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General Relativity Theory(GR) has a number of cosmological problems.
That is why we want

1) a theory other than GR
which would be consistent in reliably verified aspects

2) would adequately describe those phenomena
that are within the framework of GR requires the introduction of
additional dark sectors or requires fine-tuning
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Introduction

1) Our goal is to analyze the dynamic properties of the teleparallel
generalization of Einstein's theory of relativity within the framework of
linear perturbation theory.

2) Our task is to determine the range of parameters that would
define a model that agrees well with GR, but is not identical to it.
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Symmetric teleparallel framework

We can rewrite the Einstein-Gilbert action as:
Sen= [ V=gRdx =~ [ V=g(@+B)d'x

1 oauv 1 av 1 1 )
@:Zoauvo H *EQaquu *ZQ;LQH+§QMQ”

B =Vq(Q*— Q%)

Quuv = daguv - the nonmetricity,
Qli = Q/..t.o?a Qp = d'“a
We can modify the action to make it five-parameter:

SsTGr = —/d4X\/—7g'

a a a a4 x = a ~
(F Quuv @ = Z Qe Q"™ — 2 QuQ ++ 3 QuH + 5 Q)
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Symmetric teleparallel framework

So, The action of our theory can be written as:
SsTGr = —/d4xMng
0 - a nonmetricity scalar of the most general kind
Q= %%G”VQauv

BAY _ 3 five-parameter superpotential constructed from nonmetricity
components

a a a
%omv = %Qauv—é (Quocv+ Qvocu) - ;Qaguv‘i‘

a ~ ~ a ~
?4 (gap Qv + gav Qu) + ZS (2 Qaguv + &au Qv + gav Qu>

The equations of motion can be represented as:

—+

1 1 1
6’:1"/ = —aa%alé — EQa%alé - 5%”04; Qv(xﬁ + EQE\I;L =0
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Perturbations of a flat background

the metric:
8uv = Muv +08uv

Nuv -the Minkowski metric, §gv - perturbations
goo=14+2¢, goi=V+V,, 8ij = —6,-j+21//8,j—28,-12-o—8,-cj—8jc,-— hi;

where the vectors V; u ¢; are non-divergent
The matrix hj; is symmetric, traceless and non-divergent.
Perturbations for the inverse metric:

gV =nHv 4 5gHY

goo: 1-2¢, goj:a,'\/-i- Vi, gij: —5;,-—21//5,-j+28,-12-0+8,-cj+8jc,-+h,-j
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Tensor perturbations

The metric in tensor sector:

g00:17 gOi:07 glj:_alj_hlja

The inverse metric: g0 =1, g% =0, gi= -6+ hjj
Nonzero components of the nonmetricity tensor:

Qoj = —hij, Qi = —9ihj

the nonzero components of the superpotential:

. . A
%Oij = —%h,'j, %,‘()j = %h,‘j, %ijk =3 (ala,'hjk — az3jh,-k — azakh,'j)
So the only nonzero component of the equations of motion is

&, = —%Dhjk =0

[0 =02 — A - the Dalembert operator. The first natural restriction on our
model to have gravitational wave is a; #0
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Analysis of the nature of degrees of freedom

The simple dependence of the resulting equation on the parameters leads
to only two options:

1.a1 # 0 tensor modes are dynamic.

2.a1 = 0 the tensor sector is fully gauge.
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Vector perturbations

The metric in vector sector:
goo=1, goi=Vi gj=—06j—0dic—Jc

The inverse metric: goo =1, gOi =V, g’j = -0+ dicj+ dj¢;
Nonzero components of the nonmetricity tensor:

Qooi = Vi,  Qoj = —0i¢;—di¢i, Qioj =iV, Quk = —djck — di¢;
Nonzero components of nonmetricity vectors:
Q =Vi+Ac

Nonzero components of the equations of motion

@9,-=%A(V,-+c',-)— (al_a;ra“) (\7,-+Ac',-) =0,

(’5':1- = —% [(32 —ag) (a;\7j+aj \/,) +a1 (a,'éj—i-aj('f,')] +

+ <al —822—}—34) A(aiCj-f—ajC,') =0
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Vector sector

In the case of STEGR, the equations will take the form

GP:%A(VH—C';):O, Gj:-% 0:(Vi+g)+a (Vitra)| =0

We can see that the vector sector depends only on their combination
(Vi+¢i), which means the restoration of calibration freedom and that only

one of the vector variables is physical

Sofia Klimova (AYSS-2024) Perturbative analysis of teleparallel gravitational tEESNEYEPS



Analysis of the nature of degrees of freedom

We can obtain the equations of the vector sector
aA(Vi+¢é)—(a1—ax+as) <\7i+AC'i> =0

(32 — 84) V:+ai16 — (31 —ar+ 34)AC,' =0
vary any combinations of parameters a;, a» —as, ai— a» -+ a4 to zero:

1. When none of the combinations vanishes, both vectors V; and ¢; are
dynamic.

2. When a; = 0,a, — a4 # 0 the equations become
Vi+ A =0,Vi+Ac =0

linearly dependent, so the vector ¢; is a gauge vector and the vector V; is
half dynamic and half limited, since the equation is only of the first order in
time
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Analysis of the nature of degrees of freedom

3. When a; — a4 = 0, a1 # 0 the equations become:
OV;=0, O¢=0

from where it is obvious that both vectors are dynamic.

