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Dirac equation and its particularities

The Dirac equation

(Ho — Er)¥(r) =0, (1)
Hp = Ho+ V(r)l, Ho = cap+ m.c’p )
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Dirac equation and its particularities

The Dirac equation

(Ho — Er)¥W(r) =0, (1)
Hp =Ho+ V(r)l, Ho=cap-+ mec?B (2)J
In explicit form:
—ahic [(& — 1) wa + az¢3] + (V(r) + mec® — Eg)yr =0,
—1hc [(% + zaéyy) )3 — ] + (V(r) + mec® — ER)r = 0, (3)
—hc [(% Za%) o + 621/11] a4 (V(l') = me52 - ER)¢3 =0,
—1hc [(aﬁ zaﬁ) Y1 — ] + (V(r) — mec® — Eg)ys = 0.

me =h=1, c =137.0359895 a.u.
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Free Electron (Positif continuum)
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Figure 2:
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-1 Dirac equation satisfies the Lorenz invariance principle

-2 Spin of the electron is included in the wave function

-3 For Dirac, the negative energy states are full.
-Vacuum consists of infinite density of negative energy electrons

- Emptying of one or more negative states can be observed

- It manifest itself as a positively charged particle with positive masse
and kinetic energy. THE POSITRON .

- If an electron with positive energy emits a photon and fills an
existing hole (positron), we can observe an annihilation process.

-4 Interpretation of hyperfine structure

Figure 3:
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The two-center Coulomb potential

The potential

v =-2-2, *)

ra:r+p/27 rb:r—p/2, p:(oaoap)v (5)

p is the internuclear distance

The basis functions: the Slater type basis functions

v = (10 ©)

Nmax n—1

FO =Y D [Pu(ra)Qinm(02, 62) + TnsPas(rs)Lirm(B6, 85)],  (7)
n=1 k=—n, k#0
Nimax n—1

g =" Y [Qulre)2sm(0s65) + O Qui(r6)2—rm(0s, #5)],  (8)

n=1 k=—n, k#0

ome = (—1)"™ ()

™ = — —
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The one centre wave function

The partial solutions

wi)={ Grliornl ) (10

Pni(r) is a large component, and Qn.(r) is a small component

The spin spherical harmonics

{ I+ m4+1/2Y0,_1,5(0, 8) k=—/—-1<0
! VI=m+1/2Ym1000,8)
Qum(0,0) = 2/ +1 { —/ I —m+1/2Y,_1/2(0, }) )

, k=1>0
I+ m41/2Y0500,5(0, 6)
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The one-center Coulomb potential

The Slater type basis functions for minimax

Np max
Pow(r) = Z CrprPpr (1),
np=1
Ng max
an(r) = Z dnqliq"q'i(r)7
ng=1
Prye(r) = P52 exp(—Apur),
ann(r) — r"/n+nq—2 eXp(—)\an),
Apr, Agr are independent.
Z? n k<0
_ 2 _ = _ p max )
T = K 2’ Ng max { Mp max + 1, k>0

(12)

(13)

(14)
(15)

(16)
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Results

Table 1: Total numbers of NISTO depending on the maximal principal quantum number Nmax.

Npmax = n— |k| +1> 1.

x | States Nax = 2 Nmax = 3 Nmax = 4 Nmax = 5
Np max Ng max Np max Ng max Np max Ng max Np max Ng max
-1 51/2 2 2 3 3 4 4 5 5
-2 P3/2 1 1 2 2 3 3 4 4
2 ds3)2 2 3 3 4 4 5
-3 ds /> 1 1 2 2 3 3
8 f5/2 2 3 3 4
-4 12 1 1 2 2
4 &7/2 2 3
-5 8o/2 1 1
Total number 11 24 41 62

The total number of nonlinear parameters: 4Nmax —

2.
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Particularities
Minimax procedure [J.D. Talman. Phys. Rev. Lett. 57, 1091, 1986.]

—c> < Er= min max (Hp) = minmax(Hp) < ¢, (17)
Pnr (r)7#0 Qni (r) Apr Agr

A(Z):ERB(:;). (18)

The N + M eigenvalues, where N and M are total numbers of large and small
components, respectively, split into N greater than —c? and M negative less than —c?
eigenvalues.

