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ABSTRACT

In this report we will present a direct statistical-mechanical method for
calculating the differential cross section of the slow neutron scattering on
nonequilibrium statistical medium.

Our aim was to deduce the time-dependent generalization of the familiar
Van Hove formula, to indicate its utility from the standpoint of
nonequilibrium statistical mechanics, and to establish its role in
scattering processes for the nonequilibrium systems. A combination of
the scattering theory and the Zubarev's method of the nonequilibrium
statistical operator leads to a compact and workable formalism which
gives a generalization of the Van Hove approach.

The generalized scattering function contains an essential additional factor
connected to the entropy production.

This new derivation clarifies conceptually the physics of irreversibility
and entropy generation in transport phenomena.

We believe that this approach will be of use as a practical tool when
makiing analysis for various concrete complex nonequilibrium systems



Microscopic descriptions of condensed matter dynamical behavior use
the notion of correlations over space and time

Correlations over space and time in the density fluctuations of a fluid are
responsible for the scattering of light when light passes through the fluid.
Light scattering from gases in equilibrium was originally studied by
Rayleigh and later by Einstein, who derived a formula for the intensity of

the light scattering.

Rayleigh scattering gives the
atmosphere its blue color
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The relation between the cross-sections for scattering of slow neutrons
by an assembly of nuclei and space-time correlation functions for the
motion of the scattering system has been given by Van Hove. The
concept of time-dependent correlations has been used widely in
connection with particle scattering by solids and fluids.

A fundamental formula for the differential scattering cross section of a

slow neutron in the Born approximation was deduced by Van Hove. He
derived a compact formula, and related the differential scattering cross
section to a space-time pair correlation function.

As was shown by Van Hove in his seminal paper, the Born approximation
scattering cross section can be expressed in terms of the four-
dimensional Fourier transform of a pair distribution function depending
on a space vector and a time variable. The formula obtained by Van Hove
provided a convenient method of analyzing the properties of slow neutron
scattering by systems of particles, of light scattering by media, etc.

The advantage of using the Van Hove formula for analysis of scattering
data is its compact form and intuitively clear physical meaning

(see: W. Marshall and S. W. Lovesey, Theory of Thermal Neutron
Scattering. (Oxford University Press, Oxford, 1971).



Leon Van Hove (1924 - 1990)

From 1949 to 1954 LEON VAN HOVE worked at the
Princeton Institute for Advanced Study by virtue of
his meeting with Robert Oppenheimer.

At Princeton LEON VAN HOVE met G. Placzek, who
was working on the theory of neutron scattering.
working on the theory of neutron scattering. He
started to work in this field and published a few
important papers on the subject. Three of them are:
G. Placzek and L. Van Hove, Crystal Dynamics and
Inelastic Scattering of Neutrons,Phys. Rev. 93
(1954) 1207;

L. Van Hove, Correlations in Space and Time and
Born Approximation Scattering in Systems of
Interacting Particles,Phys. Rev. 95 (1954) 249;

This paper was cited more than 2000 times.

L. Van Hove, Time-Dependent Correlations between
Spins and Neutron Scattering in Ferromagnetic
Crystals,Phys. Rev. 95 (1954) 1374,

It has ever since served as the foundation of the
entire field.




VAN HOVE'S PAPER PRESENTED A CENTRAL QUANTITY IN THE
STUDY OF FLUCTUATIONS, THE DENSITY-DENSITY SPACETIME
CORRELATION THAT HAS COME TO BE KNOWN AS THE VAN
HOVE FUNCTION.

Here Van Hove offers:

"a natural time-dependent generalization for the well-known pair
distribution function g(r) of systems of interacting particles. The pair
distribution in space and time thus defined, denoted by G(r,t), gives
rise to a very simple and entirely general expression for the angular
and energy distribution of [the] Born approximation scattering by the
system" (Van Hove). Van Hove's paper was considered seminal.
Another way of stating this is to say that the Van Hove formula
provides the relation between the cross-sections "for scattering of
slow neutrons by an assembly of nuclei and space-time correlation
functions for the motion of the scattering system. His papers shows
that the Born approximation scattering cross section can be
expressed in terms of the four-dimensional Fourier transform of a
pair distribution function depending on a space vector and a time
variable. The formula by Van Hove provided a convenient method of
analyzing the properties of slow neutron scattering by systems of
particles, of light scattering by media, etc. The advantage of using it
for analysis of scattering data is its compact form and intuitively
clear physical meaning".



