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INTRODUCTIVE REMARKS

In the report we consider the quasielastic collisions of electrons with hydrogen and helium
atoms at large momentum transfer. Elastic and quasi-elastic reactions are well studied.
Recently they have attracted a new interest of scientists. Last time these reactions are
called like electron compton scattering, what is a little strange :)

Why is it interesting? A few keV electrons at back scattering cause the nucleus motion
after a kick, what leads to unexpected effects in shapes of differential cross sections,
calculated within the first and second Born approximations.
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We consider the reaction
e + A→ e + A∗

and present below a typical loss spectrum for He atom.

Figure 1: Energy loss spectrum for He. Electron energy = 2 keV, scattering angle = 135◦
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Figure 2: FBA at large momentum transfer Q = |~ki − ~kf |. Here nuclear mass mHe =∞ au. Red
point is the experiment, which about 100 times bigger than FBA.
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Table 1: Comparison of energies of trial wf
constructed using HF and CF basis functions
Ylm(~r1) exp(−αi r1 − βi r2 − γi r12), l = 0, 1.

11S 21S 21P
HF -2.86167 -2.16940 -2.12715
CF -2.90371 -2.14594 -2.12381
Ext -2.90372 -2.14597 -2.12384
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Figure 3: Comparison of FBA with mHe =∞ au
and mHe = 4× 1836 au nuclear masses.
Experiment is approximately 55–85 times
smaller than the FBA with a finite nuclear mass,
depending on the trial wavefunctions.
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Conclusion on He atom
1. It is necessary to take into account the finite nuclear mass of the He atom for large
momentum transfer and large projectile energies.

2. Ratio of the cross sections for He depends on the choice of the trial wavefunctions,
especially at large momentum transfer.

3. The FBA doesn’t describe these experiments well, and calculation of SBA is needed.
For helium it is more complicated than for hydrogen.
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Theory. differential cross section for hydrogen: First Born
Approximation

We mainly use the atomic system of units: me = ~ = |e| = 1. In these units, the speed
of light is c = 137.

First Born approximation

〈~kf , ϕf |T FBA|~ki , ϕi〉 = 4π
Q2

∫
d3ρ2ϕf (~ρ2)

(
e i~Q·~ρ2 − e−i[1/(mN )]~Q·~ρ2

)
ϕ1s(ρ2). (1)

Consequently

dσ(1s)
dΩf

= 4
Q4

kf

ki

∣∣∣∣∫ d3ρ2ϕ1s(~ρ2)
(

e i~Q·~ρ2 − e−i([1/(mN )~Q·~ρ2
)
ϕ1s(ρ2)

∣∣∣∣2 . (1.1)

dσ(2s)
dΩf

= 4
Q4

kf

ki

∣∣∣∣∫ d3ρ2ϕ2s(~ρ2)
(

e i~Q·~ρ2 − e−i([1/(mN )~Q·~ρ2
)
ϕ1s(ρ2)

∣∣∣∣2 . (1.2)

dσ(2p)
dΩf

= 4
Q4

kf

ki

1∑
m=−1

∣∣∣∣∫ d3ρ2ϕ2p(~ρ2)
(

e i~Q·~ρ2 − e−i(1/(mN )~Q·~ρ2
)
ϕ1s(ρ2)

∣∣∣∣2 ; (1.3)
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dσ(1s)
dΩf

= 4
Q4

kf

ki

∣∣∣∣ 16
(4 + Q2)2 −

16
(4 + Q2/m2

N)2

∣∣∣∣2 . (2.1)

dσ(2s)
dΩf

= 8
Q4

kf

ki

∣∣∣∣ 256Q2

(9 + 4Q2)3 −
256Q2/m2

N
(9 + 4Q2/m2

N)3

∣∣∣∣2 . (2.2)

dσ(2p)
dΩf

= 18
Q4

kf

ki

∣∣∣∣ 256Q
(9 + 4Q2)3 + 256Q/mN

(9 + 4Q2/m2
N)3

∣∣∣∣2 , (2.3)
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Figure 4: Comparison of FBA with
mN =∞ au and mN = 1836 au nuclear
masses.

1. Despite the large mass mN = mp = 1836
au, the behavior of cross-sections in Eqs. (2.2)
and (2.3) are different for the large momentum
transfer Q and dσ(2s) is zero at Q ∼ 17.

