XXIV International Baldin Seminar
on High Energy Physics Problems

September 17 - 22, 2018, Dubna, Russia

Incomplete fractal showers and restoration of dimension

T.Dedovich & M.Tokarev
JINR, Dubna, Russia

Qutline

» Introduction (fractals in physics)
» BC, SePaC methods of fractal analysis
»  Results of reconstruction of incomplete

fractal and dimension
»  Summary

T. Dedovich ISHEPP XXIV, September 17-22, 2018, Dubna, Russia



What is a Fractal and Fractal dimension?

Fractal is the self-similar object whose Dy > D+ Fractal curves

N
N(I) - number of probes with M = lim Z | or
size | covering the object 150 &
Euclidean: M =const  independent of scale, determines size J\ﬁ_/L
Fractal: M — N(l) increases faster than | reduced mﬁm
In order to evaluate the speed of N(I) growth
Hausdorff measure is introduced

M, =0, d> D,
y =lim Y | M, —>const, d=D
50 4 Z H ! F
. _ M, — o, d < D;
N - is number of probes with size |, < 6

Fractal dimension is the value D which provides the finite M,

I NQ)

. . D =—
Box dimension b 150 In(l)
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Fractals In physics
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Fractal structures in thermodynamical functions of hadrons
A. Deppman // Phys.Rev. D93 (2016) 054001

Fractality in momentum space as a signal of criticality in nuclear collisions
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Fractal properties of nuclei and events
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Multiple production & Fractals
\ "‘ "
PR O , Set of hadrons produced in inelastic interaction
ol . P‘. o8 ¢ N -
N y A \\\ te are set of points of the phase-space (p+m,o)
’ .".o. T - o;.‘ o
WL S W . L
: .,.: LS R The distribution of points in phase-space:
:;:-:f;f“:,’ fey B e e Is determined by the interaction dynamics
et et ‘. T o is non-uniformly and is considered as a fractal
e\ R g, e
o . o

Perturbative evolution includes parton showers.

357 =, The mechanism of their formation is realized in
'.‘_o;\ ANE many Monte Carlo generators (PYTHIA,
¢ ONT Lo SHERPA and HERWIG).
C et 6":‘."
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The final-state parton shower (PYTHIA) & Fractal

» At each step of shower
parton branch into two daughter partons a— bc
»  The kinematic of process is described by
- the energy fraction z carried away by b, ¢ S
- the opening angle ® 70
» There are permissible ranges for z, (m)>z > z.(m,) R
and O, (z,) > ® > 0 _(z) (Black rectangles)

» Branching process is repeated L LI | N | B VAET: mnn 1
The opening angle of a daughter parton (L e YN | [

can’t be more parent O, O, < 0, Fractal with independent partition

: L Triad Cantor set (base of formation P=3)
The evolutionary variable is related

to the parton mass (Q? = m_?)
If m_ 2 >Q,? the parton branch
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The final-state parton shower (PYTHIA) & Fractal

» At each step of shower
parton branch into two daughter partons a— bc
»  The kinematic of process is described by
- the energy fraction z carried away by b, ¢ S
- the opening angle ® 70
» There are permissible ranges for z, (m)>z > z.(m,) R
and O, (z,) > ® > 0 _(z) (Black rectangles)

> Branching process is repeated N 1l 3=e N NI
The opening angle of a daughter parton Iy 1/346 I I |

can’t be more parent O, O, < 0, Fractal with independent partition

: L Triad Cantor set (base of formation P=3)
The evolutionary variable is related

to the parton mass (Q? = m_?)
If m_ 2 >Q,? the parton branch
If m_ 2 <Q,? : incomplete fractal
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Types of fractals

Independent: dividing ranges
consisting of one part
are divided independently

Dependent: dividing ranges
may consist of several parts
are divided dependently

Combined: dividing ranges
may consist of several parts
some parts are dependent
other - independent

D.=D, (independent partition)
DD, (dependent and combined partition)
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Fractal analysis

Tasks: ldentification and classification of the fractals by dimension
Separation of the events by fractal types

Discovery of new types of events
Steps: 4 yP

Search for the phase space
Choice of the method
original data set

Verification of the availability of the fractal
Estimation of the number of fractals
Separation of the fractals and background

selected data set
Estimation of the contamination
Determination of the characteristics of fractals
Construction of the characteristic distribution
Estimation of the errors (method, contamination)
Identification of the various fractal processes
Separation of the various fractal processes
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Box Counting (BC) method

BC
B. Mandelbrot
1. Read outdata—{X=n, py, ...} of particles in events "The Fractal Geometry of
Nature". Freeman, San

2. Construction of set of distributions of variable X. Francisco, 1982,

The number of bins M; in distributions are changed

M;=(P)'or M;,;=M;+step
3. Counting the number of non-zero bins N(M;) for each distribution
4. Finding slope parameter D and y° dependence of In N vs. In M

5. Accuracy condition X2< the set of particles is a fractal  +* =Z% 5=1

BC-method determines D, D. — _fim NN()
has parameter 32, - P50 In(l)
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SePaC: System of the Equation of P-adic Coverage method

