
Application of minimax optimization for solving the Dirac
equation of an electron in the field of two fixed attractive

Coulomb centers

B. Joulakian1, O. Chuluunbaatar2,3,4, G. Chuluunbaatar2,5,
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Dirac equation and its particularities

The Dirac equation

(HD − ER)Ψ(r) = 0, (1)
HD = H0 + V (r)I, H0 = cαp + mec2β (2)

In explicit form:
−ıℏc

[(
∂

∂x − ı ∂
∂y

)
ψ4 + ∂

∂zψ3
]

+ (V (r) + mec2 − ER)ψ1 = 0,
−ıℏc

[(
∂

∂x + ı ∂
∂y

)
ψ3 − ∂

∂zψ4
]

+ (V (r) + mec2 − ER)ψ2 = 0,
−ıℏc

[(
∂

∂x − ı ∂
∂y

)
ψ2 + ∂

∂zψ1
]

+ (V (r) − mec2 − ER)ψ3 = 0,
−ıℏc

[(
∂

∂x + ı ∂
∂y

)
ψ1 − ∂

∂zψ2
]

+ (V (r) − mec2 − ER)ψ4 = 0.

(3)

me = ℏ = 1, c = 137.0359895 a.u.
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Figure 1:
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Figure 2:
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Figure 3:
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The two-center Coulomb potential
The potential

V (r) = − Z
ra

− Z
rb
, (4)

ra = r + ρ/2, rb = r − ρ/2, ρ = (0, 0, ρ), (5)

ρ is the internuclear distance

The basis functions: the Slater type basis functions

Ψ(r) =
(

ıf (r)
g(r)

)
, (6)

f (r) =
Nmax∑
n=1

n−1∑
κ=−n, κ̸=0

[Pnκ(ra)Ω+κm(θa, ϕa) + σnκPnκ(rb)Ω+κm(θb, ϕb)], (7)

g(r) =
Nmax∑
n=1

n−1∑
κ=−n, κ̸=0

[Qnκ(ra)Ω−κm(θa, ϕa) + σnκQnκ(rb)Ω−κm(θb, ϕb)], (8)

σnκ = (−1)lnκ (9)
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The one centre wave function

The partial solutions

Ψ(r) =
{

ıPnκ(r)Ω+κm(θ, ϕ)
Qnκ(r)Ω−κm(θ, ϕ) (10)

Pnκ(r) is a large component, and Qnκ(r) is a small component

The spin spherical harmonics

Ωκm(θ, ϕ) =
√

1
2l + 1


{ √

l + m + 1/2Ylm−1/2(θ, ϕ)√
l − m + 1/2Ylm+1/2(θ, ϕ)

, κ = −l − 1 < 0{
−

√
l − m + 1/2Ylm−1/2(θ, ϕ)√
l + m + 1/2Ylm+1/2(θ, ϕ)

, κ = l > 0
(11)
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The one-center Coulomb potential

The Slater type basis functions for minimax

Pnκ(r) =
np max∑
np=1

cnpκpnpκ(r), (12)

Qnκ(r) =
nq max∑
nq=1

dnqκqnqκ(r), (13)

pnpκ(r) = rγκ+np−2 exp(−λpκr), (14)
qnqκ(r) = rγκ+nq−2 exp(−λqκr), (15)

λpκ, λqκ are independent.

γκ =
√
κ2 − Z 2

c2 , nq max =
{

np max, κ < 0,
np max + 1, κ > 0. (16)
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Results

Table 1: Total numbers of NISTO depending on the maximal principal quantum number Nmax.
np max = n − |κ| + 1 ≥ 1.

κ States Nmax = 2 Nmax = 3 Nmax = 4 Nmax = 5
np max nq max np max nq max np max nq max np max nq max

- 1 s1/2 2 2 3 3 4 4 5 5
1 p1/2 2 3 3 4 4 5 5 6

- 2 p3/2 1 1 2 2 3 3 4 4
2 d3/2 2 3 3 4 4 5

- 3 d5/2 1 1 2 2 3 3
3 f5/2 2 3 3 4

- 4 f7/2 1 1 2 2
4 g7/2 2 3

- 5 g9/2 1 1
Total number 11 24 41 62

The total number of nonlinear parameters: 4Nmax − 2.
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Particularities
Minimax procedure [J.D. Talman. Phys. Rev. Lett. 57, 1091, 1986.]

