Three-Body Problem and Precision Physics

V.l. Korobov

Joint Institute for Nuclear Research
141980, Dubna, Russia

23

Yerevan, October, 2024

V.1. Korobov NRQED



Content

@ Quantum Three-Body Problem
@ Nonrelativistic Quantum Mechanics (NRQED)
© Physics of exotic atoms

@ Precision Spectroscopy of the Hydrogen molecular ions

V.1. Korobov NRQED



Quantum Three-Body Problem P a
J Variational expansion

Helium atom

Variational expansion

V.1. Korobov NRQED



Quantum Three-Body Problem P a
J Variational expansion

Helium atom

Variational Principle for bound states

We solve a stationary Schrodinger equation,
HV = EV,

We assume that Hamiltonian H is a selfadjoint operator in a Hilbert
space, which satisfies

H >, (1)

where c is some constant, not necessarily positive.
Let us define a functional

o) = 50

This functional is bound from below by c. Stationary points of the
functional (1) determine energies and WF of bound states.
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Quantum Three-Body Problem P a
J Variational expansion

Helium atom

Exponential expansion

This basis has a long history, probably the first explicit formulation of the
method has been done by Power and Somorjai?

The wave function is taken in the form

—Qph— rn— r
Vypm(r,r) E Chiiyn Vi (11, ro)eOnnt=Bor—Tariz
h+h=L or L+1

where «,,, B,, and -y, are randomly generated parameters:
1. .
o = HQI(I + 1)1/paJ (Ay — A1) + Al} +
. 1.
+i { Hzl(l + 1)\/an (A, — A]) + A'l] } :

| x| designates the fractional part of x, p, and g, are some prime
numbers. Parameters 3; and ; are obtained in a similar way.

2J.D. Power and R.L. Somorjai, Phys. Rev. A 5 (1972) 2401



Quantum Three-Body Problem P a
J Variational expansion

Helium atom

Exponential expansion. Main properties

One of the merits of the method is a very high convergence rate (in
common).

Demerits of the method:

@ Fast degeneracy of the basis set with increase of the basis. In a
double precision arithmetics already for N ~ 200 calculations become
unstable. That may be cured by the use of multiprecision packages,
which allows to work with arbitrary number of significant digits.

@ For the helium atom ground state for large N rate of convergence
become rapidly to slow down.

o Slow convergence for systems with two heavy particles as H3 .
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Quantum Three-Body Problem

Variational ¢
Helium atom

Helium atom

PHYSICAL REVIEW A 98012510 (2018)

Nonrelativistic energy levels of helium atoms
D.T. Aznabaev."* A. K. Bekbaev."* and Viadimir I. Korobov'-

TABLE II. Nonrelativistic energies of the S, P, D, and F states of a helium atom. N is the number of basis functions. The two lines
represent two consecutive calculations with the largest basis sets to show convergent digits. The third line presents calculations by Drake and

Yan [23].

State N E,, State N E,

1's 18000  —2.9037243770 34119 59831 1159245194 40432 4'S 14000 358 67170 30725 44743 92926 44363 64

1's 22000  —2.90372 43770 34119 59831 11592 45194 40443 4's 18000 58 67170 30725 44743 92926 44363 87

2'§ 18000  —2.14597 40460 54417 41580 50289 75461 918 £ 14000  —2.03651 20830 98236 29958 03780 71617 853

2'§ 22000 14597 40460 54417 41580 50289 75461 921 £ 16000  —2.03651 20830 98236 29958 03780 71617 874
[23] —2.14597 40460 5443(5)

2’5 14000  —2.17522 93782 36791 30573 89782 78206 81124  4'P 18000  —2.03106 96504 50240 71475 89314 36090 3

238 16000 17522 93782 36791 30573 89782 78206 81125 4'P 22000 2.03106 96504 50240 71475 89314 36094 1
[23] —2.17522 93782 367912(1) 23] —2.03106 96504 5024(3)

2'p 18000  —2.12384 30864 98101 35924 73331 42354 4£p 18000  —2.03232 43542 96630 33195 38824 67087

2'p 22000  —2.12384 30864 98101 35924 73331 42374 4P 22000 —2.03232 43542 96630 33195 38824 67103
[23] 384 30864 98092(8) 23] —2.03232 43542 9662(2)

2P 16000 —2.13316 41907 79283 20514 69927 63793 4'D 22000 —2.03127 98461 78684 99621 39438 073

2°p 18000  —2.13316 41907 79283 20514 69927 63806 4'D 26000 —2.03127 98461 78684 99621 39438 143

[23] —2.