A spurious root appears in the case x > 0. This spurious root is degenerate with the
lowest variational state of the same || but with a k < 0.

The spurious root

Advantage of minimax

If the polynomial for small components is of higher degree than for large components, the
minimax estimate will be an upper bound for the exact energy, i.e. avoid the spurious
roots?.

?A. Kolakowska, J.D. Talman, K. Aashamar, Phys. Rev. A. 53, 168-177 (1996).

= = = =
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VOLUME 5T, NUMBER PHYSICAL REVIEW LETTERS | SEPTEMBER 1989

TABLE . Value f the 2y Coulomb energy for 2= 92 calelted with M= = for
various value of the nonlinear parameters a and .
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Figure 4:
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Statement of the problem

Minimax optimization

We consider the minimax optimization problem

min max f(x
e (x,¥),

f(x,y) is twice differentiable everywhere, and f : X x Y C RY x RM & R,
We denote

Gx 2 Hxx Hx
Vf(x,y) =G = , Vif(x,y)=H= 7,
(x,¥) < G, > (x,¥) ( Hy H,, >

with Hy, = Hyy.

(19)

(20)
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Definition of the Nash equilibrium and minimax

Proposition 1: First-order necessary condition

Any local Nash and/or minimax point (x,y) satisfies

Vif(x,y) =0.

(21)

Proposition 2: Second-order sufficient condition

Any stationary point (x, y) satisfying the following condition is a local Nash:

Hyy <0, Hy > 0.

(22)

Proposition 3: Second-order sufficient condition

Any stationary point (x, y) satisfying the following condition is a local minimax:

Hyy <0, Hyx —HgyHy Hy = 0.
N———

=0

(23)
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Statement of the problem

Figure 1: Left: f(z,y) = x> — y? where (0, 0) is both local Nash and local minimax. Right: f(z,y) =
—a? + 5ay — y? where (0,0) is not local Nash but local minimax with h(5) = 4.

Numerical algorithm and package programs
1. There are many algorithms and methods for the Nash problem. Most of them only

work for convex-concave domain.
2. There are only a few algorithms and methods for the minimax problem.
3. There are no program packages for the Nash and minimax problems.

October 16, 2024 15/25
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Numerical methods

Iterative

(xny yn) — (Xn+l, yn+1) (24)
6xn = Xp+1 — Xp, 5Yn = Yn+1 — Yn (25)
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Numerical methods

Iterative

(xn, yn) — (Xn+l, yn+1) (24)
OXp = Xp+1 — Xp, 6Yn =Yn+1 — Yn (25)‘
Convex-concave case: Newton type method
Hyy <0, Hu — HyHy'Hy = 0, x =Xn,y = ¥n. (26)
ox Ho Hy \ [ G
=—7 xx 2 ), 7€(0,2 27
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Numerical methods

Nonconcave case: Gradient descent method

Hy A0 (28)
oy = nGy (29)4

The negative curvature direction method

u is the eigenvector associated with the largest positive eigenvalue of Hyy:

dy=mnu, u Gy, >0. (30)
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Numerical methods

Nonconcave case: Gradient descent method

Hyy A0 (28)
dy = nGy (29)
The negative curvature direction method
u is the eigenvector associated with the largest positive eigenvalue of Hyy:
dy=mnu, u Gy, >0. (30)
o
Nonconvex-concave case: Gradient descent method
Hyy <0, Hyx — HyyHy, Hyy 7 0. (31)
ox = —nGy (32)
v
The negative curvature direction method
u is the eigenvector associated with the smallest negative eigenvalue of Hyy:
dx =nu, u Gy <O0. (33)
w

+*, G. Chuluunbs October 16, 2024

17/25



Numerical test

Example

1
- _y47

4
ﬂ&y)=2xz+y2+4nw+§y 7

z;=(0,0), z2= (_2_\672""\6)’
He = (4 5 ) He = (4

maximin point Nash point

B. Joulakian®, O. Chuluunbaatar?:3:4, G. Chuluunb

—4\2 ) ; H(z3) = (

232(—24-\6,2—\/5),
4 4

4 42

minimum point

(34)
(35)