−c2 ≤ ER = min
Pnκ(r) ̸=0

max
Qnκ(r)

⟨HD⟩ = min
λpκ

max
λqκ

⟨HD⟩ ≤ c2, (17)

A
(

c
d

)
= ERB

(
c
d

)
. (18)

The spurious root
The N + M eigenvalues, where N and M are total numbers of large and small
components, respectively, split into N greater than −c2 and M negative less than −c2

eigenvalues.
A spurious root appears in the case κ > 0. This spurious root is degenerate with the
lowest variational state of the same |κ| but with a κ < 0.

Advantage of minimax
If the polynomial for small components is of higher degree than for large components, the
minimax estimate will be an upper bound for the exact energy, i.e. avoid the spurious
rootsa.

aA. Kolakowska, J.D. Talman, K. Aashamar, Phys. Rev. A. 53, 168–177 (1996).
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Figure 4:
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Statement of the problem

Minimax optimization
We consider the minimax optimization problem

min
x∈X

max
y∈Y

f (x, y), (19)

f (x, y) is twice differentiable everywhere, and f : X × Y ⊂ RN × RM → R.
We denote

∇f (x, y) = G =
(

Gx
Gy

)
, ∇2f (x, y) = H =

(
Hxx Hxy
Hyx Hyy

)
, (20)

with HT
yx = Hxy.
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Definition of the Nash equilibrium and minimax

Proposition 1: First-order necessary condition
Any local Nash and/or minimax point (x, y) satisfies

∇f (x, y) = 0. (21)

Proposition 2: Second-order sufficient condition
Any stationary point (x, y) satisfying the following condition is a local Nash:

Hyy ≺ 0, Hxx ≻ 0. (22)

Proposition 3: Second-order sufficient condition
Any stationary point (x, y) satisfying the following condition is a local minimax:

Hyy ≺ 0, Hxx −HxyH−1
yy Hyx︸ ︷︷ ︸

≻0

≻ 0. (23)
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Statement of the problem

Figure 1: Left: f(x, y) = x2 − y2 where (0, 0) is both local Nash and local minimax. Right: f(x, y) =
−x2 + 5xy − y2 where (0, 0) is not local Nash but local minimax with h(δ) = δ.

3.1 Local minimax points

While most previous work [Daskalakis and Panageas, 2018, Mazumdar and Ratliff, 2018] has focused
on local Nash equilibria (Definition 2), which are local surrogates for pure strategy Nash equilibria for
simultaneous games, we propose a new notion—local minimax—as a natural local surrogate for global
minimaxity (Definition 9) for sequential games. To the best of our knowledge, this is the first proper
mathematical definition of local optimality for the two-player sequential setting.

Definition 14. A point (x?,y?) is said to be a local minimax point of f , if there exists δ0 > 0 and a function
h satisfying h(δ)→ 0 as δ → 0, such that for any δ ∈ (0, δ0], and any (x,y) satisfying ‖x− x?‖ ≤ δ and
‖y − y?‖ ≤ δ, we have

f(x?,y) ≤ f(x?,y?) ≤ max
y′:‖y′−y?‖≤h(δ)

f(x,y′). (3)

Remark 15. Definition 14 remains equivalent even if we further restrict function h in Definition 14 to be
monotonic or continuous. See Appendix C for more details.

Intuitively, local minimaxity captures the optimal strategies in a two-player sequential game if both
players are only allowed to change their strategies locally.

Definition 14 localize the notion of global minimax points (Definition 9) by replacing all global optimality
over x and y by local optimality. However, since this is a sequential setting, the radius of the local
neighborhoods where the maximization or minimization takes over can be different. Definition 14 allows one
radius to be δ while the other is h(δ). The introduction of an arbitrary function h allows the ratio of these two
radii to also be arbitrary. The limiting behavior h(δ)→ 0 as δ → 0 makes this definition a truly local notion.
That is, it only depends on the property of function f in an infinitesimal neighborhood around (x?,y?).

Definition 14 is a natural local surrogate for global minimax points. We can alternatively define local
minimax points as localized versions of the equivalent characterization of global minimax points as in Remark
10. It turns out that two definitions are equivalent.

Lemma 16. For a continuous function f , a point (x?,y?) is a local minimax point of f if and only if y? is a
local maximum of function f(·,x?), and there exists an ε0 > 0 such that x? is a local minimum of function gε
for all ε ∈ (0, ε0] where function gε is defined as gε(x) := maxy:‖y−y?‖≤ε f(x,y).

