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Motivation of the work:

Femtosecond optical measurements of complex re�ection coe�cient

or coe�cient of self-absorption is e�ective tool for WDM & ultrafast

processes diagnostic [1]!

Interpretation of modern experiments on intense energy �uxes action

on matter requires to know WDM permittivity ε(ω) in wide range of

frequencies: from ω → 0 till X-ray, wide range of e− & ion

temperatures Te, Ti, wide range of densities %.

QS operator approach can be used to derive model for ε(ω) both for

relatively high (Ti � Tmelt) [2] and relatively low (Ti ≤ Tmelt) [3]
ion temperatures
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85, 271 (2007)

[2]M. Veysman, G. R�opke, M. Winkel, H. Reinholz, PRE 94, 013203 (2016).
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Motivation of the work:

Wide-range over ω, Te, Ti, % model for permittivity ε(ω) is necessary !

Figure from [Price D F et al, PRL 75, 252 (1995)]:
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Linear response theory with interband transitions

1© relevant statistical operator, introduced as generalized Gibbs
ensemble, derived from the principle of maximum of entropy:

ρ̂rel(t) = Zrel(t)
−1 exp

[
−β(Ĥ − µN̂) +

∑
n Fn(t)B̂n

]
,

Zrel(t) = Tr
[
−β(Ĥ − µN̂) +

∑
n Fn(t)B̂n

]
,

Lagrange parameters β, µ and Fn(t) are introduced to �x given averages:

Tr
{
B̂nρ(t)

}
= 〈B̂n〉 = Tr

{
B̂nρrel(t)

}
,

{Bn}, n = 1 . . . N is the chosen set of observables in the form of
momentum of density matrix for di�erent electron levels:

Bn = Pn =
∑
p

~pnnp,n,

where np,n = a+
p,nap,n, pn = m∂Ep,n/∂p, Ep,n = p2/(2mn) + En
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Linear response theory with interband transitions

1© relevant statistical operator, introduced as generalized Gibbs
ensemble, derived from the principle of maximum of entropy:

ρ̂rel(t) = Zrel(t)
−1 exp

[
−β(Ĥ − µN̂) +

∑
n Fn(t)B̂n

]
,

Zrel(t) = Tr
[
−β(Ĥ − µN̂) +

∑
n Fn(t)B̂n

]
,

Note: more general case, with L-th moments of density operator:

{BL
n}, n = 1 . . . N is the chosen set of observables in the form of

momentum of density matrix for di�erent electron levels:

BL
n = PL

n =
∑
p

~pn(Ep,n/T )(L−1)/2np,n ,

where np,n = a+
p,nap,n, pn = m∂Ep,n/∂p, Ep,n = p2/(2mn) + En
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Linear response theory with interband transitions

2© Non-equilibrium statistical operator ρ̂(t) is determined by the
dynamical evolution of the system with Hamiltonian Ĥtot = Ĥ + Ĥext(t)
and relevant statistical operator ρ̂rel(t)

ρ̂(t) = lim
ε→0

ε

∫ t

−∞
dt′e−ε(t−t

′)Û(t, t′)ρrel(t
′)Û†(t, t′),

i~∂tÛ(t, t′) = ĤtotÛ(t, t′), Ĥtot = Ĥ + Ĥext,

Ĥext(t) = −eR̂E(t), R̂ =
∑

i
r̂i,

ˆ̇R =
∑

n
P̂n/m.

If response parameters Fn(t) are small ⇒ expansion of ρ̂rel(t) and
ρ̂irrel(t) = ρ̂(t)− ρ̂rel(t) over Fn(t) ⇒ linear response equations∑

m

[
Cnm − iω∗ηnm

]
Fm =

∑
m

ηnm ,

〈P̂n〉 = eE/ωa.u.
∑

m
ηnmFm

for dimensionless response parameters Fm and average momentums
〈P̂n〉, expressed in terms of dimensionless correlation functions:
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Linear response theory with interband transitions

dimensionless response parameters Fm and correlation functions ηnm, Cnm:

Fm = Fm
mTωa.u.
eE

, ηnm =
(P̂ n; P̂m)

mT
, Cnm =

〈 ˆ̇P n; ˆ̇Pm〉ω+i0

mTωa.u.
;ω∗ =

ω

ωa.u.
;

(Â; B̂) =
∫ β

0
dτ Tr

{
Â(−i~τ)B̂+ρ0

}
, 〈Â; B̂〉z =

∫∞
0
dteizt

(
Â(t); B̂

)
3© current J = e

∑
n〈P̂ n〉 and permittivity ε are expressed via response

parameters and correlation functions:

J =
ne2

mωa.u.
E
∑

m
ηnmFm ⇒ ε(ω) = 1−

ω2
p/ω

2

1 + iν(ω)/ω
,

with complex e�ective collision frequency:

ν(ω) = ωa.u.

