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Introduction. String models of hadronization

Preconfinement approach: partons after production stay bound
together as colorless systems

S N/

Field lines between a quark é :

and an antiquark squeeze @ : N
into a tube < : =4

It is believed that QCD field between partons (quarks, gluons +
diquarks) compresses into a flux tube due to gluons self-interaction

To simplify the theoretical description we neglect the transverse
size of the tube =) strings

Strings fragment via pair production and light strings are identified
as hadrons

Meson production: g — @ pair
Baryon production: qq — qq pair

Challenges of modern string models

String interactions:
shoving, rope hadronization, etc.
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... and many more!



ATROPOS-v1.0 string model of hadronization

ATROPOS:

PYTHIA: use LUND fragmentation model
= Only the simplest case of the string is derived from the initial postulates

* Fragmentation apparatus (de-facto) not applicable for any non-symmetric picture: non-zero quark masses,
initial extension of the string, multi-gluon string, non-zero angular momentum...

World sheet of the string
Use its area A as an invariant

= String dynamics is not calculated microscopically

Use detailed Monte-Carlo simulation of relativistic string fragmentation to
produce hadrons

Derive string equations of motion directly from action

Govern fragmentation process by Artru-Mennessier Area Decay Law:

dpbreak
——— = P, = const
dA 0

Define the string properly: conserve energy, momentum and angular momentum + more ...
Use the exact analytical solutions to calculate invariant area and string characteristics at the break point
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Relativistic string with free ends

If we consider the usual string action

02 72(0)
T

01

the equations of motion will take the form

x,(t,0) is a 2-parameter
definition of the string world sheet
in time and space

. 0x,(t,0)
xu = —aT

. 0xy(t,0)
xu = —ao'

0 ((Xx’)x[t ~ x’zfcu> L0 ( (xx")x, — %%x;, ) .

0t \/(xx/)z _ .')'CZX'Z do \/(xx/)z _ 5c2x’2

The Nambu-Goto action is reparameterization-invariant, so a specific relation between 7 and o can be

chosen:

This is called orthonormal gauge. Only with that we get the simple wave equation to describe string

movement:
[ X) 144 _




Define the string: Conservation laws

Conserve energy and momentum:

T w
Kfo dov, (o) = Kf do x,(0,0) =P,
0

Conserve angular momentum:
VA w

Kf do [pﬂ(a)vv(a) — pv(a)vﬂ(a)] = Kj do [xM(O, 0)x,(0,0) — x,(0,0)x, (0, 0)] =M,
0 0

Imposes 4 + 6 = 10 independent conditions
» At least 10 parameters should be used to define a string between two partons
Note: conservation of angular momentum requires non-zero initial extension of the string!

Can potentially influence particle production, as presents additional restrictions on string-hadron
transitions

But there is more...



Virasoro conditions for the initial data

Lets substitute the solution to the free string Cauchy problem into the orthonormal gauge:

/ \ * Here @, are the

+w . .
T l . _On .2 _ coordinates of the string
_ —int _H x“+x"=0 ,
XH(T; o) = Qut+ b + e 0 cos(no) { o center-of-mass in the

K \/TIK xx =0 o :
o initial moment of time,
B, is a 4-vector of total
What we get are the Virasoro conditions: string momentum
+ oo
» Z Ay A, = 0, n=0+1,+2,..
m=—oo

Here a,,, are the Fourier amplitudes:

Ay = \EJO do cos(no) (vu(a) — inpu(a)), n #+ 0, pu(0) = x,(0,0),

v,(0) = %,(0,0)

Functions v, (o) and p, (o) define the velocity and form of the string in the initial moment of time. So, Virasoro
conditions restrict the way this functions may be defined.



