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INTRODUCTIVE REMARKS

In the report we consider the quasielastic collisions of electrons with hydrogen and helium
atoms at large momentum transfer. Elastic and quasi-elastic reactions are well studied.
Recently they have attracted a new interest of scientists. Last time these reactions are
called like electron compton scattering, what is a little strange :)

Why is it interesting? A few keV electrons at back scattering cause the nucleus motion
after a kick, what leads to unexpected effects in shapes of differential cross sections,
calculated within the first and second Born approximations.
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We consider the reaction
e+ A— e+ A"

and present below a typical loss spectrum for He atom.

E.,(He)=0.94 eV
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Figure 1: Energy loss spectrum for He. Electron energy = 2 keV, scattering angle = 135°
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Figure 2: FBA at large momentum transfer Q = |E, — Ef| Here nuclear mass my. = oo au. Red
point is the experiment, which about 100 times bigger than FBA.
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Table 1: Comparison of energies of trial wf
constructed using HF and CF basis functions

Yim(71) exp(—airn — Biro — 7ir2), 1 =0,1.
1's 2'S 2'P
HF | -2.86167 | -2.16940 | -2.12715
CF | -2.90371 | -2.14594 | -2.12381
Ext | -2.90372 | -2.14597 | -2.12384
y
October 22, 2024

5/17



Table 1: Comparison of energies of trial wf
constructed using HF and CF basis functions

Yim(71) exp(—airn — Biro — 7ir2), 1 =0,1.
1's 2's 2'P

HF | -2.86167 | -2.16940 | -2.12715
CF | -2.90371 | -2.14594 | -2.12381
Ext | -2.90372 | -2.14597 | -2.12384

1E+3 4

1E+2 o

1E+1 4

1E+0

o(2'P) / 5(2'S)

1E-14

1E-2+4

—CF
---CF
—HF
---HF

M=inf
M=4 * 1836 au
M=inf
M=4 * 1836 au

1E-3

Figure 3: Comparison of FBA with my. = co au
and my. = 4 X 1836 au nuclear masses.
Experiment is approximately 55—85 times
smaller than the FBA with a finite nuclear mass,
depending on the trial wavefunctions.
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Conclusion on He atom

1. It is necessary to take into account the finite nuclear mass of the He atom for large
momentum transfer and large projectile energies.

2. Ratio of the cross sections for He depends on the choice of the trial wavefunctions,
especially at large momentum transfer.

3. The FBA doesn’t describe these experiments well, and calculation of SBA is needed.
For helium it is more complicated than for hydrogen.
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Theory. differential cross section for hydrogen: First Born
Approximation

We mainly use the atomic system of units: me = i = |e] = 1. In these units, the speed
of light is ¢ = 137.

First Born approximation
(ke e T kis i) = o7 /d P21 (52) (e"Q‘ﬁz - e"'“/('"”)mﬁ) eis(p2). (1)

Consequently

2
do(ls) 4 ke 3 =3 (1@ _ g—ill1/(my)@7
> Tt ‘/d p215(P2) (e 2_e N p2) ¢1s(p2) (1.1)
do(2s) 4 k @ Q i
— f 3 = iQ-7; —i([/(mn) Q-7
2oL) — i | [ et (9% - 2 ) a2
2
do 2p 4 kf N i0- B —i mn) Q- 5
o) _ 4 ke | / & paipan(e) (€97 — e VR ()| 1 (13)
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2

do(ls) _ 4 k| 16 16 (2.1)
dr — Q* ki |(4+ Q)2 (4+ Q/m2)? '
do(2s) _ 8 k| 256Q° 256Q%/my |’ (22)
dQr Q% ki |(9+4Q2)°  (9+4Q2/m3)3 '
do(2p) 18 ki | 256Q 256Q/mn  |° 23)
dr QK |[(9+4Q%)3 " (9+4Q7/m2)3 |’ '
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do(ls) 4 k| 16 16 o
dQr Q@ ki |[(A+ @) (4+ Q/m) '
do(2s) 8 k| 256Q°  256Q%/m3 |’ 35
dQr Q" ki |(9+4Q%7  (9+4Q2/m) '
do(2p) _ 18 ke | 256Q 256Q/my |’ 23)
dr @ ki [(9+4@2)7 " (9+4Q2/m3)3| '
1Et02 . my= 1836 au
N\ — [0 1. Despite the large mass my = m, = 1836
o \\ it | au, the behavior of cross-sections in Egs. (2.2)
% te-10 A 115 and (2.3) are different for the large momentum
oy \// 218 | transfer @ and do(2s) is zero at Q ~ 17.

i 8 % % @ x  » 2 Note that the elastic 1s — 1s transition (2.1)
doesn't depend on the finite and infinite nucleus

Figure 4: Comparison of FBA with masses.
mpy = oo au and my = 1836 au nuclear
masses.
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Here we calculate the ratio
R do(2p)
"~ do(2s)’
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Figure 5: Ratio R of the cross sections. Black curve: my = 1836 au. Red curve: my = oo au.
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Theory. differential cross section for hydrogen: Second Born
Approximation

SBA takes the form

N D d3k5 Ef:(Pf v ES7SO¢; Es,@; 14 El‘?@"
<kf,§0f|TSBA|ki,§0i> _ Z / (27r)3 < | | >< | | > (4)

k2/2 +¢e; — k2/2 — eq + i0

Here 4
= - 7r
kf7 1% k57 a) = 5 > 2
(kes pr [V |ks, oo ) AT
. /d3p2§0;*(ﬁ2) (ei(Es—Ef)'ﬁZ _ e—i(l/(mN)(Es—Ef)‘ﬁz) vi(p2), (5.1)
- o 47
kSa oY 1% kh 0= s =0
(ks pa |V |Kis 0i) AT
" /dapm(ﬁz) (ef(i,-—mp*z _ e—f(l/(mm(ﬁf—a)-ﬁz) (), (5.2)

Summation is over the whole Coulomb spectrum, both bound and continuum.
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The “closure approximation” means the replacement in (4)

Ea —€i —>€>0.