The nonequilibrium statistical
medium

Although there have have been many light and
neutron scattering investigations of complex
statistical systems during last decades, it is
true to say that until recently the properties
and implications of the particle scattering by
the nonequilibrium statistical medium were
not yet understood fully.

There was not a fully satisfactory theoretical
formalism of the interpretation of the light or
thermal neutron scattering experiments for a
system in the nonequilibrium state.



Fermi Golden Rule

* Treat beta decay as transition that depends upon strength of
coupling between the initial and final states

* Decay constant ngen by Fermi's Golden Rule
4 |M] P(E,):M = [y, Vy,dv

"  matrix element couples initial and final states

= phase space factor which describes volume of phase
space available for the outgoing leptons

—> Electron is charged lepton
* electron, muon, and tau
-> Neutral lepton is neutrino
=  Small system perturbation
- Contained within M
* E is Q value
« Rate proportional to strength of coupling between initial and

final states factored by the density of final states available to
system e



FERMI Golden Rule




Wavefuncrion Wavefuncrion
far final ﬂﬂm ,r&:r iriticl stare

jw w}f dv

Chperator for the ph}'s:m.l’ inferaction
wilich couples the initial and final
statex of the svstem.



Fermi’'s Golden Rule

eyl v = =t 27? - ’
JZ b(pﬁp]:T|Hp:0| S(E'—E-AE)
1

P H iz = J o U (P, dr
AE = 0 for a static U,
AE =+ hw for an oscillating U
1 e e . For an electron with energy, E, its
o & ZT S(p.p')> Dy (E) scattering rate is (often) proportional to the
i ] P .

density of final states at energy, £ (1D, 2D,
3D). Electrostatic interactions (I, POP),
however, prefer small angle scattering.

Lundstrom ECE-656 F11 31



Cross Sections and Decay Rates

* In particle physics we are mainly concerned
with particle interactions and decays, i.e.
transitions between states

= these are the experimental observables of particle physics
« Calculate transition rates from Fermi’ s Golden Rule

Ly =2x|Ts*p(Ey)

Fﬁ is number of transitions per unit time from initial state
i) to final state (f| - not Lorentz Invariant !

I'ti  is Transition Matrix Element

fIHIJ' (J|H| } | I—? is the perturbing
Tyi = (-ﬂHh + E E;—E; e Hamiltonian

p(Ey) is density of final states
* Rates depend on P‘IATFHK ELEMEN'I;and fENSITY OF STATESJ

. =

the ME contains the fundamental particle physics just kinematics

Prof. M.A. Thomson Michaelmas 2011 16
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The dynamical properties of a
system

The dynamical properties of a system of interacting particles
are all contained in the response of the system to external
perturbations. The basic quantities are then the dynamical
susceptibilities, which in the general case describe the
response of the system to external perturbations that vary in
both space and time.

For simple liquids the two basic susceptibilities describe the
motion of single particles and their relative motions. The
fluctuating properties are conveniently described in terms of
time-dependent correlation functions formed from the basic
dynamical variables, e.g. the particle number density. The
fluctuation-dissipation theorem, shows that the susceptibilities
can be expressed in terms of the fluctuating properties of the
system in equilibrium.



Correlation functions in the frequency domain

* Many experimental techniques do not give information in the time
domain but only in the frequency domain (spectroscopy)

= what one measures is ¢'(o) and ¢”’(w), the real and imaginary part
of the time-Fourier transform of a time correlation function ¢(t)

or

¥’ (o) and x”(w), the real and imaginary part of the dynamic
susceptibility

 Fluctuation — Dissipation-Theorem: Important connection between
¢" (o) and 3" (w):

1 () = o ¢ (o) [(KgT)

NB: The FDT is valid only in thermal equilibrium! In out of equilibrium
situations (e.g. in a glass) one can measure y”(o) and ¢”(») in order
to define an “effective temperature” of the system (see talks by

Kurchan and Franz) .



RESERVOIRS
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Excitations in Condensed Matter

Neutron Diffraction is dominated by scattering processes where the neutron
energy does not change and the state of the sample is constant.

