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Outline 

•  Plasma conductivity, kinetic theory 
•  Generalized linear response theory 
•  Perturbation expansions 
•  Entropy production 
•  Recent work 

D.N. Zubarev 



Ohm’s law  
Charged particle system: electrons and protons, external electric field E 
 

 

 Thermodynamics of irreversible processes  

Voltage U   electrical current I 

Resistivity  

current density 

conductivity  

transport coefficient 

heat production  entropy production  



Microscopic approach 
microscopic (atomistic) model 

Hamiltonian  

c, d : electrons, protons 

bath??? open system, stationary state 

Coulomb interaction 



Lorentz plasma 
neglect e-e interaction, only mean field. neutralizing 
background, adiabatic limit, ions at fixed positions Ri 

Lorentz plasma model (condensed matter) 

Hamiltonian for the electron subsystem 

isotropic system 

 statically screened Coulomb potential 



Boltzmann equation 

Collision integral 

single-particle distribution function 

ideal gas as equilibrium solution  
implementation of correlations, conservation of energy  

low-density limit 

Degeneration 

Dense, strongly interacting systems? 



Solution 
Fokker-Planck equation 

 Lorentz plasma model 

 Coulomb plasma (Spitzer) 

virial expansions 

relaxation time ansatz 

Coulomb: s = 0.591 

Lorentz: s = 1.0159 



The Zubarev NSO method 

Selection of the set of relevant observables 

Extended von Neumann equation 

principle of weakening of initial correlations (Bogoliubov) 

time evolution operator 

relevant statistical operator: maximum of information entropy 

self-consistency relations 

after thermodynamic limit 



Thermodynamic equilibrium 

entropy 

not valid in nonequilibrium 

equilibrium 

Extremum of information entropy 

Gibbs distribution 



Relevant statistical operator 
State of the system in the past 

Construction of the relevant statistical operator at time t 

Generalized Gibbs distribution 

But: von Neumann equation? 
Entropy? 



The Zubarev solution of the 
initial value problem  

Use the relevant statistical operator as initial state, 
The missing correlations are produced dynamically 

Abel’s theorem 



Generalized linear response 
theory  

External field 

Elimination of the response parameters Fn 

response: currents etc. 



Elimination  
of the Lagrange multipliers  

h(t), F(t) small, expand all, linearization  

Response equations 



Kubo formula  

numerical simulations 

thermodynamic Green’s functions, and 
Feynman diagrams, path integral methods 

Other expressions: integration by parts 



Force–force correlation function  

Ziman formula 

Response equation 

Relevant observable 



Extended set  
of relevant observables  

arbitrary moments of the single- particle distribution function 

one-moment approach 

exact 

Single-particle distribution function  
and the general form of the linearized Boltzmann equation  

Two-particle distribution function, bound states  



Green’s function approach for 
the Kubo formula  

Zeroth order  
with respect to the interaction 
spectral density 

Fourier transform 

Correlation function 

Green function 

Polarization function 



Higher orders 
Dressed propagators 

Instead of the total cross section       the transport cross section should appear. 

Vertex  
contribution 

Electron-ion collisions, Born approximation 

Self-energy 



Kubo–Greenwood approach  
atoms (70) in a (periodic) box, Kohn-Sham: DFT-MD 

For the dc conductivity follows 

Perturbation theory, Lorentz plasma 

. smearing 



stochastic forces  

V. P. Kalashnikov,  
Linear relaxation equations in the nonequilibrium statistical operator method,  
Teor Mat. Fiz. 34, 412 (1978) 

stochastic forces: 

Markov limit: Plateau problem  



Outlook 
memory-function approach 

Defining the memory function as the “proper” part of the force– force 
correlation function corresponds to introducing the projected Liouville 
superoperator in the Mori approach  

A.A. Vladimirov, D. Ihle, and N. M. Plakida, “Optical and dc conductivities of cuprates: Spin 
fluctuation scattering in the t–J model,” Phys. Rev. B, 85, 224536 (2012) 

H. Mori, “A continued-fraction representation of the time-correlation functions,”  
Progr. Theoret. Phys., 34, 399–416 (1965). 



Problems 
•  Is the virial expansion correct? 
•  Extension of the set of relevant observables 
•  Hopping conductivity 
•  Treatment of initial correlations 
•  Kinetic and hydrodynamic approaches 

H. Reinholz, G. Ropke, S. Rosmej, and R. Redmer, “Conductivity of warm dense matter 
including electron– electron collisions,” Phys. Rev. E, 91, 043105 (2015). 

