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2D Quantum Dipole
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Quantum Dipole in two dimensions

The spectrum of bound states for a model of an edge dislocation is investigated.
The deformation potential due to an straight edge dislocation, oriented along
the Z axis, within a continuum model, is given by''2

cos(o) ’

% —
(p,®)=p )

(1)
where p is the strength of the “dipole” potential, p is the distance from the
dislocation axis, and ¢ is the azimuthal angle, defined in the XY plane.

In an electrostatics context this potential can be realized as a dipole built by
bringing two infinite line charges of opposite sign close together 2.

1Bound states of edge dislocations: The quantum dipole problem in two dimensions.

2 Amore P., Ferndndez F. M. Bound states for the quantum dipole moment in two
dimensions.
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Model of two-dimensional (2D) quantum dipole

For p > 0 the potential is attractive for x < 0 and repulsive for x > 0. Thus
bound states are allowed in x < 0 region. Beside the potential is invariant under
reflection about the X axis V(p, ®) = V(p, —¢).

Vi(x,») o

The potential surface of the deformation potential V(x v) 4/20



2D Quantum Dipole
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Model of two-dimensional (2D) quantum dipole

The quantum dipole problem is addressed by considering the solution of the
corresponding two-dimensional Schrédinger equation (2D SE) 2

—j—mv2W(p,¢)+ < y(p,6) = EW(p.0) @)
2mp "'f reads:
CVR(p. ) + C"sp(‘“w(p, 6) = W(p, 6). 3)

Due to the symmetry of the potential the bound states are either even W(p, ¢) =
W(p, _¢) of odd (‘U(p7 ¢) = —W(p, _¢))

This potential is nonseparable and thus an appropriate numerical scheme, that
can treat the 2D Schrédinger equation without simplifications, is needed.
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Numerical scheme
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Numerical scheme overview

o To tackle the 2D Schradinger equation we apply the variation of the discrete-
variable method, proposed in V.S.Melezhik paper® for a solution of the
multichannel scattering problem.

o As basis of functions for wave function expansion over angular variable
we use eigenfunction of the operator h(®(¢) = . functions &m(¢) =
(D" ime
ez

@ Wave function is expanded as follows:

V(. ¢) ~ —Z Zém(¢>§mj% p)= (2M+1 Z Z ™ yi(p),  (8)

—M j=0 JOmff

where €;j1 = 21\2/111 im = 2‘/2 e~ M@= _ is the inverse mathrix to the
square matrix (2M + 1) x (2M+ 1) &m = &m(¢)), that is defined on the
uniform angular grid ¢; = 2M+1 (rae j = 0,1,...,2M). In the grid's nodes

Y (p, ¢;) = pi(p)//p-

3 Melezhik V. S. New method for solving multidimensional scattering problem.
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Numerical scheme
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2D SE discretization

In representation (4) 2D SE transforms in the system of (2M + 1) coupled
second-order differential equations:

12M

DOy L ui0) +ZVJJ Wy () =5 hDw () | = Exy(p),
j'=0 j'=0

()

which with the transformed boundary conditions npu paznoxetnun (4) forms a

boundary problem. The nondiagonal matrix of h(®) operator is defined by the
expression:

L (.2
2m, op?

Z JNZ&JI”’EJ”J’ (6)

j=—M
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Numerical scheme
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Boundary conditions

Since expression W;/,/p must be finite at p = 0, radial components W; vanish
at p — 0 and left boundary condition reads:

w;(0) = 0. ©)

The wave function decay for bound state problem impose the right boundary
condition:
Yi(p—> ) =0 (j=0,1,...,2M). (8)
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Numerical scheme
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Grid over radial variable

To discretize the boundary problem we employ nonuniform grid: p, = pnt2, (n=
1,2,...,N), which nodes are mapped p, € [0,pn — o0] on a uniform grid
t, € [0,1].

The seven-point finite difference approximation of six-order accuracy is used
for the derivatives. The eigenvalue problem is solved by the method of inverse
iterations with shift. An obtained on each iteration matrix problem is tackled

with the matrix modification of the sweep algorithm for band matrix.
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Numerical scheme
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Numerical scheme advantages

o Comparing with variational studies we have the approximation error estimate* of
the used wave function expansion (4), that indicates a fast convergence over

the number of angular grid nodes.