Inelastic neutron scattering is where the neutron gives (or takes) energy to (or
from) the sample and the state of the sample is changed, we say it is excited.
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Nuclear Interaction

scattering power varies “randomly” from isotope to isotope

Cross section (o) - Area related
to the probability that a neutron will
interact with a nucleus in a particular
way (e.g. scattering or absorption)

For systems containing a reasonable
proportion of H atoms, scattering
from H tends to dominate

For a single nucleus o ~ 10-2* cm?

Relative total scattering cross sections for a few isotopes



“ The Scattering Cross Section

o

Scattering Cross Sections

MNumber of scatteredneutrons per sec time™
TD’[Eﬂ Ta= = =|——— g =urea
Incident neutron flux time area
Diﬂe I‘E.‘n'[i al E{g > Number of SCH[[EI’E:? neutrons per secinto angle element df)
2 Incident neutron flux . d€2

_ Number of ... and with energies between E'and E+dE'

. . e
Double Differential T

E Incident neutron flux . dE' d€2
Scattering Law -2 -*5Q.0) S .... Scattering function

Units: 1 barn=10-28 m2 (ca. Nuclear radius?)

Martin Rotter — MESY Winter School 2009 . O - —



Incoherent Scattering

For most elements, the coherent cross
section dominates. Coh. Inc.
Important exception is hydrogen: huge
incoherent cross section.

For structural studies. contributes big @
and vnwanted background.
Quasielastic scattenng: ncoherent
scatiering useful as long as you don't
necd g dependence.

9:1. COHERENT AND INCOHERENT CROSS SECTIONS

. = ™ 5 :
M =-§ S = expli 1_1] 1 =

Microscopic cross section (in barns):
Ao i

by 2

iation: dspzto 2t g2
Standard deviation: {Lb §= {b — HEH

d=(Q) _ |-'” N ‘-| do(Q)

g . s R
Macroscopic cross section (in cm-'): T L~ | ao
d>2() | dZE(Q) 5 dx
dg2 g2 sok d€2 ;¢
coherent incoherent
part part

Q-dependent Q-independent



Neutron Scattering

Neutron scattering is more complicated than x-rays because
neutrons are defined both by their wavevector, k, and spin, o.
They can be polarised - £S5

Scattering cross section will depend on both the neutron-nuclear
(structure) and the nuclear spin interaction with any magnetic
moments




do _k T
d2dE k, 4nh

O-coh coh(Q a)) t O-mc inc (Q 0))]

Daouble Differantial Scattaer Cross-Saction

Lasin mesChanasen

Dregcribes the main due o neutrons scaticring inio
dE abowl E anvd 3 about £ from cdher cocrgres. B
amd directions £

Adso known as the “im-scatiering - term




Neutron Scattering Cross Section:

d’ddQ dE = (y ro)?/(2mh) k'/k N{1/2 g F4(x)}?

magnetic form factor
X Xyp (0gp— %y K5) Zy eXp(ix-l)

only measure S + k

x [ <exp(-ik-ug))exp(ix-u(t))>

x <G5,%(0) SP(t)> exp(-io t) dt
scattering ~ S?
so s=1/2 is the hardest case



Why do Neutron Scattering?

* To determine the positions and motions of atoms in condensed matter
— 1994 Nobel Prize to Shull and Brockhouse cited these areas
(see http://www.nobel.se/physi cs/educational/poster/1994/neutrons.html)

* Neutron advantages:
— Wavelength comparable with interatomic spacings
— Kinetic energy comparable with that of atomsin a solid
— Penetrating => bulk properties are measured & sample can be contained
— Weak interaction with matter aids interpretation of scattering data
— |sotopic senditivity allows contrast variation
— Neutron magnetic moment couplesto B => neutron “sees’ unpaired electron spins

* Neutron Disadvantages

— Neutron sources are weak => low signals, need for large samples etc
— Some elements (e.g. Cd, B, Gd) absorb strongly
— Kinematic restrictions (can’'t access al energy & momentum transfers)



: E—
Scattering cross section & Z(xw)

H'=H +p—_+1?
2m

d?J f{ it
AdQdE  k [ZRﬁ ) ZhK |V| ‘ m)

0. —%— - [drvir)e™

46 __K b5 (o)
dOE K

E(kw)= Z P&KI 0., i)‘zﬁ(ﬁ'z. —~E, +ho)



The Neutron has Both Particle-Like and Wave-Like Properties

e« Mass: m,=1.675 x 10?7 kg

« Charge =0; Spin =%

« Magnetic dipole moment: m, = - 1.913 m,

* Nuclear magneton: m = eh/4pm, = 5.051 x 107 J T

* Velocity (v), kinetic energy (E), wavevector (k), wavelength (I ),
temperature (T).