).(36)
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Numerical test

Example

4
f(x,y) =2x" +y* + 4xy + §y3

zZy = (07 0),

H(z:) = <

4 4
4 2

)

maximin point

2= (-2-V2,2+V2),

Nash point

Ll

4
z3=(—2+V2,2-2),

>7H(z3):<4 4

4 42

minimum point

4 4
4 —4\2

(34)
(35)

) .(36)
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Numerical test
Example

4, 1
f(x,y) =2x" +y* + 4xy + §y3 - (34)

z;=(0,0), z2=(-2- \/572 + \/z)v z3=(-2+ \/572 - \/5)7 (35)
He = (4 5 ) He= (4t ) He= (4 4y )0

maximin point Nash point minimum point
—
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The one-center Coulomb potential

Z = 1, Minimax BF

Pi_i(r) = e AL Qi_1(r) = cmeir (37)

Z1 = Z> = 1 is the Nash and minimax point

C_2E1_1

0.999974—|

0.999973—]

0.999972—

0.999971-

= - — — = e
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Results

Table 2: Total numbers of NISTO depending on the maximal principal quantum number Nmax.

Npmax = n— |k| +1> 1.

x | States Nax = 2 Nmax = 3 Nmax = 4 Nmax = 5
Np max Ng max Np max Ng max Np max Ng max Np max Ng max
-1 51/2 2 2 3 3 4 4 5 5
-2 P3/2 1 1 2 2 3 3 4 4
2 ds3)2 2 3 3 4 4 5
-3 ds /> 1 1 2 2 3 3
8 f5/2 2 3 3 4
-4 12 1 1 2 2
4 &7/2 2 3
-5 8o/2 1 1
Total number 11 24 41 62

The total number of nonlinear parameters: 4Nmax —

2.
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Results

Table 3: The relativistic 1o, state energy Ee = Er — 2atp=2/Z.

V4

lon

Nmax

Energy

Energy (Tupitsyn)

H;

-1.102 248 990
-1.102 624 606
-1.102 640 853
-1.102 641 574

-1.102 641 581

20

39+
Ca;

-442.073 489 140
-442.231 839 925
-442.239 683 071
-442.239 984 905

-442.239 997 265

100

Fm;99+

-11942.178 005 611
-11951.832 987 584
-11952.939 381 324
-11952.941 727 610

-11952.941 940 110

118

(o) g§35+

Gl WNOTPAE WM WNOPRAWDN

-17461.232 762 069
-17477.122 912 713
-17479.073 413 320
-17479.125 249 624

I.I. Tupitsyn, et al, Optics and Spectroscopy 117, 351-357 (2014)., 570-598 Gaussian BF)
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Matrix elements

Two center integrals

Fiy (a1, 11, @2, v2,p) = /dF’fl_le_am Yim (R)r2 7 e ™2 Yym (72), (38)
itk 34l —h Omymy
=3 Z (=1)7=" Yi(p) Tllllz
I=|h—h,2
oo
X / dpp’ji(pp)gn (a1, v1, p)gh (a2, v2, P), (39)
0
where
T = [ 42, Yin3) i (9 Vi ) (40)
i) = / e ep(—an)i(pr), vl41l>-1  (41)
0
Here a1, a, are positive numbers; v1, 1, are non-integer numbers; max(v1,12) > 0,
min(vy,12) > —1.
w
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Computational time

Nmax = 5, dimension of matrices is 62x62 and 18 nonlinear parameters

Condition number of matrices: ~ 10°
Accuracy: 10~%°

For energy: required to calculate 8808 one-dimensional integrals.
For gradient: required to calculate 33672 one-dimensional integrals.
For hessian: required to calculate 556368 one-dimensional integrals.
Total: 598848

Computational time of one iteration on the supercomputer Govorun is ~ 60 min.

After using special algorithm (including Adelson-Velsky and Landis tree ...) —only 12 min.
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Conclusion

@ We developed a new iterative scheme based on the Newton-type and gradient
descent methods combined with negative curvature methods for solving the min-max
problem and applied it to obtain a robust relativistic solution.

@ We have found the way to avoid spurious solutions resulting from the presence of
the negative energies.

@ We realized by original approches the calculations of two center integrals with
non-integer powers of r.

@ We investigated the electronic energy of the fundamental 1so, level for different
nuclear charges.

@ Our method can produce the solutions of 1so, and higher levels needed in the case
of large internuclear distances.
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