V. Christoph and G. Ropke, “Theory of inverse linear response coefficients,” Phys. Stat. Sol. (B), 
131, 11–42 (1985). 

D. N. Zubarev, V. G. Morozov, I. P. Omelyan, and M. V. Tokarchuk, 
 “Unification of the kinetic and hydrodynamic approaches in the theory of dense gases and liquids,” 
Theor. Math. Phys., 96, 997–1012 (1993). 

V. D. Morozov and G. Ropke, “The ‘mixed’ Green’s function approach to quantum kinetics with 
initial correlations,” Ann. Phys. (N. Y.), 278, 127–177 (1999) 



Open systems 
•  Heat production and entropy (E2) 
•  Coupling to the radiation field 
•  Slip 
•  Finite value of the source term 
•  Scattering theory 
 

M. Gell-Mann and M. L. Goldberger, 
 “The formal theory of scattering,” Phys. Rev., 91, 398–408 (1953). 

R. Der and G. Ropke, “Influence of infinitesimal source terms in the Liouville equation (Zubarev’s 
method) on macroscopic evolution equations,” Phys. Lett. A, 95, 347–349 (1983) 

G. Ropke, A. Selchow, A. Wierling, and H. Reinholz, “Lindhard dielectric function in the relaxation-time 
approximation and generalized linear response theory,” Phys. Lett. A, 260, 365–369 (1999) 
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evaluation of equilibrium 
correlation functions  

numerical simulations 

thermodynamic Green’s functions, and Feynman 
diagrams, path integral methods 



Virial expansion of the resistivity 

G.R., Phys. Rev. A 38, 3001 (1988) 



Virial expansion of the plasma 
conductivity  



Quantum Statistical Approach to Nonequilibrium 
Generalized Gibbs ensemble 

from the maximum of entropy at given mean values 

  

€ 

∂
∂t
ρ(t) +

i

Hs + Hf

t , ρ(t)[ ] = −ε ρ(t) − ρrel (t)( )

Equation of evolution for the nonequilibrium statistical operator (Zubarev) 

Choice of the set of relevant observables:  
fluctuation of the single-particle occupation number 

D. Zubarev, V. Morozov, G. R., Statistical Mechanics of Nonequilibrium Processes, Berlin 1996 



Kinetic Theory from Nonequilibrium QED 



Linear Response Theory 

€ 

Hf
t = h j

j
∑ eiωt A jWeak external fields h, 

First order expansion with respect to the response parameter F 

Equilibrium correlation functions: Green's functions, MD simulations  

Fluctuation of the single-particle occupation number 

Response equation for the single-particle distribution function   

Linearized Boltzmann equation, Kubo formula, generalized FDT 
Solutions: moment expansions, Kohler variational principle 



Evaluation of transport coefficients 

Electron-ion collisions, zero frequency limit: relaxation time ansatz 
Electron-electron collisions, arbitrary frequencies: Kohler variational principle 
Single moment approach: Kubo-Nakano formula 

Evaluation of correlation functions,    solution of the response equations 

  

€ 

σαβ ω( ) =
1
V

dte( iω−ε )t
0

∞

∫ Jβ (−iλ) Jα (t)
0

β

∫ dλ

Zero frequency limit: Ziman-Faber formula, Spitzer result 
High frequency limit: Bremsstrahlung, Kramers formula 

More explicit: Kubo-Greenwood formula 

  

€ 

σαβ ω( ) =
πe2

m2ωV
k1 pα k2

k1k2

∑ k2 pβ k1 fk1 − fk2( )δ ω + εk1 −εk2( )[ ]
(perturbation expansion at zero frequency is diverging, partial summations) 



Classical ED: radiation reaction 

•  Lorentz-Abraham-Dirac (LAD) equation 
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•  self-acceleration 
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•   non-relativistic motion, weak reaction fields 



Quantum Statistical Approach to Nonequilibrium 

€ 

Hs = Ep
p
∑ ap

+ap + V (q)
pq
∑ ap+q

+ ap

  

€ 

H f
t = −e

 
E (t)  

r i
i
∑

System Hamiltonian (electron - impurity scattering) 

External time dependent field 

  

€ 

∂
∂t
ρ(t) +

i

Hs + Hf

t , ρ(t)[ ] = 0

Equation of motion for the statistical operator (v. Neumann) 

Initial conditions?  Entropy?  Equilibrium: Gibbs ensemble 



Kinetic equations 

Coalescence model 

Boltzmann equation 

Collision integral 

Selection of the set of relevant observables 

Single-particle distribution function 

Formation of clusters: 



Electrical conductivity of charged particle systems and the Zubarev NSO method

G. Röpke
Universität Rostock, Institut für Physik, 18051 Rostock, Germany

(Dated: July 13, 2017)

One of the fundamental problems in physics which are not rigorously solved yet is the statistical
mechanics of nonequilibrium processes. An important contribution to describe irreversible behav-
ior starting from reversible Hamiltonian dynamics was given by D. N. Zubarev who invented the
method of the nonequilibrium statistical operator (NSO). We discuss this approach, in particular the
extended von Neumann equation, and consider as example the electrical conductivity of a charged
particle system. The selection of the set of relevant observables is considered. The relation between
kinetic theory and linear response theory is shown. Using thermodynamic Green functions, a sys-
tematic treatment of correlation functions is given, but convergence has to be investigated. Di↵erent
expressions for the conductivity are compared, and open questions are identified.