E=mv22 = kT = (hk/2p)2/2m.; k=2 pll =m, vi(h/2p)

Energy (meV) Temp (K) Wavelength (nm)
Cold 0.1-10 1-120 0.4-3
Thermal 5-100 60 — 1000 0.1-04
Hot 100 — 500 1000 -6000 0.04-0.1

| (nm) =395.6 /v (M/s)
E (meV) =0.02072 k? (k in nm)






Inelastic neutron scattering measures atomic motions

The concept of a pair correlation function can be generalized:

G(r,t) = probability of finding a nucleus at (r,t) given that there is one at r=0 at t=0
G,(r,t) = probability of finding a nucleus at (r,t) if the same nucleus was at r=0 at t=0
Then one finds:

% dZS O 12 kI g
gdeEE& h = Door Kk NS(Q.w) (h/2p)Q & (h/2p)w are the momentum &
, ° energy transferred to the neutron during the
eds 0 K' = scattering process
T =b.-NSQWw) IP
dWdE g K
where

S(Q,W) = % (‘fp(r’ t)ei(Q.F-vvt)dth and S (Q,W) — 2—1h &ﬁs(f”t)ei(@r*-wt)dr’dt
Y

Inelastic coherent scattering measures correlated motions of atoms
Inelastic incoherent scattering measures self-correlations e.g. diffusion



The Neutron Scattering Factor

Total Differential Cross-Section

d*o 1L ks om \2 | ' ..
("f”(”;)h—d. - TL_! (f-?f!?) Z!’J’IZ| <ks|Viki > |"0(E+E;—Ey)

d?o kpoo
— _.\' k {"'*H' )
('!H‘”':)A-r.—-#.-. ki (et

Neutron Structure Factor

] dies
S(Q,w) = W/G(r.ﬂe’@ "=t drdt
2T
! ‘\
Pair Correlation Function Fourier Transform

1 .1 s :
G(r,t) = f.).ﬁﬁT fzfsq'l < e~ ¥QT;1(0)iQr;(t) - dQ)
BT

Squires, Intfroduction to the theory of thermal neutron scattering (1996)



NIST, June 2003

POLYMER
= Inan isotropic medium, time-space pair correlation function: G(r.¢) = {n{0.0)n(r.t))
N
where n(ri)=3 d(r~r;)) presents coordinate ofall atoms at time t.
J

G(r.t) has self and distinct part, G(1.1)=Gs(r.1)+Gy(r.t). If at time t;=0 a particle was at position
1;=0. Gg(r.t) gives a probability to find the same particle around position r at time t, and Gg(r.t)
gives a probability to find another particle around position r at time t.

==f: : 3
Intermediate scattering function is a space-Fourier transform of G(r.1): fa.) = l Sl dt L

Definition from quantum mechanics: (a.2) =2 3 {esp[~tan(0)] exp[+igr, (0]} = " {exp[~ig (5 (0) = 7;(&)) )
i L

Time-Fourier transform of I(q.t) gives dynamic structure factor: Slg. @)= o | exp( = ax) g, £)dt

—w

] w
Shelg @) = 5— Jat }_[GS (r. £y exp lar— an [
There are coherent and incoherent S(q.m): :
5 (g @)= g_ja’éi[(}d(r,.ﬁ) explilgr — ar) ¥

These equations were first introduced by van Hove [van Hove, Phys.Rev. 95, 249 (1954)].



dT, dcos6,

2 42
dc _ (cm? MeV") I’él-“




van Hove Correlation Function
Differential probability that given different particle

particle at origin at t=0,|any particle ¢

will be at position r at time t.

