSM

xxAA

eG

GAA

T

S

TSS

xx

x

xx

~

xx
~







−

−=
−

N

N

x

xx ),...,(
11

x Jacobi coordinates

the coordinate of the centre of mass

= EH

is the isospin function of the system

is the spin function

The diagonal elements of the ( N - 1 ) × ( N - 1 ) 

dimensional symmetric, positive definite matrix A 

correspond to the nonlinear parameters of an 

Gaussian expansion, and the off-diagonal elements 

connect the different relative coordinates 

representing the correlations between the particles.

Consider a system of 3 particles with masses m1, m2 and m3 and charges z1, z2

and z3 respectively. The Schrodinger equation in the Jacobi coordinates has the form:
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In the variational method the wave function of the system is presented as follows

FORMULATION OF THE PROBLEM
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an upper bound for the ground and excited state energy of the system is given by the 

lowest eigenvalue of the generalized eigenvalue problem
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In atomic physics the trial function of Hylleraas

type or correlated exponential type is often used with

success. This function contains the exponential form

expressed in terms of the interparticle-distance

coordinates. Instead of the exponential function let us

consider its Gaussian analogue
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KOROBOV APPROACH

The variational exponential expansion for arbitrary L, using the relative coordinates (r31, r32

and r21 ), was given in the form:
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where the cil are linear parameters and        are the nonlinear parameters. The notation         

is customary:
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For L = 1, there are two systems of angular functions:
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where k is the unit vector along the Z axis.

In these expressions, k is again the unit vector along the Z axis. The formulas for averaging 

the matrix elements over the orientations of the Z axis are as follows:
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We use the following order of particles:

. 
321321321

μtp and μpd,  μdt

ORDER OF PARTICLES
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The Jacobi coordinates are related to the particle 

radiuses-vectors as follows:

and back
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The wave function of the ground state is represented as follow:

The wave function of the excited state:

])[(),,(

)(),,(

)(),,(

)](2[
2

1

*

11

)](2[
2

1

01

)](2[
2

1

10

12
2

12
2

11

12
2

12
2

11

12
2

12
2

11

λρελρ

ελλρ

ερλρ

λρ

λρ

λρ

=

=

=

++−

++−

++−

AAA

AAA

AAA

eA

eA

eA













Wave function of ground state (0,0) and 

excited state (0,1)

Wave function of excited state (1,1)*

Wave function of excited state (1,0)

The wave function of the excited state with orbital angular momentum L = 1 is a 

superposition of 𝛹10 and 𝛹01. In our work we obtain for this state the approximation 𝛹10 .

WAVE FUNCTION
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The operator of kinetic energy:

where:

2

2

2
2

1

2^

2

ћ

2

ћ
λρ −−=


T

321

321
2

21

21
1

)(
,

mmm

mmm

mm

mm

++

+
=

+
= 

Matrix elements of kinetic energy:
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GROUND STATE (0,0)

The operator of potential energy:

Matrix elements of potential energy:

Matrix elements of normalization:
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EXCITED STATE (1,0)
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The operator of kinetic energy:

where:
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EXCITED STATE (1,0)
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The operator of potential energy:

Matrix elements of potential energy:

Matrix elements of normalization:
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EXCITED STATE (1,1)*

The operator of kinetic energy:

where:
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EXCITED STATE (1,1)*
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The operator of potential energy:

Matrix elements of potential energy:

Matrix elements of normalization:
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In the stochastic variational method, there are two options for solving the

problem. Create a new basis, or increase an existing one.

1. Assuming that the basis already contains N-1 elements, we will create K new

elements and find the energy values for all new N-dimensional bases containing the i-

th new element and N-1 of the previously specified elements. The basic element for

which the lowest energy value was obtained is selected as the new Nth element of the

basis, and is retained in it. The dimension of the basis becomes equal to N.

Due to the fact that the basis of (N-1) elements is orthogonal, there is no need to

diagonalize.