> lea)eal =1,

(density condition) and we have from (4)

. . a3k 4 4 1
ke, of| T°B4 ki, i) = S .
(ke, e T kis i) Q) (K — ko) (ke — k)2 [K2/2— KZj2 — & + i0]

In this case

8 / > paipr (52) W (p2)pi (2), (6)

W(pz) _ ei@-ﬁz + e*f(l/mN)a-ﬁz _ ei[Ei*/?er(l/mN)(’?f*/?s)]‘ﬁz _ e*"[’?f*Es+(1/mN)(Ei*Es)]~ﬁ2

The FBA + closure SBA cross section takes the form

do 1 K - > 7 =
d_K; = Gy Ff ‘(kfy<Pf‘TFBA|ki,<Pi> + (kr, 07| T4 ki, 1)

‘ 2

(7)

Here f = 2s, 2p and i = 1s. )

——r—— == = A

Chuluunbaatar (JINR, MAS) Electron-hydrogen compton scattering October 22, 2024 1/17




How to numerical integrate 6D singular integral (6)?

The Laplace transform: J;

/ dks 1
5= Ry ta
ké (Q k5)2 [k2 — (k —+ kf)2 — 28+ IO]

i / dks 1 1
= —1 lim 5 = = =
A0+ |k (Q = ks)2 A — (k2 — (ks + kf)? — 28)

= —1 lim / da/
A—0+ 0 0 Z
oo [e"e) 3 .
= — lim / da/ dﬂ/ d é‘s e—Xk52+2Yk5—Z (®)
A—0+ 0 0 ks

X=a+18, Y=aQ—i8k,
ZN\) =a@ + B (A —1 (K — kf —22)) 9)

d7ks  —a(@-F)?—B( -1l (RetR)? ~29))
2
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J;

a=px, B=pl-x) (11)

1 o 2
1 > 13 Y
= 22 i — MR m ([ 2,2, e
N T /\Ln(;+/o dxx1/2/0 dpp’“e P 1Fk 272’P
1 o2
_ o 32 1 (313 Y
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2 oo\ —1/2 1
o e (1o} o [ (2% v Vi)
o Z23/2X1/2 ZX

X=X/p, Z=2Z(A=0)/p (13) |
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J,

J(z/al_;;c)—/daks ! ! !
A0S E ke (Q— ks)? [K2 — (ks + kr)2 — 28 + i0] (a® + (b — cks)?)

7 *ke  _xk242VF,—7
— d d dyy s s
r(u) Aeo+/0 a/ ﬂ/ 7 / k52 €

. 23/ _1 13 Y?
= —F(V) )\_}0+/0 da/ dﬁ/ dyy” X1/21F1 (E’E’?) (14)

X=a+18+~ Y =aQ—18ks+ ~cb,
Z(\) = aQ + B8 (A —1 (k¥ — K — 28)) +~(a° + b°) (15)
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J,

J(v,a,b,c) /d3k5 ! ! !
h(v,a,b,c) = — — —
K (Q—F) (K= (ot k2 —22+i0] (2 + (B ch )
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X =a+18+ e, :aQ—zﬂkf—l-’be,
Z(\) = aQ + B8 (A —1 (k¥ — K — 28)) +~(a° + b°) (15)
a=pxy, B=p(l-x)y, v=p1-y). (16)
" 221 ( 2um*%1(3/2 +v) y(1—y) ! g2\
£(v,3, b, ) = T T / / Y iz \1 T 3%
3
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y
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J;

2 [dk 1 1 Ylm(E)
Ja(a,b,C)—/ ke (Q k)2 [k2—(ks+kf)2—2s+10](a2 ( —cks))

3
—— lim / da/ dﬁ/ dy? /dks A 2 Yim(Ks) (18)
2)\*)0‘# o
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J;

J (a B C) o / d3k5 1 1 Ylm(Es)
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d dﬁ d Y (Y)iF 3 LZ
S A (% ’Y’Y im 1ri 272" X

35m y(l—y) 935 Y2
2 ) VvV
/ / dyzg/zxs/z 2 <2 2'2'7X Pin( )

B o\ —7/2 o2\ o =
_ 3517r / / )’2(91/2)(3/2 (1 — ZY—)N() 2F1 (—27 1; g: ZY—X> YYim(Y)
(19)

N o1

J3(aa 57 C) =
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Figure 6: Contribution of SBA is rather
significant at large momentum transfers for
1s — 2s and 1s — 2p transitions.
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Figure 6: Contribution of SBA is rather
significant at large momentum transfers for
1s — 2s and 1s — 2p transitions.

Figure 7: If the value of € is in the region of a
continuous spectrum, then the ratio is weakly
dependent on this value.
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Conclusion on the hydrogen

1. Contribution of SBA is rather significant at large momentum transfers.

2. The ratio depends weakly on the fitting parameter £ if it is in the continuous spectrum
region.
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