@ Obtained matrices has band structure, that is minimizing computational

resources needs.

o Fast convergences over angular grid (i.e. M = 20) and over inverse iterations

number (i.e. typical iterations number needed = 30) are observed.

4 Kolmogorov A. N. Zur Grossenordnung des restgliedes Fourierschen Reihen

differenzierbarer Funktionen.
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Results

With the help of the proposed numerical scheme we have calculated up to 7
significant digits the binding energies of a quantum dipole model in 2D and
corresponding wave functions of the five low-lying even bound states and improve
the results accuracy of the previous studies®'®

The calculated binding energies ¢}, of five (n=1-5) low-lying even bound states of a
quantum dipole are in a good agreement with the results of other authors, obtained
with variational techniques over 2D Coulomb eigenfunctions ! and over Slater

function 2
n, b, arbu. ! €, arb.u. 2 €p, arb.u.
1 0.0970 0.13774(16) 0.1377485
2 0.0328 0.04115(24) 0.0411588
3 0.0221 0.01996(79) 0.0199738
4 0.0167 0.01185(25) 0.0118589
5 0.0119 0.00974(72) 0.0097471

5Bound states of edge dislocations: The quantum dipole problem in two dimensions.

8 Amore P., Ferndndez F. M. Bound states for the quantum dipole moment in two
dimensions.
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2D probability density
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The calculated probability density |Psi(p, ¢)|? of the first five low-lying even bound
states.
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Thank you for your attention!
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MpunoxeHus
KoHe4YHo-pa3HOCTHasa annpokcuMauus

CemuTOYEH HAs! KOHEYHO-PA3HOCTHAS anMpPOKCMMaLMsi BTOPO NPOU3BOAHON
LLECTOro nopsigka TOYHOCTU

d2
sz'wn 180/72 (2'¢‘n 3 — 271/’n72 + 270"/)n71_
—490%, + 270911 — 272pni2 + 29n13) + O(h®) (9)

NPUMEHSETCA B TOYKAX pPp CETKM MO pajualibHOW NepeMeHHO.

o BosHukatowme anrebpanyeckue 3agayv MMeOT BUA;

S (A= ANyl =gl =1

Yo (A= ANyl =yl n=

S S A= Al =gl n=3

S0 A= XDyl =) n=4,... N3  (10)
S s (A=Al =l n=N-2

S A=Ay =) =N -1

S s(A= ANl =4 n=N.
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MpunoxeHus

MeTog obpaTHbIX UTepauuii CO CABUTOM

MeTop obpaTHbIx MTepaLuii CO CABUMOM ANS PelueHust 3a4a4m Ha COBCTBEHHbIE
3HaveHns (c.3.)
A = i (11)

COCTOUT B NPUMEHEHUNN NTEPALMNOHHOIO npouecca, O6paTHOFO K CTENEHHOMY:!

Pt = A7 (k=0,1,..)) (12)

~

cxoasLmMiACs K Ham6onbu.|emy c3. A7l Te HammeHbuJemy c.3. A. [lns yckopenus
cxo,u,mmocm npumensetcs "metog casura": MTEpauMOHHBI NPOLECC NpuUMeHs-
etcs K "casuHyTol"MaTpuue A—XT, roe A — napameTp casura. Torga ntepa-
LMOHHbIT MPOLLECC BbICTPO CXOAUTCS K MUHUMAIbHOMY CODCTBEHHOMY 3HaYeHUIO
(X\i — A7), onpeaensisi COBCTBEHHbIE 3HAYEHMS MCXOAHON 33434l \; C BBLICOKON
TOYHOCTbIO 33 MUHUMaJIbHOE YUCNO0 uTepaumii. Jns nsbexxaHusi nepenosiHeHmii
Ha Ka)kJol MTepaunmn BEKTOp HOPMUPYeTCsi. Takum obpasom, pesynbTupytoLime
dopmynbl UMEKT BUA:

(A— Sy = 9" (k=0,1,...) (13)
A = 5= ) (14)

1(k)
W = 49
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MpunoxeHus
MaTpuyHas MoguduKaLmsi aaropuTMa nporoHKM