7

Numerical algorithm and package programs
1. There are many algorithms and methods for the Nash problem. Most of them only
work for convex-concave domain.
2. There are only a few algorithms and methods for the minimax problem.
3. There are no program packages for the Nash and minimax problems.
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Numerical methods

Iterative

(xn, yn) → (xn+1, yn+1) (24)
δxn = xn+1 − xn, δyn = yn+1 − yn (25)

Convex-concave case: Newton type method

Hyy ≺ 0, Hxx − HxyH−1
yy Hyx ≻ 0; x = xn, y = yn. (26)

(
δx
δy

)
= −τ

(
Hxx Hxy
Hyx Hyy

)−1 (
Gx
Gy

)
, τ ∈ (0, 2) (27)
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Numerical methods
Nonconcave case: Gradient descent method

Hyy ⊀ 0 (28)
δy = ηGy (29)

The negative curvature direction method
u is the eigenvector associated with the largest positive eigenvalue of Hyy:

δy = ηu, uT Gy > 0. (30)

Nonconvex-concave case: Gradient descent method

Hyy ≺ 0, Hxx − HxyH−1
yy Hyx ⊁ 0. (31)

δx = −ηGx (32)

The negative curvature direction method
u is the eigenvector associated with the smallest negative eigenvalue of Hxx:

δx = ηu, uT Gx < 0. (33)
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Numerical test
Example

f (x , y) = 2x2 + y 2 + 4xy + 4
3y 3 − 1

4y 4, (34)

z1 = (0, 0), z2 = (−2 −
√

2, 2 +
√

2), z3 = (−2 +
√

2, 2 −
√

2), (35)

H(z1) =
(

4 4
4 2

)
, H(z2) =

(
4 4
4 −4

√
2

)
, H(z3) =

(
4 4
4 4

√
2

)
.(36)

maximin point Nash point minimum point
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Numerical test
Example

f (x , y) = 2x2 + y 2 + 4xy + 4
3y 3 − 1

4y 4, (34)

z1 = (0, 0), z2 = (−2 −
√

2, 2 +
√

2), z3 = (−2 +
√

2, 2 −
√

2), (35)

H(z1) =
(

4 4
4 2

)
, H(z2) =

(
4 4
4 −4

√
2

)
, H(z3) =

(
4 4
4 4

√
2

)
.(36)
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The one-center Coulomb potential
Z = 1, Minimax BF

P1−1(r) = e−Z1r rγ−1, Q1−1(r) = e−Z2r rγ−1, (37)

Z1 = Z2 = 1 is the Nash and minimax point

c−2E1−1
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Results

Table 2: Total numbers of NISTO depending on the maximal principal quantum number Nmax.
np max = n − |κ| + 1 ≥ 1.

κ States Nmax = 2 Nmax = 3 Nmax = 4 Nmax = 5
np max nq max np max nq max np max nq max np max nq max

- 1 s1/2 2 2 3 3 4 4 5 5
1 p1/2 2 3 3 4 4 5 5 6

- 2 p3/2 1 1 2 2 3 3 4 4
2 d3/2 2 3 3 4 4 5

- 3 d5/2 1 1 2 2 3 3
3 f5/2 2 3 3 4

- 4 f7/2 1 1 2 2
4 g7/2 2 3

- 5 g9/2 1 1
Total number 11 24 41 62

The total number of nonlinear parameters: 4Nmax − 2.
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Results

Table 3: The relativistic 1σg state energy Ee = ER − c2 at ρ = 2/Z .

Z Ion Nmax Energy Energy (Tupitsyn)
2 -1.102 248 990

1 H+
2 3 -1.102 624 606

4 -1.102 640 853
5 -1.102 641 574 -1.102 641 581
2 -442.073 489 140

20 Ca39+
2 3 -442.231 839 925

4 -442.239 683 071
5 -442.239 984 905 -442.239 997 265
2 -11942.178 005 611

100 Fm199+
2 3 -11951.832 987 584

4 -11952.939 381 324
5 -11952.941 727 610 -11952.941 940 110
2 -17461.232 762 069

118 Og235+
2 3 -17477.122 912 713

4 -17479.073 413 320
5 -17479.125 249 624

I.I. Tupitsyn, et al, Optics and Spectroscopy 117, 351–357 (2014)., 570–598 Gaussian BF
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Matrix elements
Two center integrals

F m1m2
l1 l2 (a1, ν1, a2, ν2, ρ) =

∫
dr⃗ rν1−1

1 e−a1r1 Y ∗
l1m1 (⃗r1)rν2−1

2 e−a2r2 Yl2m2 (⃗r2), (38)