316 41907 7927(1) [23] —2.03127 98461 78687(7)
3ls 18000 —2.06127 19897 40908 65074 03499 37089 2816 4D 18000  —2.03128 88475 01795 53802 34920 591

3ls 22000  —2.06127 19897 40908 65074 03499 37089 2824 4D 22000 2.03128 88475 01795 53802 34920 630
[23] —2.03128 88475 01795(3)

33s 14000  —2.06868 90674 72457 19199 65329 11291 75048~ 4'F 18000  —2.03125 51443 81748 60863 20824 071

3s 16000 —2.06868 90674 72457 19199 65329 11291 75049  4'F 22000 3125 51443 81748 60863 20824 079

[23] —2.03125 51443 81749(1)
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Quantum Three-Body Problem / .
Y Variational expansion

Helium atom

Other examples

system E
*Hetp(L=34,v=1) Kino —2.996335432
Korobov  —2.9963354479662700(5)
H3 (L=0,v=19) Moss —0.49973123063

Korobov ~ —0.499731230655812(2)

The last example is of special interest since that is the last vibrational
S-state. The wave function of this state has 19 nodes(!), and a binding
energy is 3.390939346 x 107° a.u., that is five orders less than the
binding energy of the ground state.
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Nonrelativistic QED 3as and perturbation theory

Concept of NRQED

stic and radiative contributions

- 1
Lqep =Y [(i0 — e A)y — m| ¢ — ZFMVija

4

Nonrelativistic QED

LNRQED

4

Effective Hamiltonian

p2 Z.z;
Hog = Z ﬁ + e? Z r—J -+ higher order corrections

j>i Y
(Here P; = p; + eA)



Nonrelativistic QED 3asit and perturbation theory
tivistic and radiative contributions

Nonrelativistic QED Lagrangian

The Lagrangian for NRQED is built out nonrelativistic (two-component)
Pauli spinor fields 1) for each of the electron, positron, muon, proton, etc.
Photons are treated in the same fashion as in QED.

Lot = —3(E2 = B2) + 92 (10 — e+ o+ &5+ ) e
+¢} (cFr0B + cpge [DE| + csg2= {0 [ID X E]}) .
+ higher order terms + muon, proton, etc.
— G (Yroethe) (Y oote) + m i (Wite) (Withe) + - -

where D = V — jeA.
cp = 1—1—2/-1—1—%% [In (ﬁ)—%—g—%} ;
cs =1+ 2k,
cr =14k,

dh = (Zay =2 In (g) :
e 4 “

s = (Za) {3210 (§) + 52y [mem (2) = miin ()]}

V.1. Korobov NRQED
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Principles of NRQED
B int and perturbation theory
Leading order relativistic and radiative contributions

Nonrelativistic QED

NRQED requirements

Requirements for the NRQED Lagrangian interaction terms:

o Hermiticity;

@ Gauge invariance. We use covariant derivatives: D = V —jeA;

@ Parity. The Lagrangian should be parity even;

@ Time reversal. The Lagrangian should be even under time reversal

transformation.

@ Coupling constants are determined by requiring that predictions of
QED and NRQED agree to a desired order in (v/c);

@ Contributions from QED that involve relativistic loop momenta are
absorbed into NRQED in a form of various local interactions.

V.1. Korobov NRQED



Principles of NRQED
Nonrelativistic QED Basic interactions and perturbation theory

Leading orde tivistic and radiative contributions

Basic interactions
and perturbation theory
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Nonrelativistic QED i ctions and perturbation theory
Leading order relativistic and radiative contributions

Examples of basic interactions in NRQED. Vertices.