Gr. ) =G (r.t)+G (r. t)
Hr, H)=(2n)" fI{_ Q. e TdQ

S(Q., o)=(2nh)* I [ TGy thdr dt

S,(Q. @)y=(2any” H UG (. t)dr dt

van Hove self-correlation function




:) Seionce & Technology Correlation Function Uses

Facilities Council

« Complete description of bulk dynamical
properties

« Space-time Fourier Transform of van Hove
function

« Elastic properties of materials

« Energy dissipation

« Sound propagation

Obtained directly from neutron scattering



where horizontal bar denotes for the appropriate relevant averages over and above those
included in the weight p,. Usually for an equilibrium statistical medium the canonical
Gibbsian ensemble averaging is used [5].
In other words, because the initial state of the system remains unknown the transition
amplitude must finally be averaged thermally to represent the effect of the real processes.
Let us consider again the expression (3.15) and perform the relevant averaging explicitly.
As a result we obtain
/ -1 2T 2 TR TN
dwk — k') = Z Q exp(—Ea/kBT)EK& K'V]ak)|[* (hwaa — hw) dK,dk, dK,. (3.19)
o !

Let us take into account the equality (o’ k'|V]|a k)" = (ak|V|a'k') and the integral repre-
sentation of the delta-function. Then the last expression for the transition amplitude take
the form

1
dwk — k') =) Q' exp(—Ea/kBT)ﬁ(c/ K'|V]ak)(ak|V]dK) (3.20)
00 . k/2 k2
/ exp(% (% — 5+ B = Ea) t) dtdk, ! dk..
By a contraction of this expression we get
1 [ .
duk —¥) = o / (ViaeView(t))e " dtdi. k. dk. (3.21)
where
()= (Q lexp(=Eu./ksT)...), Q= exp(—E./ksT),
and

(@ KV(H)]ak) = (o K|V]ak)exp (%(Ea/ - Ea)) ‘

3.3 Scattering Function and Cross-section

It is instructive to rewrite the expression for the cross section in another form to obtain a
better picture of scattering process. We will consider a target as a crystal with lattice period
a. As was shown above, the transition amplitude is first order in the perturbation and the
probability is consequently second order. A perturbative approximation for the transition
probability from an initial state to a final state under the action of a weak potential V' is

written as )

2m Dy (E"), (3.22)

Wk/:E

[ #riivi

where Dy (E') is the density of final scattered states. The definition of the scattering
cross-section is

Wi
do = ————. 2
7~ Tncident flux (3:23)
The incident flux is equal to Ak’/m and the density of final scattered states is
1 &3 2 hk'
D(E') = = a0, (3.24)

(2m)3 dE"  (2m)3h3 m

11



where the explicit expressions for Ky, Kpp 44 are given in papers [53, 54, 55].
Returning to Eq.(4.42), it is easy to see that if one confines himself to the diagonal
averages (Py) only, this equation may be transformed to give

d{Py)
dt = ; Kkk,qq<qu> - (Kkk + KIik) <Pkk>> (4-43)
1 E,—FE
Kik,gq = ﬁjkq,qk(Tq) = Wik, (4-44)
1 E,—F
K, + K, = o > qu,kq(qT’“) = Wiq- (4.45)
q

Here W,_; and Wj_,, are the transition probabilities expressed in the spectral intensity
terms. Using the properties of the spectral intensities, it is possible to verify that the
transition probabilities satisfy the relation of the detailed balance

Wo_r  exp(—BEy)

Wieg  exp(—BE,) (440

Finally, we have

d<c];fk> - zq: Wi (Pyq) — Z Wi—q(Pk)- (4.47)

q

This equation has the usual form of the Pauli master equation [54, 55].

4.4 Scattering of Beam of Particles by the Nonequilibrium Medium

We consider again a statistical medium (target) with Hamiltonian H,,, a probe (beam)
with Hamiltonian H, and an interaction V between the two.

H=Hy+V =H,+H,+V (4.48)

Contrary to the previous cases, this time we will consider statistical medium in a nonequi-
librium state. Let us consider the expression for the transition amplitude which describes
the change of the state of the probe per unit time

dwk — k') = %/Oo dtTr,, (pm () Vier (0) Viek (1)) exp(—iwt), (4.49)

where p,,,(t) is the nonequilibrium statistical operator of target.
Thus the partial differential cross-section is written in the form

d*o = —i/A(k—k')(r—1')—iw
dE A/OO (V(£)V(r', 1)) el /A=) =it gy gy iy (4.50)
where . "
m /
= s B = o 4.51
2n 9w & om (4.51)

24



and (...} = Tr,(p™(t) . ..). Again, we took into account that

(@ KIV]ak) = (€[V (i) D (e # R eh 4. (4.52)
Thus we obtain
dgdgEf: (4.53)
Z 3 (ol {explL R (r — 0)] explL R (0)] explin(r 1)
h

+ exp[hmR (0)] exp[ﬁ/%’Rj(T —t)] exp(—iw(T — 1)) }p™(t)| ).