= 8
l1+l2∑

l=|l1−l2|,2

(−1)
3l+l1−l2

2 Yl0(ρ⃗) Υ0m1m2
ll1 l2

×
∫ ∞

0
dpp2jl(ρp)gl1 (a1, ν1, p)gl2 (a2, ν2, p), (39)

where

Υmm1m2
ll1 l2 =

∫
dΩpYlm(p⃗)Y ∗

l1m1 (p⃗)Yl2m2 (p⃗), (40)

gl(a, ν, p) =
∫ ∞

0
drrν+1 exp(−ar)jl(pr), ν + 1 + l > −1. (41)

Here a1, a2 are positive numbers; ν1, ν2 are non-integer numbers; max(ν1, ν2) > 0,
min(ν1, ν2) > −1.
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Computational time

Nmax = 5, dimension of matrices is 62×62 and 18 nonlinear parameters

Condition number of matrices: ∼ 108

Accuracy: 10−20

For energy: required to calculate 8808 one-dimensional integrals.
For gradient: required to calculate 33672 one-dimensional integrals.
For hessian: required to calculate 556368 one-dimensional integrals.
Total: 598848

Computational time of one iteration on the supercomputer Govorun is ∼ 60 min.
After using special algorithm (including Adelson-Velsky and Landis tree ...) – only 12 min.
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A B S T R A C T   

The relativistic Dirac equation for a bound electron in the field of two fixed positive charges is revisited. In 
contrast to the one center case this three dimensional equation is separable only partially around the azimuthal 
angle φ, because of the commutation of the Dirac Hamiltonian only with the z component of the total angular 
momentum Jz. In this work we determine the variational exact solution of this two center problem using a basis 
constructed by linear combinations of relativistic Slater type spinor wave functions with non integer powers of 
the radii r1 and r2 on the two centers. We present in some detail the determination of the two center integrations 
involved. The solutions are obtained by a minimax procedure, that we have developed with a new iterative 
scheme. We use independent large and small components of the Dirac spinor. This permits us to take control of 
the spurious solutions, and gives us the possibility to avoid them by the appropriate choice of the wave function 
parameters. We investigate the behavior of the electron in its 1sσg level of the diatomic homo-nuclear systems 

A(2Z− 1)+
2 , where A represents the heavy element and Z its atomic number. In the case of heavy ions we study the 

dependance of the electron energy on the internuclear distance, this gives us an indication for the conditions of 
atomic collapse, which can induce electron-positron pair production. Our approach has the advantage of needing 
small basis sets for a relative error of the of 10− 7 − 10− 8. It can also be extended easily to the excited level such as 
the 1sσu level.   

1. Introduction 

The relativistic Dirac equation for an electron in the field of two fixed 
positive charges is one of the basic problems of quantum mechanics. In 
contrast to the non relativistic case, which is separable in prolate 
spheroidal coordinates [1,2], owing to the existence of the Coulson 
constant of separation, which was obtained by Coulson [3] from the 
Runge-Lenz vector, the relativistic case is not separable. An equivalent 
relativistic constant of separation could not be obtained from the Lip
mann operator [4], which is the relativistic analogue of the Runge-Lenz 
vector. The only possible separation is that of the azimuthal angle φ 
which results from the commutation of the two-center Dirac Hamilto
nian with the z component of the total angular momentum Jz = Lz +

σz/2. 

Finding a reliable solution of the two-center Dirac equation is 
essential in many domains of relativistic studies of diatomic systems. 
The solutions of the Dirac equation characterize, in contrast to the 
relativistic Schrödinger or the Pauli equations, positive and negative 
energy states, which can be observed in collisions of heavy nuclei [5]. 
The spin and other relativistic aspects are also characterized by the so
lutions of the Dirac equation. The energy value ER = Ee +mec2 of an 
electron described by a Dirac hamiltonian, where Ee represent the 
binding or the kinetic energy of the electron, can be found in one of the 
following domains. It can be in the negative energy continuum 
ER < − mec2, in the the bound energy domain − mec2 < ER < mec2 and in 
the free electron energy region ER > mec2. As Ee of the diatomic system 
depends on the nuclear charges and the internuclear distance between 
the two nuclei, it will decrease, when the two nuclei are brought near to 
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Conclusion

We developed a new iterative scheme based on the Newton-type and gradient
descent methods combined with negative curvature methods for solving the min-max
problem and applied it to obtain a robust relativistic solution.
We have found the way to avoid spurious solutions resulting from the presence of
the negative energies.
We realized by original approches the calculations of two center integrals with
non-integer powers of r.
We investigated the electronic energy of the fundamental 1sσg level for different
nuclear charges.
Our method can produce the solutions of 1sσu and higher levels needed in the case
of large internuclear distances.
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