Coulomb "dipole” A?
'+ 2 [ 50
‘ —e "] altd
p T p’ p p' p p’
I
I
I
I
I
I
Darwin's Fermi's spin—orbit
—e [ge] @ e [2] (axo) e [52] (P'xp)- o
M) M)
p P P p’ p P

1 N\ P
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

Here q = p’—p is a transferred impulse of the particle.
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Principles of NRQED
Nonrelativistic QED Basic interactions and perturbation theory
Leading order relativistic and radiative contributions

NRQED propagators

A natural choice of a gauge for the electromagnetic field is the Coulomb
gauge (kA = 0)

1
G% = Pl — the Coulomb photon propagator,
Gi — 8ij — kik;/k>
k2+ie — the transverse photon propagator,

GY =GP =0, i,j=1,23.

For exchange photons kg ~ ma? and

1 kik;

Propagators for massive particles

1
E—p2/(2m)+ic’

V.1. Korobov NRQED



Nonrelativistic QED i ons and perturbation theory
Leading order relativistic and radiative contributions

Zero-order approximation and perturbation theory

Zero-order approximation is the nonrelativistic Hamiltonian

p; o e ZZ

Ho = =5
" 2m,- 4 £— rij
i J>i

Its Green's function is defined as follows

Ko(2,1) = e "0(2=0) = 1i5/0t, — Hy(2)] Ko(2,1) = i6(2,1).

Let H = Hy + V, then we can expand K in increasing powers of V:
K(2,1) = Ko(2,1) + KP(2,1) + KP(2,1) + . ..

For instantaneous interaction: ¢

K®M(2,1) = —i/K0(2,3)V(3)K0(371) drs,
For a transverse photon:
K®M(2,1) = —i/Ko(2,4)V(4)G(47 3)Ko(4,3)V(3)Ko(3,1)dTsd s,

Functions V/(3) and V/(4) are some vertex functions of inter- F
action with the electro-magnetic field. S

V.1. Korobov NRQED
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ri
Ba: and perturbation theory

Nonrelativistic QED eractio
Leading order relativistic and radiative contributions

Leading order relativistic
and radiative contributions.
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Principl f NRQED
Nonrelativistic QED Basic interactions and perturbation theory
Leading order relativistic and radiative contributions

Breit-Pauli Hamiltonian

p2 2 p2 ) p2 P
B — —_— —OO—
I
i | i
| | I
1 4 14 1 q
| 1 I
1 I 1
B _—— —
D1 A 1 A 1 A
2/ 1 2 (2 1 2 (2) /| ie2laxpo]
e<r ?‘f> —e“cp <r Q'f> e cg <I'W f
P2 2 D2 Ph D2 Ph
q q q
D1 B . A 1 A 1 A
_2 ;| am (eag ) | 2. (] iwalaxe] |, 2.0, /] laxoyllaxel |,
my mp q* F 2m1 myq F°F 4my myq
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Princip NRQED
Nonrelativistic QED Basic interactions and perturbation theory
Leading order relativistic and radiative contributions

Electron self-energy. Low energy approximation

We use a quasi-relativistic appro-  In a limit of small g and taking

ximation to the self-energy contri- into account a new regularization
bution parameter A\
" 4
r(l):iez/dk m y , anz e 3 5
(2l7f)“ 2m ) My P) =7 oy 515
X E+k—(p—W7/2m E+K—(p'—K)?/2m L2 g,
2m 27w
’ ’ i z
p’ +(p’ +k) 1 i KK R
) 2z K= ’ 7k2+)\2min ' 772 (" 7"7")

V.1. Korobov NRQED



ri f NRQED
Nonrelativistic QED Basi ns and perturbation theory
Leading order relativistic and radiative contributions

Self-energy correction in the NRQED. Low energy.

k<A
-

The ultrasoft scale contribution may be expressed:

2a A 1 Y
EL = 37'('m2 /0 k dk <p (EO—I-I—/(> p> —om <?;,)0|?/)0>.