Restrictions imposed by the Virasoro conditions (1)

Express the Fourier amplitudes as follows

Ay = 2 /EJ do cos(no) (vﬂ(a) — inpu(a)) = fou — MGny
0
K T K T
fou = 2 /Ej do cos(no) v, (o), Iny = 2 /Ef do cos(no) p, (o)
0 0

The Virasoro conditions take the form
+o00

Z Apmm = 0,n=0,%£1,1£2, ...
m=—oo
Both real and imaginary parts must be zero:

( +o

z (fn-mfm —m —m)gn_mgm) =0

» J m=—co

z (MfpemGm + (M — M) fngn-m) =0

| m=—o0




Restrictions imposed by the Virasoro conditions (2)

. . - ( +
Three ways to satisfy the Virasoro conditions: <
] ] Z (fo-mfm —mM —Mm)gn_mgm) =0
1. Define v,(0), p,(o) in the way that Jm==es
+ 00
fifr = G = fagm =0 > (nfacmGm + (0= M) fugnm) = 0
\m=—co
» Imposes very strict restrictions on the strings parameters
Example: the ansatz used in Caltech-Il, NEXUS and EPOS models: Oversimplified definition of the
/ string: no angular momentum,
Py = 0, v, = const = E/p point-like form...
leads to the requirement M? = 0! » But models still use massive strings, as it is

required for particle production
» A contradiction (+ non-physical configurations?)
2. Everytermlike fi_mfimn —m — M)gp—m9m = 0

> Needs a very special form for functions v, (o), p,(0):

1
Inu = Egu or fnu = nfu

> Maybe solve integral equations to find v, (0), p,(0)? 3



The FOEE-method to define the initial conditions of the string

3. Define v,(0), p,(0) so that only the value of entire sumis zero [  +o
> The least strict conditions for the string 2 (fn—mfm —mm —m)gn_mgm) =0
> Starting at some order N the functions should yield S
fau =0, gny =0, [n| > N, so that the system produced is z (Mfoyr G + (0 = M) ) = O
of finite size L m=—oo

 How to define the initial data functions in such a peculiar way?

Final-Order Eigenfunction Expansion (FOEE) Method:
(In general case)

vﬂ(o-) = Qoy + 2 Akp cos(ko) UM(O') — aOqu(O-) T Z akuuk(a)
k+0 k+0
pu(0) = by, + 2 bi,. cos(ka) pu(o) = bo,ug(o) + Z bruux (o)
k+0
k+0

uy (o) are the eigenfunctions of Sturm-Liouville
problem for the string



The FOEE-method

* Use eigenfunctions uy (o) to construct the sum

» Eigenfunctions are orthogonal to each other:
T
j do u, (0)uy,(6) = [lu,||? 6, nm=04+1,42, ..
0

so if such expansion is finite,

N N
v,(0) = aguue(o) + z ax,uk(o), pu(0) = by, ug(o) + z by uy (o)
k=—N, k=—N,
k#0 k#0

Fourier-amplitudes will be zero for [n| > N: a,,, = 0
» Finite size of the system achieved!
» How many orders of expansion are enough?
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Constructing the FOEE-system

» After substituting the FOEE-defined functions into the Virasoro conditions we obtain

g

N
2
Z (an—mm —mn —m)b,_y,by) + EPan =0

m=—N
m#=0,m=%n

N
2n
z (may_mbm + (n —m)amby_m) — prn =0,

m=—N

\m+*0,m#n

« 2(4N + 1) equations, 8(2N + 1) variables

» System can be resolved at any order, can use additional assumptions to simplify calculations

Let the a_,,, = ayy, b_ny = by, foranyn

n+0

(

\

N PZ

(a—mam + mzb—mbm) =~ (1c1r)?2

m=—N
m#+0

N
z m(a_mbm — amb_n) =0,

m=—N
m=+0

» Kills 4N + 1 equations, removes 8N variables from the system

In total, 4N + 11 equations (with conservation laws) and 8(N + 1) variables

» Should be solvable with N > 1
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The FOEE system: 1 order

Take the initial conditions in the form:

v,(0) = a, + b, cos(o)
pu(0) =c, +d, cos(o)

Virasoro conditions system:  [b? —d? =0
bd =0
bP =0
dP =0
2
b* + =0
L 4(km)?
| P,
4-momentum conservation: a, = —
K km

KTl
And angular momentum: ¢, P, — ¢, B, + - (dﬂbv — dvbu) = My,

e Solution: work in progress...