[
iω∗ +Q−1

ω

]
, Qω =

∑
n
SnFn, Sn =

∑
m
ηmn, ηmn = δmnNm/NΣ .

In two-level system:

Qω =
[
S2

1U22 + S2
2U11 − 2S1S2U21

]/[
U22U11 − U2

21

]
, Unm = Cnm + iω∗ηnm
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Correlation functions for e-e & e-i interactions:

H =
∑
p

Epâ
†
pâp +

∑
pk

Vei(k)â†p+kâp +
1

2

∑
p1p2k

Vee(k)â†p1+kâ
†
p2−kâp2 âp1 ⇒

correlation functions in screened Born approximation [1-3]: Cnm = Cee
nm + Cei

nm,

Cei
nm(ω) =

iZ

3π2

∞∫
0

f i
scr(y)dy

∫ ∞
−∞

dx

x

Rei
nm(x, y)

w + iδ − x
ln

[
1 + eεµ−(x/y−y)2

1 + eεµ−(x/y+y)2

]
,

Cee
nm(ω) =

i

3
√

2π2

∞∫
0

f e
scr(y)dy

∫ ∞
−∞

dx

x

Ree
nm(x, y)

w + iδ − x
ln

[
1 + eεµ−(x/y−y)2

1 + eεµ−(x/y+y)2

]
,

f
e(i)
scr (y) are screening functions.
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Correlation functions for e-ph interactions:
with Frohlich Hamiltonian:

Ĥ =
∑
k,n

Ek,nâ
+
k,nâk,n +

∑
q,λ

~ωq,λb̂+q,λb̂q,λ +
∑

k,q,n,n′,λ

gk(q, n, n′, λ)â+
k+q,nâk,n′ (̂b

+
q,λ + b̂−q,λ) ⇒

Cnm = −i/~
mωa.u.

∑
p,q,λ

{
gp−qgp(q,m, n)

[
Kp,m
p−q,n+ [np−q,n(1− np,m) + (np−q,n − np,m)Nq,λ]

−Kp,m
p−q,n− [np,m(1− np−q,n)− (np−q,n − np,m)Nq,λ]

]
pz(pz − qz)

−δmn
∑
i

gp−qgp(q, i, n)
[
Kp+q,i
p,n+ [np,n(1− np+q,i) + (np,n − np+q,i)Nq,λ]

−Kp+q,i
p,n− [np+q,i(1− np,n)− (np,n − np+q,i)Nq,λ]

]
p2
z

}
,

Kp+q,m
p,n,± =

1

∆̃p+q,m
p,n,±

[
1

ω + ∆p+q,m
p,n,±

+
1

ω −∆p+q,m
p,n,±

]
,

∆p+q,m
p,n,± =

Ep+q,m−Ep,n
~ ± ωq,λ,

∆̃p+q,m
p,n,± =

Ep+q,m−Ep,n
~ ± ωq,λ Te

Tion
,

np,n =
[
1 + e(Ep,n−µ)/Te

]−1

, Nq,λ =
[
eωq,λ/Tion − 1

]−1

, Ep,n =
p2

2mn
+ En
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Correlation functions for e-ph interactions:

With e−-phonon coupling function for longitudinal optical phonons, ωq = ωLO,
g2 = gLO(q)2 = 2πe2~ωLOε∞,0/[q

2Ω0], [G. D. Mahan, Many Particle Physics, 2000]:

Cnn =
−im2

∗
κ

∞∫
0

ydy
∞∫
−∞
dxXnn(x)∆Fnn(x, y)−

∑
i6=n

C0
in,

C0
mn=

im2
∗

4κ

∞∫
0

dy
∞∫
−∞
dx
{[(

x2

y3 + 2x
y + y

)
∆Fmn(x, y) +

m−1
∗
y ∆F̃mn(x, y)