1. Read outdata—{X =n, py, ...} of particles in event
2. Construction of P-adic Coverages: P; = 3,
Each coverage is a set of distributions of variable X. The number of
bins M, in distributions are changed as a degree of basis P: M, = (P)’
3. Count a number of non-zero bins N(lev,P):
4. Analysis of system of equations for verification of hypothesis of
independent/dependent partition:

- Construction of a system of the equations for all levels Nig,

N,., and d,,, are number and length of permissible ranges 2. (di)™ =

i=1
- Finding solution D/"®v by using a dichotomy method for each level

- Defining average value < D('®V> and deviation A D.*

ADIEV
- Accuracy condition “D* > D.eFv > <: set of particles is a fractal
F

SePaC determines Dg=<D'"*">, P, N,,,, has two parameters: P,,,,, Dev
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SePaC is developed
DT, M.Tokarev
Phys.Part.Nucl.Lett.
9(2011) Ne6 6552

Fractal with independent
partition
DT, M.Tokarev
Phys.Part.Nucl.Lett.
10(2013) Ne6 481

Fractal with dependent
partition
DT, M.Tokarev
Phys.Part.Nucl.Lett.
10(2013) Ne6 491

Fractal with combined
partition
DT, M.Tokarev
Phys.Part.Nucl.Lett.
2(2016) 169

Two-step SePaC
DT, M.Tokarev
Phys.Part.Nucl.Lett.
2(2016) 178



Reconstruction of the incomplete fractal

Data set (2000 events) contains 50% incomple fractals and 50% background

Incomplete fractals are independent fractals with P=3-8 and N ;, = 64

(unambiguous separation of complete fractals and background)

Recursive generating procedure

X = X XI = f XI— R I
1= % (%) X, - initial value

f 1 Sar— fj — generating function
i08) =8 f.()=-—5=+5x j=0o0r1randomly
P - basis of fractal formation

Background is random data sets

A procedure for analyzing incomplete fractals by SePaC method is proposed
(accuracy condition in the method is verified only for 3 level)
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Reconstruction of the incomplete fractals
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» The portion for mixed event and

background is significantly different
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» Separation of fractals with P=3 and
background is impossible (the function

» Starting from P,,.,=5 the portion for all Prin(Py,,) 1S the same)
data set is the same and has a plateau » Choice y2as the minimal value on the
> Choice PMaX as the minimal value on plateau allows to best Spllt fractals with
the plateau allows to full reconstruction P=5,9 and background
of fractals and unambiguously suppress > Data extracted from mixed event
the background (Prtng,,.=1, Prtng4=0) containing fractal with P =5 includes
background
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Reconstruction of the event distribution by D¢

Data set (2001 fractal) includes an equal number of
Incomplete independent, complete dependent and combined fractals

The fractal distribution by dimension

0.35¢ 0.35¢

0.3F 0.3E

0.25F 0.25[

- w - mb

o 02F Indep+Dep g ozr Co
-] C ~ -
Z 0.15F Z 0.15¢
> s Z o1f
E D.1:— < . F
F B -

0.05F D-Dﬁz—

D: TR EEEE D_D4 DS 06 0.7 0.8 0.9 1
04 05 06 07 08 09 1 4 05 06 0. 8 0.

T. Dedovich ISHEPP XXIV, September 17-22, 2018, Dubna, Russia



SePaC: reconstructed event distribution by D¢

Analysis by two-step SePaC method
Two-step SePaC

step 1: using base SePaC (addinal condition N;=(N,)) P@ijg’r'tl‘,’ff;ﬁu_

step 2: using SePaC 2(2016) 178

step 1: D¢ Is exactly reconstructed for
Independent and dependent fractals

D4:— 0.22F
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SePaC: reconstructed event distribution by D

step 2: analysis of combined fractals by SePaC-method

SePaC method allows to verify hypotheses of independent and dependent partition
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To reduce Err the correction of dimension Dy is required
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SePaC: reconstructed event distribution by D

The procedure for correction of D for combined fractals: redefinition Dg!ndep

(< DM > —< DP* >)
2

Indep __ Indep

After correction
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» Decrease of Errpe < 12%, symmetric around zero
« The reconstructed distribution by D¢ is close to test one
for combined fractal and all data set
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BC: reconstructed event distribution by D¢

Analysis data set by BC-method
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* Errge can reach 40%
» The reconstructed distribution by D¢
IS shifted to a larger values and does not keep a shape

Correction to reconstructed distribution by DF is required
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Summary

SePaC and BC method were used for:
e Fractal analysis of mixed events containing incomplete fractals with N=64
e Reconstruction of the event distribution by D,
For SePaC-method we proposed the procedures
e for analyzing incomplete fractals
e for correcting the determination D of combined fractals
It was found that:
o SePaC full reconstructs of incomplete fractals and unambiguously
suppresses the background
e The separation of incomplete fractals and background by BC method
depends on the basis P (no separation for P=3, separation with impurities
for P=5, pure separation for P=9)

e The distribution of events by D¢ is more precisely reconstructed by SePaC
method in comparison with BC method.
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