I. THE ZUBAREV NSO METHOD

After the laws of thermodynamics have been formulated in the 19th century, in particular the definition of entropy
for systems in thermodynamic equilibrium and the increase of intrinsic entropy in nonequilibrium processes, the
microscopic approach to the nonequilibrium evolution was first given by Ludwig Boltzmann who formulated the
kinetic theory of gases [1] using the famous Stoßzahlansatz. The question how irreversible evolution in time can
be obtained from reversible microscopic equations has been arisen immediately and controversially discussed. The
rigorous derivation of the kinetic equations from a microscopic description of a system was given only long time
afterwards by Bogoliubov [2] introducing a new additional theorem, the principle of weakening of initial correlations.

A generalization has been given by Zubarev [3] who invented the method of the nonequilibrium statistical operator
(NSO). This approach has been applied to various problems in nonequilibrium statistical physics, see [4, 5] and may
be considered as a unified, fundamental approach to non equilibrium systems which includes di↵erent theories such
as kinetic theory (KT), linear response theory (LRT), and quantum master equations (QMA). We present here the
LRT with special application to the electrical conductivity of charged particle systems. Di↵erent expressions are
discussed and their relations are given. The Ziman, Spitzer, and Kubo-Greenwood expressions are considered. A
Green function approach [6] to evaluate correlation functions is investigated. Hopping conductivity, convergence, and
virial expansions are discussed, and the problem of entropy production is outlined.

An exhaustive review of the Zubarev NSO method and its manyfold applications cannot be given here. We discuss
only a very special application, the evaluation of the electrical conductivity of charge particle systems. For more
references see also the recent publications [7–9].

Within statistical mechanics, the thermodynamic state of an ensemble of many-particle systems at time t is described
by the statistical operator ⇢(t). We assume that the time evolution of the quantum state of the system is given by the
Hamiltonian Ht which may contain time-dependent external fields. The von Neumann equation follows as equation
of motion for the statistical operator,

@

@t
⇢(t) +

i
h̄

⇥

Ht, ⇢(t)
⇤

= 0. (1)

The von Neumann equation describes reversible dynamics. The equation of motion is based on the Schrödinger
equation. Time inversion and conjugate complex means that the first term on the left hand side as well as the
second one change the sign, since i ! �i and both the Hamiltonian and the statistical operator are Hermitean.
However, the von Neumann equation is not su�cient to determine ⇢(t) because it is a first order di↵erential equa-
tion, and an initial value ⇢(t0) at time t0 is necessary to specify a solution. This problem emerges clearly in equilibrium.

Thermodynamic equilibrium. By definition, in thermodynamic equilibrium, the thermodynamic state of the system
is not changing with time. Both, Ht and ⇢(t), are not depending on t so that

@

@t
⇢eq(t) = 0. (2)

The solution of the von Neumann equation in thermodynamic equilibrium becomes trivial,

i
h̄

[H, ⇢eq] = 0. (3)



Fluctuation - Dissipation Theorem  
Relation between the dielectric function, the polarization function, 
and the dynamical conductivity 



Quantum Statistical Approach to Nonequilibrium 

€ 

β



Fluctuation - Dissipation Theorem for Absorption 
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A.L. Kuzemsky 





Nonequilibrium statistical 
operator (NSO) 

•  D. N. Zubarev, Nonequilibrium Statistical Thermodynamics [in 
Russian], Nauka, Moscow (1971); English transl., Consultants Bureau, 
New York (1974); “The statistical operator for nonequilibrium systems,” 
Sov. Phys. Dokl., 6, 776–778 (1962).  

•  D. Zubarev, V. Morozov, and G. Ropke, Statistical Mechanics of 
Nonequilibrium Processes, Vol. 1, Basic Concepts, Kinetic Theory, 
Akademie-Verlag, Berlin (1996). 

•  D. Zubarev, V. Morozov, and G. Ropke, Statistical Mechanics of 
Nonequilibrium Processes, Vol. 2, Relaxation and Hydrodynamic 
Processes, Akademie-Verlag, Berlin (1997).  

•   N. N. Bogoliubov, Problems of Dynamical Theory in Statistical Physics 
[in Russian], Gostekhteorizdat, Moscow (1946).  