It can be rewritten in another form

d?*o
T = (4.54)
1 . t i i, )
WA;;/O dT{<eXp[ﬁl€Ri(T — )] exp[ﬁ/{Rj(O)]>m exp(iw(T —t))
+ <exp[%ERi(O)] exp[%/%'Rj (1 — t)]> exp(—iw(T —t))}.
This will give the expression
Po__ 4.55
dQdE" (4.55)
( dT{QRe <exp[h/<;R (1 —1)] exp[hKR (O)]>m exp(iw(T —t)).

7,7=1

In terms of the density operators nz = S0 exp (iRR;/h) the differential cross section take

7

the form
o _ o S(R,w, 1) (4.56)
deE/ = C K,W,1), .
where .
—1
S(F.wnt) = o / dr expliw(r — )] (ne(r — s, (4.57)
0

Our approach is to construct the nonequilibrium statistical operator of the medium. To
do so, we should follow the basic formalism of the nonequilibrium statistical operator
method [54, 55, 56]. According to this approach we should take into account that

0
P = p,(t,0) = 5/ dre p,(t+7,7) = (4.58)

0 H,,
5/ dre®” exp <— hT) pq(t +7,0) exp ( >
oo i

0
ze/ dre*"exp (=S(t+ 7,7)).

25



Thus the nonequilibrium statistical operator of the medium will take the form

P (t,0) = exp (=S(t,0)) + (4.59)
/_ dre” /1 dr'exp (=7'S(t +7,7)) S(t + 7, 7) exp (= (7' = 1)S(t + 7,7)),
where
$(t,7) = exp (— HZ’;;T) $(t,0) exp (]i’gT) (4.60)
and
: _0S(t,0) 1 B
S(t,0) = 5 + z’_h[s(t’o)’H] = (4.61)
S (PP~ (B Ent))

Finally, the general expression for the scattering function of beam of neutrons by the
nonequilibrium medium in the approach of the nonequilibrium statistical operator method
is given by

-1

. w,t) <m) / dring(r — hn_s(O)), expliw(r — )]+ (4.62)

. thr!
dT dT/ e’ nm T —t)n_z(0),S(t + T')) expliw(T — t)].

Here the standard notation [56] for (A, B)" were introduced
1
(A, B) = /0 drTr [Aexp(—7S5(t,0))(B — (B)!) exp((T — 1)S(t,0))] (4.63)

palt,0) = exp(=S(£,0)); (B, = Tr(Bp,(t,0). (4.64)

Now we show that the problem of finding of the nonequilibrium statistical operator for the
beam of neutrons has many common features with the description of the small subsystem
interacting with thermal reservoir.

Let us consider again the Hamiltonian (4.48). The state of the overall system at time ¢ is
given by the statistical operator

pl0) = exp (=) ployesp (). (4.65)

p(0) = p™(0) ® p"(0) (4.66)
assumes a factorized form (p™(0) and p®(0) correspond to the density operators that repre-

sent the initial states of the system and the probe, respectively). The state of the system
and the probe at time ¢ can be described by the reduced density operators

where the initial state

o) = Trlp(t)] = Tr,n (exp<‘iH°t>pm<o> & p"(0) exp(iif;%) , (4.67)
P () = Trfp(t)] = Ty (exp(i,f“)pm(m & (0) exp(iHT”t)) , (4.68)

26



Concluding Remarks

We have presented a direct statistical
mechanical method for calculating the
differential cross section of the slow neutron
scattering on the nonequilibrium medium.

A combination of the scattering theory and the
method of the nonequilibrium statistical operator
leads to a compact and workable formalism
which gives a generalization of the Van Hove
approach.

The generalized scattering function G(q,E)
contains an essential factor connected to the
entropy production d/dt S
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