B paHHOM nprnoxeHuy Mbl MPUBOAMUM ONMMCAHWE MAaTPUYHO MogudukKauum an-
ropMTMa MPOroHKN ANs peleHns maTpuyHoro ypasHerus (10).
Cnepys naee MeToga NporoHku’, peluenune ypasHerus (10) onpegensietcs B cre-

ayroleli hopme:
Y= W.(l)d:- + W-(z)a,b- + W.(3)1p- =1 N-3 16
j j j+1 j Jj+2 fi j+3- J PIREEY) ( )

roe W, npegcraensior coboii matpuubl [2M + 1]x[2M + 1]. Ons onpeaenenus
nckombix Bektopos ¥ (j = 1,..., N — 3) HeobxoanMo BbIMUCANTL MaTpUyHble
koacbbuumentol Wi, [ns atoro, 3anucae ypasrerue (16) B cocefHUX Tpex Tou-
Kax:

Wik = WP+ Wi + W% igs, k=1,23  (17)
J J J
BLIPA3UM 1)1 Yepes 1, Pji1, 2!
Pio1 = WO+ W20 + W0, (18)
AHanornyHo ans j_2 3annwem:

w2 = [WEW + W] v+ [WEWE + W v+ WEWE e,
(19)

7Calculus of variations.
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MpunoxeHus
MaTpuyHas MoguduKaLmsi aaropuTMa nporoHKM

ﬂ'nﬂ ’lj)j_3 NCKOMOE Bblpa>keHNe MMEET BUA:
gy = [WEWEWS, + wOWE, + wEWE + W)y,
+ W WA W + wAWS, + W W] v
+ WRWEWE F wBWE v (20)

V13 nogcTanoekm 1); 3 BoipaxkeHnii (18-20) B maTpuuroe ypasHerue (10) un
CpaBHEHNsI NOJY4eHHbIX BbIPaXKeHUii ¢ ypaBHeHnem 16 cneayet, 4To
PeKyPPEHTHbIE COOTHOLIEHUS /1S BblYMCNEHUs koabdnymneHTos Wj(l)
3anuCbIBalOTCS B BUAE:

- = Ay [WEWE WS, + W WS, - W w® ] +
Aij s [VVJ'(PZ W + VVj(E)Z] +A WP + A, (1)
Anst koapunumneHToB ij(z) npeacTaBuMbl B Cregytolleli chopme:
- W = As WEWEWE - wEWE ]+
Aj 2 |:VVj(i)2 VVj(E)]_:I + AW, + A, (22)
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MpunoxeHus

MaTpuyHas MognukaLums anroputTMa nporoHKM

Anst koappunumreHToB WJ.(3) 3a4al0TCA CAeAyIOLUM BbipaXkeHneMm:
3 A
- QW = 4. (23)
MaTtpuua Q onpefensieTcsi COOTHOLIEHNEM:

Q= Ajs W wEw + W}ig W+ wEwh + w
Aj’j_z [W Y W + W :| + Aj’j_l ij(i)l + A (24)
KoadbpuumenTsi Wl(l), Wl(z), W1(3) BbIYUCAAIOTCS C MOMOLLbIO NMePBbIX TPEX ypaB-
Henuli cuctembl (10). OcTanbHble KoahpULMEHTbI V\/j(l), Vl/j(z)7 VVJ-(3) G=2,N)
BbIHUC/SIOTCS N3 PEKYPPEHTHBIX CooTHOWeHUM (21-23), 4To aHanorn4Ho «npsi-
MOMY XOfy MPOroHKM». 3aTeM U3 MOCNeAHUX Tpex ypasHeHuin cuctembl (77)
goiducnsitorest ¥ (j = N —2, N — 1, N) n c nomMoLLblo peKyppeHTHbIX COOTHO-
wenuii (16) («obpaTHbIf XO4 MPOrOHKN>» ) HAXOLUM MOJIHOE PELLUEHUE UCXOLHOM
3agaymn (10): ¢; (j = 1, N — 3). 3ameTum, 4TO pe3ynbTMPYLOLLAst CAOXKHOCTbL
anropnTMa SBISIETCH JIMHENHOW NO YUCAY TOYeK MO PagMasbHON NepeMeHHOIA
N, 4TO 3HaUNTENbHO YCKOPSIET BbIYNCAEHUS MO CpaBHeHuto ¢ metogom laycca,
LU-paznoxeHnem, obnagatowmmun kybuueckoii cnoxHoctsto no N: O(N3).
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