( P,

aoﬂ — \/ﬁ
ai, =kn(b, —id,)
\a_lu — \/ﬁ(bﬂ + ldﬂ)

A

Expressions for Fourier amplitudes

15 equations, 16 variables

» Suppose cyg = 0

 May not have enough free parameters for generalization over string with masses at its ends

» A higher order of the system is worth considering



The FOEE system: 2 order

* Define initial data in the form v,(0) = a, + b, cos(a) + ¢, cos(20),
pu(0) =d, + e, cos(o) + f, cos(20).

This yields the
system of equations:

Virasoro conditions

Angular momentum

N\

conservation »

2
b* +c* +e” +4f?% +

bP
bc +2ef +—=10
KT

p
2bf—ce+e—=0
KTl

b? — e? +2LP=
KTT
2fP

be+—=20
KTT

bc —2ef =0

ce+2bf =0

c?—4f? =0
cf=0

0

KT
Ldqu —d,P, + - (eyby — eyby + fucy — frcu) = My,

2(km)2

20 variables, 15 equations

» Additional assumptions to be made
» Supposedy =b; =c3 =e3=f3=0

No analytical solution is known:

e Use numerical methods instead

 However, the complexity of the
system does not allow usual
methods to succeed

» Need for better method (or more
brute force computation power)
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The FOEE system: 2 order — first solution candidates

String with B, = {PO,Px, P, PZ} = {10, 1, 2,3} GeV, no rotation
Zero, as the string has no rotation

“Solution” 1 (accuracy 107°):
15.92 —0.63 1.95 0 0.27 —-1.02
| 1.59 _ | —9.48 | —=0.2 10 _ | 4.06 _ 0.1
W=\ 398 ) Bu=| 16 |} w=|{_104) w=\o) &=|_o0eo) =\ 102
4.77 0 0 0 0 0 Note:
: _ Even the simplest case of
“Solution” 2 (accuracy 1077): simpiest cds
the massive relativistic
15.92 _0.07 _334 0 _02 _1.43 string requires non-zero
o= 159 , —(-308) . _[-17) 4 (0] , —| 832 £ =073 spatial extension
s 3.18 [ s 1.91 [ K —-2.88 ) s 0o/ K —-5.16 |7 ‘H —1.23 coefficients!
4.77 0 0 0 0 0
“Solution” 3 (accuracy 10~12):
15.92 1.34 —-0.47 0 1.5 2.01
_| 1.59 _ | 6.04 | 0.16 10 _ | 6.78 _ | —0.7
W=\ 318 | b=|367) w“=|_-0aa) w=\o) @=|413) =\ 188
4.77 0 0 0 0 0

No solutions for rotating strings found yet... » urgent need for search algorithms optimization! 14



Summary

* For proper string fragmentation treatment in hadronization models, a series of
conditions must be satisfied when defining the string in the initial moment of time

* Conservation laws alone impose 10 equations on the parameters of the initial data
functions

* Acrucial part is to take into account the Virasoro conditions

» Non-trivial restrictions on initial data functions mp FOEE method to define them!

» Massive strings can not be defined at ground state — higher oscillation modes
required!

» Virasoro + momentum conservation + angular momentum conservation seems to
force the string to be defined as initially-stretched object...

* A challenge to find the exact solutions to the FOEE-system

» But yet it is possible!
15
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Thank you for your attention!



Relativistic string with masses at its ends

Regular Nambu-Goto action
4

T2 JZ(T) 2
: dx, (7, 0;(7)
S L T o A e
71 01(7) =1 )

From the action follow the equations of motion ferm to descr'be heavy quarks at string ends

it —x"" =0
and boundary conditions
myd [ x .
Kl dt (V MZ) - x’ﬂl o =0, i i7ati x’“‘(T' O) = qlxlli(T’ 0)’
: . _ /
d . X Inearization xM(T’ 77:) — _qzx M(T’ T[),
e *u = —x'’ O=T q =L q =L
Kk dt \\/x2 H ' Y om? > m2
Restriction on string movement:
x2(1,0) = my?, x2(1,m) = my*
Solution:
+ oo
xH(t,0) = Cé‘r + Dét + z[C,'f sin(w,T) + DY cos(wnr)]un(a)
n=1
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