•  L. Boltzmann, Vorlesungen ueber Gastheorie, Vol. 2, J. A. Barth, 
Leipzig (1912). 

•  DeGroot-Mazur, Gibbs, Shannon, etc. 
 



Father of methods 

Selection of the set of relevant observables 

Extended von Neumann equation 

principle of weakening of initial correlations (Bogoliubov) 

time evolution operator 

relevant statistical operator: maximum of information entropy 

self-consistency relations 

after thermodynamic limit 



The freeze-out approach 

elimination: EoS  

H,Nn,Np 

Expanding fireball: dependence on time t 

Relaxation time 

Selection of the set of relevant observables 

L. P. Csernai and J. I. Kapusta, Phys. Rep. 131, 223 (1986)  

Markov approximation 

Lagrange parameters 

maximum of information entropy 

Composition (formation of bound states) 

Gibbs ensembles 



Kinetic equations 

Coalescence model 

Boltzmann equation 

Collision integral 

Selection of the set of relevant observables 

Single-particle distribution function 

Formation of clusters: 





Cluster formation 

D. N. Zubarev, V. G. Morozov, I. P. Omelyan, and M. V. Tokarchuk, Theoret. Math. Phys. 96, 997 (1993)  

G. Ropke and H. Schulz, Nucl. Phys. A 477, 472 (1988)  

Selection of the set of relevant observables 

quasi-particle distribution function of bound states 

Single-particle distribution function 



Formation of light clusters in heavy 
ion reactions, transport codes 

Wigner distribution 

cluster mean-field potential 

loss rate 

in-medium  
breakup transition operator 

breakup cross section 

C. Kuhrts, M. Beyer, P. Danielewicz, and G. Ropke, Phys. Rev. C 63, 034605 (2001) 

P. Danielewicz and Q. Pan, Phys. Rev. C 46, 2002 (1992) 



Mott effect, in-medium cross section  

C. Kuhrts, PRC 63,034605 (2001) 





My stay at MIAN 1968 - 69 
•  S. V. Tyablikov 
•  Born: September 7, 1921, Klin 
•  Died: March 17, 1968, Moscow 

Y.G. Rudoy, Theor. Math. Phys. 168, 1318 (2011)  
The Bogoliubov-Tyablikov Green’s function method in 
the quantum theory of magnetism 
 

Spin waves  
in magnetism 



Zubarev’s Book on NSO 

•  Nonequilibrium Statistical Thermodynamics, 
Consult Bureau, New York, 1974,  

•  (Dmitrii Nikolaevich Zubarev. Nonequilibrium 
Statistical Thermodynamics. Studies in 
Soviet Science. Consultants Bureau, New 
York, 1974. 

•  Translated from Russian by P. J. Shepherd. 
Edited by P. J. Shepherd and P. Gray. 243 )  

•  where he presented the method of the 
Nonequilibrium Statistical Operator.  

D. N. Zubarev, Nonequilibrium Statistical Thermodynamics [in Russian], 
Nauka, Moscow (1971) 

German translation:  
Statistische Thermodynamik fuer das Nichtgleichgewicht 





P. J. Shepherd 
johnshepherd1943@hotmail.co.uk 
08.02.2013 
Our books, and Russia in 1969 

Герд, привет! 

I remember you well from the days when we both worked with Dmitrii 
Nikolaevich Zubarev at the Steklov Institute in 1969.  (I subsequently 
translated his Nonequilibrium Statistical Mechanics for Plenum.) 

I attach a photo taken when we visited Vladimir in June 1969. I hope you 
like it.  I like it very much, not least because we all look so young!   

Best wishes, 
John 



Some personal retrospections 
•  25 years after 2nd world war 
•  participated in the Battle of Moscow and met the 

end of the war in Berlin (de-miner). 
•  With G. Hertz who was made head of Institute 

G, in Agudzery, about 10 km southeast of 
Sukhumi and a suburb of Gulrip'shi. Separation 
of isotopes by diffusion in a flow of inert gases.  

•  Participation in Soviet Nuclear Project 
•  Wife: Galina Rudolfovna, Leningrad 
•  Overnight at a  railway station: main idea 
•  accommodation: book1, book 2 for a car. 
•  Accurate and “European” style 
•  Contacts to many people, Nikolay Nikolayevich 
•  visits to Germany/Rostock 



Publication output 
citations 



The mostly cited papers 



NSO: progress and challenges 
•  General method, unifying different approaches 

•  Very powerful, various problems 

•  Discussion of entropy, irreversibility,  

•  Open questions: selection of relevant observables, limit eps to 0, really 
increase of entropy? 

•  turbulence 