4. When a1 —ax+ a4 = 0,31 # 0,32 — a4 # 0 the equations become
Vi+¢ =0, a (\7i+5i> =0,

where the second is done automatically. Therefore, the vector V; is limited
by the connection V; = —¢;, and ¢; is a gauge vector

5. When ag=a»—a; =0

The equations are performed identically, which means that both vectors
become gauge vectors
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Scalar perturbations

The metric in scalar sector:
800 = 1429, goi = U, gj = —&8;+2y&; — 2070

The inverse metric: g% =1-2¢, g% = 9;,g7 = —§; — 2y§; +28,-12-G
Nonzero components of the nonmetricity tensor

Qoo =29, Qooi =;U, Qojj=2(8;¥—9;6),

Qioo =20;¢, Qioj=9;U, Qi =2(8xdiy—30)

nonzero components of the traces of the nonmetricity tensor
Q=2(¢-3y+A6), Q=20(¢-3y+Ac), Q=2¢—-AU,

Qi =0, (U—2w+ 2Ao)
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Scalar perturbations

the components of the equations of motion:
% =2asAy -0 [(al —a3)¢ + (a3 —a5)(3y — Ao)} —
—(as —ax+as) {2(}) —AU] =0,
6% =0 [2a5u'f— (“‘2”"“) O — (35— 22 + 2) (6 — wmd)] ~o,

&= [(333 —a1) W+ (as —a3)9 +a3A¢ — (3a3 — ay — a5) Ay+

+(33 — 35)A26 —A <a3c"r +as U) } 6,'j + 33 [35(}) — (335 —2a+ 234)1,/_

-a106 — (a2 — a4)U —(2ap—a1—as — 2a4)AG] =0
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Scalar sector

In the STEGR limit, the equations take the form:

G)=2Ay=0, G?=29,yy=0,

GJ-':—2[W+2A(¢—G—U—l[/)]&'j—l—a,?[(P—G—U—l[/] =0.

Where the scalars ¢, o and U are included only as a combination of

(¢ — 6 — U), which means the restoration of calibration freedom, and that
only two scalars ¥ and a combination of ¢ — & — U are physical so two
scalars, for example ¢ and U can be arbitrary
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Analysis of the nature of degrees of freedom

Here, three combinations of parameters are responsible for the presence or
absence of time derivatives:
a1, 43, ds, 4ai—ads,
a3 — as, as —di, dp — a4,
3a3—a1, as—ax+as, ar—ax+aa

If none of the equalities vanishes, then all four scalars: ¢,y,co,U are
dynamic
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The quadratic form of velocities

The velocity-quadratic part of the Lagrangian density:

_} ouv _ 91 (2 32 a2 —as—a 2 Ky 2
f= B Qo = (B +20i6)) + == (v +(av)" )+
+ (a1 — a3+ 2a5 — 2by) 2 + (a1 — a3)(AG)? + (323 — a1) Y (2A6 — 3y) —
2(a3—as)9 (A6 —3y)

where the quadratic form of the velocities of scalars

QF(9,A6,1) =
. a1 —az+2a5—2by as— a3 3(83—35) (P
= (¢) Ao 1[/) as — a3 a;— a3 3az3— a1 Ao |,
3(83 — 35) 383 —al —3(383 — 31) l[/

where bg = ap — d4.
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The quadratic form of velocities

Thus, the theory will not have ghosts degrees of freedom when a; > 0 and
a»—ag —ay > 0 and also provided that the matrix of the quadratic form is
positively defined. Which, according to the Sylvester criterion, means

2 2
2a; (31—2a3+a5—b2)2—4(a3_a5_b2> _3(35_b2> }>07

(a1—a3—|—a5—bg)z—(a3—a5)2—(a5—b2)2 >0,
ai—az+2a5—2b, >0
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Conclusion

We obtained the equations of linearized perturbations of the theory
over a flat Minkowski space

We classified all variables in the tensor, vector and scalar sectors of
the tetrad perturbations and

imposed additional restrictions on the parameters of the model under
study
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Thank you!
Questions?
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