The integrand may be further rearranged using the operator identity

1 (B —H)?
K2 Ey—H—k

(Eo—H—k) ™' =—-1/k — %(EO—H) +

that results in

E =20 {—<p2>/\+<p[H7p]>ln/\+/CZ( <pwp>}

= 3rm?
—om (tho|tbo)-
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E - RQED
Nonrelativistic QED B s and perturbation theory
Leading order relativistic and radiative contributions

Self-energy correction in the NRQED. Low energy.

Thus, the remaining part may be split onto a finite nonlogarithmic
contribution

200 [ 1 1
E© — / k dk - 4=
£ =32 ) PlE—A—k k)P

20 [® dk | (Eg—H)?
t3—s — (P=—7 P
m? Je Tk \' Ep—H—k

and the divergent part

@) 2a
B = 3rm? (

which results in appearance of the logarithmic term, the cut-of parameter

is later canceled out by the logarithmic contribution from the high energy

part. Here Ej, is the Hartree energy and E, = ma?.

/A a;f) <p[H7P]>:#|nEAh (4rZa(é(r)))

Ej

V.1. Korobov NRQED



E - RQED
Nonrelativistic QED B s and perturbation theory
Leading order relativistic and radiative contributions

Self-energy correction in the NRQED. High Energy

Let us consider the Darwin term in the NRQED Lagrangian

@
CDW [DE}

For an electron the coefficients cp is defined as follows
cp = 1+ 2a, +8m*F](0)

QU AR S ORI OR

where a. is the anomalous magnetic moment of an electron, A is a
NRQED cutoff parameter.

V.1. Korobov NRQED
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Self-energy correction in the NRQED. High energy.

Here we take the ma® order contribution from the NRQED Lagrangian
Darwin term:

E ——£47TZO(<5(I’)> 5 =25 '+3§ |n(ﬁ)+§—§
= " gm? ’ D 73 2A) "6 8|

Then we get for the self-energy contribution for S states

Et =

o E;, 5
ey Ina™ +1In—" A —In2+ 6} 4nZa(d(r)).
Summing up the E; and Ey contributions we see that the cutoff

parameter A cancels out and we've got a finite expression for the
self-energy contribution.

V.1. Korobov NRQED



d perturbation theory

stic and radiative contributions

Replacing E, — 2R, we arrive at the well-known expression®

Ina? — Infko(n, )/ Roc] + } WIsWI)
a(Za)<w r><p 0’w>

2T m?

where In(ko/Rx) is the Bethe logarithm

In[ko(n, 1)/ Rxo]

Z pOnpnO E *EO) |n(‘En*EO‘/R%)
pOnpnO(En - EO)

1H.A. Bethe and E.E. Salpeter, Quantum mechanics of one— and two—electron
atoms, Plenum Publishing Co., New York, 1977.
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Applications

Physics of exotic atoms
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Physics of exotic atoms

Applications

Muon Catalysed Fusion

Cycle rate
A

Reactions:
d+t—*He+n+ 17,6 MaB,
d+d—"He+n+3,3M>3B,

d+d—t+p+40M>3B,

p+d—="He+vy+5,5Ms3B.

Mesic
molecule
formation

Fusion

Sticking

]

Figure 1. The principal muon catalysis fusion cycle in a
deuterium and tritium mixture.

V.1. Korobov NRQED
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Applications

Antiprotonic Helium. Experiment of year 2010.

Proton @
Neutron @

Two-photon signel intensiy (a.0)

Ve

Laser frequency offset (Grz)

Figure 2 | Profiles of sub-Doppler two-photon resonances. 3, Doppler- and
power-brosdened profile of the single-photon resonance (36, 34) — (35,33) of
j*He* . b, Sub-Doppler two-photon profile of (36, 34 involving the
same parent state. c, d, Profiles of (33, 32) — (31, 30) of p*He* (c)and (35,
33)—> (33, 31) of PPHe * (d). Black filled circles indicate experimental data
points with 1-5.d error bars blue lines are best fits of theoretical line profiles
(see text) and partly overlapping arrows indicate positions of the hyperfine
lines. au., arbitrary units.