1) several sets of                         are generated randomly;

2) by solving the eigenvalue problem, the corresponding energies                     are 

determined;

3) by choosing the parameter ( ) belonging to the lowest energy as a basis

parameter and by adding it to the previous basis states, the parameters of the new basis

become ;

4) the basis dimension is increased to K + 1.

n

KKK
AAAA =

−
,,...,
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KK
EE ,...,1

STOCHASTIC VARIATIONAL METHOD

NnAn

K ,...,1, =

n
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A n
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STOCHASTIC VARIATIONAL METHOD

NnAA n

K
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n
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K

n AA ,...,
1

In the stochastic variational method, there are two options for solving the

problem. Create a new basis, or increase an existing one.

2. "Stripping" the given basis, to improve the energy values.

In this case, the dimension of the basis remains fixed, but a certain k-th element is

replaced by a new one, by analogy with the first method. Simultaneously, it is

checked whether new elements give better energy in comparison with the initial state.

Such a substitution can be made for all elements of the basis.

1) several sets of ( ) are generated randomly;

2) by solving the eigenvalue problem, the corresponding energies (                  ) are 

determined;

3) the parameter set ( ) belonging to the lowest energy        are chosen as 

basis parameters.



17

PROGRAM

To solve this problem was written the code in Matlab. The program was 

based on the fortran program of  K.Varga and Y.Suzuki.

In the program of Varga, Suzuki we made a number of changes. In particular, 

the matrix elements of the kinetic energy, potential energy and normalization condition 

were calculated analytically and included to the program code.

The main results of the calculation are the energies of the ground and excited 

states. The wave function is calculated at each step of the program.

The energy is recorded in the file "ener.txt". Each step to refine the energy 

can be found in the files "fbs.txt" and "fbs2.txt" after the calculation is completed.

K. Varga, Y. Suzuki Computer Physics Communications 106 (1997) 157-168
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PROGRAM
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RESULTS OF BOUND STATE ENERGY (0,0) AND (0,1)

(Korobov) 0708793208250.53859497-

svm2)(5 62057240.53859397-

(svm2) 60656220.53859176-

(svm1) 35462430.53855518-

: tdμ(0,0)energy  state Bound

)svm2(5 72013900.51270983-

(svm2) 76272410.51269544-

(svm1) 34455150.51249667-

:dpμ (0,0)energy  state Bound

)svm2832482(50.51987798-

(svm2) 6944290.51986559-

(svm1) 1004260.51979447-

: tpμ(0,0)energy  state Bound

(Korobov) 0632228482380.48806535-

svm2)(5 75599810.48797723-

(svm2) 13459490.48726526-

(svm1) 34169660.48656442-

: tdμ)1,0(energy  state Bound

The number of excited states: 1



RESULTS OF BOUND STATE ENERGY (1,0) AND (1,1)

(Korobov) 3909341021790.52319145-

svm2)(5 7605200.52311978-

(svm2) 7819410.52310122-

(svm1) 1125420.52296780-

: tdμ)0,1(energy  state Bound

)svm2(5 64382990.49047056-

(svm2) 13190560.49046513-

(svm1) 65159620.49033323-

:dpμ )0,1(energy  state Bound

svm2)(5 30906210.49928950-

(svm2) 41458060.49928288-

(svm1) 85937500.49924435-

: tpμ)0,1(energy  state Bound

20

(Korobov) 3972266065900759780.48199152-

svm2)(5 5519410.48043608-

(svm2) 9155650.48031862-

(svm1) 8206940.48025122-

: tdμ1,1)(energy  state Bound
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RESULTS OF BOUND STATE ENERGY (1,1)*

(Korobov) 6925591272010.12386781-

svm2)(5 17559990.12386756-

(svm2) 74889760.12386682-

(svm1) 20536790.12385585-

:energy tdμ state Bound

)svm2(5 53048500.11898920-

(svm2) 24029060.11898846-

(svm1) 93495360.11898591-

:dpμenergy  state Bound

)svm2(5 51866570.12046766-

(svm2) 33272250.12046755-

(svm1) 90847810.12046721-

:energy tpμ state Bound
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