]
Xmn(x)

+
[(

x2

y3 − 2x
y + y

)
∆Fnm(x, y) +

m−1
∗
y ∆F̃nm(x, y)

]
Xnm(x)

}
,

Xmn(x) =

[
1/ϕ(x, α)

w + iδ + ϕ(x, 1)
+

1/ϕ(x, α)

w + iδ − ϕ(x, 1)

] [
1

e4x+4wnm − 1
− 1

e4αwLO − 1

]
,

ϕ(x, t) = x+ wnm − twLO,

∆Fmn(x, y) = F1(Am− (x, y))− F1(An+(x, y)), F1(t) = ln
(
1 + 1

t

)
,

∆F̃mn(x, y) = F2(Am− (x, y))− F2(An+(x, y)), F2(t) = ln2(t) + 2 Li2(−t),

Am± (x, y) = exp
[
(x/y ± y)2 + (Em − µ)/Te

]
,

w = 1
4~ω/Te, wLO = 1

4~ωLO/Te, wnm = 1
4 (En − Em)/Te, α = Te/Tion
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Correlation functions for e-ph interactions:

With e−-phonon coupling function for longitudinal optical phonons, ωq = ωLO,
g2 = gLO(q)2 = 2πe2~ωLOε∞,0/[q

2Ω0], [G. D. Mahan, Many Particle Physics, 2000]:

Cm 6=nmn =
im2
∗

4κ

∞∫
0

dy
∞∫
−∞
dx
{[(

x2

y3 − y
)

∆Fmn(x, y) +
m−1
∗
y ∆F̃mn(x, y)

]
Xmn(x)

+ the same with m↔ n
}
,

Xmn(x) =

[
1/ϕ(x, α)

w + iδ + ϕ(x, 1)
+

1/ϕ(x, α)

w + iδ − ϕ(x, 1)

] [
1

e4x+4wnm − 1
− 1

e4αwLO − 1

]
,

ϕ(x, t) = x+ wnm − twLO,

∆Fmn(x, y) = F1(Am− (x, y))− F1(An+(x, y)), F1(t) = ln
(
1 + 1

t

)
,

∆F̃mn(x, y) = F2(Am− (x, y))− F2(An+(x, y)), F2(t) = ln2(t) + 2 Li2(−t),

Am± (x, y) = exp
[
(x/y ± y)2 + (Em − µ)/Te

]
,

w = 1
4~ω/Te, wLO = 1

4~ωLO/Te, wnm = 1
4 (En − Em)/Te, α = Te/Tion
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Simpli�ed expression for real part of C11

C′11 =
4/(3π2)

ω̃
1/2
a.u.εeff

m2
∗wLO

neλ3
e

∑
σ=±1

(e4[wLO+σw] − 1)−1 − (e4wLOα − 1)−1

wLO(α− 1)− σw

×
∞∫

0

ydy ln

1 + exp

{
µ/Te −

[
y − (wLO + σw)/y

]2}
1 + exp

{
µ/Te −

[
y + (wLO + σw)/y

]2}
 .

w = 1
4~ω/Te, ω̃au = ~ωau/Te, α = Te/Tion,

wLO = 1
4~ωLO/Te is the frequency of longitudinal optical phonons.

Without contribution of interband transitions and in
single-moment approximaion

ν(ω) = ωa.u.C11
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Some asymptotics

The case of small phonon frequencies, ~ωLO � Te, ~ωLO � Ti

1) for high laser frequencies, ~ω � Te:

C′11 ≈
m2
∗/3

π3/2εeff

Tion√
27.2 eV · ~ω

,

2) for low laser frequencies, ω ≤ ωLO:

C′11 =
m2
∗

2π3/2εeff

Tion√
27.2 eV · Te

(EF /Te)
−3/2 ln(1 + eµ/Te)×

{
1, ω � ωLO,

9/4, ω = ωLO

or

C′11 ∼ Tion/
√

27.2 eV · EF , Te � EF ,

C′11 ∼ Tion/
√

27.2 eV · Te , Te � EF .
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Numerical example: without Umklapp proceses

Re {ν} (Te), for solid-density Al with average ion charge Z = 3, ion temperature
Ti = 1eV, for di�erent laser frequencies ~ω .
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Correlation function for Umklapp processes:
with Hubbard Hamiltonian:

Ĥ =
∑
k,σ

Ekâ
+
k,σâk,σ +

U

2N

∑
k,k′,q,g,σ̂

a+
k+q−g,σâ

+
k′−q,−σâk′,−σâk,σ ⇒

C′11 = CU
(m∗/m)2U2T 2

e

E3
FEa.u.