[M. Hori et al. Nature 475, 484 (2011)]

Transition frequency (MHz)

Isotope Transition
nho(n=21-2)
Experiment Theory
pHe' (36, 34)— (34,32) 1,522,107,062(4)(3)(2) 1522,107,058.3(2.1)(0.3)
(33,32)— (31,30) 2,145,054,858(5)(5)(2) 2,145,054,857.9(1.6)0.3)
pHe' (35,33)— (33,31) 1,553,643,100(7)(7)(3) 1553,643,100.7(2.2)(0.2)

Experimental values show respective total, statistical and systematic 1-s.d. errors in parentheses; theoretical values (ref. 3 and V. I. Korobov, personal communication) show respective uncertainties from

uncalculated QED terms and numerical errors in parentheses.

A, (e) = 0.000 548 579909 1(7) [1.4x1077]
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Applications

Antiprotonic Helium in Russian

[F= =)
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R 06 obpasozamnr
Morop

@H3HKH B3BECHIH aHTHOPOTOHE! B aTOMKYJIaX
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Macc-meana

Tpyrma ysesrx Macai Xopu (Masaki
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ax v c =
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10 Precision Spectroscopy of HDT
Applications

Modern status. Experiment

Masaki Hori et al. Science 354, 610 (2016)

- N W A
T

Signal intensity (arb.u.)

.
2 -2
Laser frequency offset (GHz)

mp/me = 1836.1526734(15) [8x 10717
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Applications

Precision Spectroscopy of HD™
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CODATA18 values and new experiments

The CODATA18 constants:

Rydberg constant R, = 10973731.568160(21) m~t  1.2-10~ 2
deuteron mass my = 2.013553 212 745(40) u 2.0-10~1
electron mass me = 5.48579909065(16)-10~* u  2.9-107!

Electron-to-proton mass ratio:

mp/me mg/mp
CODATAI8 1836.15267343(11)  1.99900750139(10)
Blaum!  1836.152673358(55) 1.999007501228(59)
Myers?  1836.152673435(55) 1.999007501274(38)

1)’ S. Rau et al. Nature 585, 43 (2020).
2) D.J. Fink, E.G. Myers. Phys. Rev. Lett. 124, 013001 (2020).
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HD". Theory and experiment

Theoretical and experimental spin-averaged transition frequencies (in
kHz). CODATA18 values of fundamental constants were used in the

calculations.

(L,v) — (L',V) theory experiment
(0,0) — (1,0) 1314925752.932(19) 1314925 752.910(17)
(0,0) — (1,1) 58605052163.9(0.5) 58605052 164.24(86)
(3,0) — (3,9) 415264925502.8(3.3) 415264925501.8(1.3)

V.1. Korobov NRQED
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Results

mpMmy

Reduced mass = —————
(mp+mg)me

inferred from the HD™ ion spectroscopy

o
ODATA18  1223.899 228 722

C (51)

(0,0) — (0,1) 1223.899228743(16)exp(17)en

(0,0) — (1,1)  1223.899 228 707(17)exp(17) s

(3,0) = (3,9)  1223.899 228 730(04) e (17):s
1223.899 228 730(04) oxp (17)

Relative uncertainty: u,(u) = 1.4 x 1071,

V.1. Korobov NRQED
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Applications Precision Spectroscopy of HD

Results

mpMmy

Reduced mass = —————
(mp+mg)me

inferred from the HD™ ion spectroscopy

o
ODATA18  1223.899 228 722

C (51)

(0,0) — (0,1) 1223.899228743(16)exp(17)en

(0,0) — (1,1)  1223.899 228 707(17)exp(17) s

(3,0) = (3,9)  1223.899 228 730(04) e (17):s
1223.899 228 730(04) oxp (17)

Relative uncertainty: u,(u) = 1.4 x 1071,

Mass ratios from spectroscopy and Myers' experiment:
m,/me = 1836.152673436(44), mg/me = 3670.482967763(88),

and the new CODATA22 value is m,/m. = 1836.152673426(32).
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Thank you for your attention!
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