Jω,

Jω =
4

W

2ε∆−2εµ∫
−2εµ

dt

[
1

et−W − 1
− 1

et − 1

]
ln

[
et/2 + e−B/2

et/2−B/2 + 1

]
ln

[
et/2−W /2 + e−B/2

et/2−B/2−W /2 + 1

]
,

ε∆ = ∆E/Te , εµ = µ/Te, B = εµ + ε∆, W = ~ω/Te

Low-temperature asymptotics: EF /Te � 1, µ ≈ EF , ∆E/Te � 1:

Jω =
2π2

3

[
1 +

~2ω2

4π2T 2
e

]
, C′11 ∼

U2

E3
FEa.u.

[
T 2
e +

~2ω2

4π2

]
for ~ω � EF ,

Jω =
EF + ∆E

~ω

[
π2

3
+ 2

∆2
E

T 2
e

]
, C′11 ∼ 2

U2(EF + ∆E)

E3
FEa.u.~ω

[
T 2
e
π2

6
+ ∆2

E

]
for ~ω � EF
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Correlation function for Umklapp processes:
with Hubbard Hamiltonian:

Ĥ =
∑
k,σ

Ekâ
+
k,σâk,σ +

U

2N

∑
k,k′,q,g,σ̂

a+
k+q−g,σâ

+
k′−q,−σâk′,−σâk,σ ⇒

C′11 = CU
(m∗/m)2U2T 2

e

E3
FEa.u.

Jω,

Jω =
4

W

2ε∆−2εµ∫
−2εµ

dt

[
1

et−W − 1
− 1

et − 1

]
ln

[
et/2 + e−B/2

et/2−B/2 + 1

]
ln

[
et/2−W /2 + e−B/2

et/2−B/2−W /2 + 1

]
,

ε∆ = ∆E/Te , εµ = µ/Te, B = εµ + ε∆, W = ~ω/Te

High-temperature asymptotics: EF /Te � 1, ∆E/Te � 1:

Jω =
32

9π

E3
F (EF + ∆E)3

T 6
e

, C′11 ∼
U2(EF + ∆E)3

T 4
eEa.u.

, for ~ω � EF , |µ|,

Jω = 2
(EF + ∆E)3

~ωT 2
e

, C′11 ∼
U2(1 + ∆E/EF )3

~ωEa.u.
for ~ω � EF , |µ|
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Numerical example: with Umklapp proceses

Re {ν} (Te), Absorption & Re�ection

coe�cients for solid-density Al with

average ion charge Z = 3, di�erent ion

temperatures Ti, for laser wavelength

λ0 = 0.4mkm .

Note: Umklapp & electron-phonon
interactions could occure at
Ti > Tmelt, if

t < τm =
ra
vs
≈ 7.5fs

A
5/6
at

(ZTe[eV])1/2%1/3
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Numerical example: with Umklapp proceses

Re {ν} (Te), Absorption & Re�ection

coe�cients for solid-density Al with

average ion charge Z = 3, ion

temperature Ti = 0.04eV, for di�erent

laser frequencies ~ω .
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Conclusions

Simple wide-range (over ω) expressions for correlation functions,

complex collision frequency ν(ω) and permittivity ε(ω) are obtained

using QS approach, LRT, Frohlich Hamiltonian for e−-phonon and

Habbard Hamiltonian for e−�e− interactions

The model gives dependencies of ν & ε due to e−-phonon

interactions on ω, Te and Ti. For Te, Ti > ~ωLO usual dependence

Re {ν} ∼ Ti follows. Dependence on Te and dependence on Ti at

Te < ~ωLO can be more complex.

The model permits one to take into account interband transitions.

Similar approach for accounting interband transitions at higher

electron temperatures can be done with Hamiltonian containing e-e

and e-i interactions instead of e-ph interaction.

Model accounts for Umklapp processes and their dependence on ω

The material is partly contained at [M.Veysman H.Reinholz G.Roepke, J.
Phys., Conf. Ser., to be published, 2018]
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