2. Note that the elastic 1s → 1s transition (2.1)
doesn’t depend on the finite and infinite nucleus
masses.
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Here we calculate the ratio
R = dσ(2p)

dσ(2s) , (3)
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Figure 5: Ratio R of the cross sections. Black curve: mN = 1836 au. Red curve: mH =∞ au.
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Theory. differential cross section for hydrogen: Second Born
Approximation

SBA takes the form

〈~kf , ϕf |T SBA|~ki , ϕi〉 =
∑
α

∫
d3ks

(2π)3
〈~kf , ϕf |V |~ks , ϕ

−
α 〉〈~ks , ϕ

−
α |V |~ki , ϕi〉

k2
i /2 + εi − k2

s /2− εα + i0 . (4)

Here
〈~kf , ϕf |V |~ks , ϕ

−
α 〉 = 4π

(~ks − ~kf )2

×
∫

d3ρ2ϕ
−∗
α (~ρ2)

(
e i(~ks−~kf )·~ρ2 − e−i(1/(mN )(~ks−~kf )·~ρ2

)
ϕi (ρ2), (5.1)

〈~ks , ϕ
−
α |V |~ki , ϕi〉 = 4π

(~ki − ~ks)2

×
∫

d3ρ2ϕf (~ρ2)
(

e i(~ki−~ks )·~ρ2 − e−i(1/(mN )(~ki−~ks )·~ρ2
)
ϕ−α (~ρ2), (5.2)

Summation is over the whole Coulomb spectrum, both bound and continuum.
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The “closure approximation” means the replacement in (4)

εα − εi → ε > 0.

In this case ∑
α

|ϕ−α 〉〈ϕ−α | = Î,

(density condition) and we have from (4)

〈~kf , ϕf |T SBA|~ki , ϕi〉 =
∫

d3ks

(2π)3
4π

(~ki − ~ks)2

4π
(~kf − ~ks)2

1
[k2

i /2− k2
s /2− ε+ i0]

×
∫

d3ρ2ϕf (~ρ2)W (ρ2)ϕi (~ρ2), (6)

W (ρ2) = e i~Q·~ρ2 + e−i(1/mN )~Q·~ρ2 − e i[~ki−~ks +(1/mN )(~kf−~ks )]·~ρ2 − e−i[~kf−~ks +(1/mN )(~ki−~ks )]·~ρ2

The FBA + closure SBA cross section takes the form

dσf

dΩ = 1
(2π)2

kf

ki

∣∣〈~kf , ϕf |T FBA|~ki , ϕi〉+ 〈~kf , ϕf |T SBA|~ki , ϕi〉
∣∣2 . (7)

Here f = 2s, 2p and i = 1s.
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J1

J1 =
∫

d3ks

k2
s

1
(~Q − ~ks)2

1
[k2

i − (~ks + ~kf )2 − 2ε+ i0]

= −ı lim
λ→0+

∫
d3ks

k2
s

1
(~Q − ~ks)2

1
λ− ı(k2

i − (~ks + ~kf )2 − 2ε)

= −ı lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ
∫

d3ks

k2
s

e−α(~Q−~ks )2−β(λ−ı(k2
i −(~ks +~kf )2−2ε))

= −ı lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ
∫

d3ks

k2
s

e−Xk2
s +2~Y~ks−Z (8)

X = α + ıβ, ~Y = α~Q − ıβ~kf ,

Z(λ) = αQ2 + β
(
λ− ı

(
k2

i − k2
f − 2ε

))
(9)

J1 = −2ıπ3/2 lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ e−Z

X 1/2 1F1

(
1
2 ,

3
2 ,

Y 2

X

)
(10)
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J1

α = ρx , β = ρ(1− x) (11)

J1 = −2ıπ3/2 lim
λ→0+

∫ 1

0
dx 1

X̃ 1/2

∫ ∞
0

dρρ1/2e−ρZ̃
1F1

(
1
2 ,

3
2 , ρ

Ỹ 2

X̃

)
= −2ıπ3/2Γ(3/2)

∫ 1

0
dx 1

Z̃ 3/2X̃ 1/2 2F1

(
3
2 ,

1
2 ; 3

2 ,
Ỹ 2

Z̃ X̃

)
= −ıπ2

∫ 1

0
dx 1

Z̃ 3/2X̃ 1/2

(
1− Ỹ 2

Z̃ X̃

)−1/2

= −ıπ2
∫ 1

0
dx 1

Z̃
(
Z̃ X̃ − Ỹ 2)−1/2(12)

X̃ = X/ρ, Z̃ = Z(λ = 0)/ρ (13)
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J2

J2(ν, a, ~b, c) =
∫

d3ks

k2
s

1
(~Q − ~ks)2

1
[k2

i − (~ks + ~kf )2 − 2ε+ i0]
1

(a2 + (~b − c~ks)2)ν

= − ı

Γ(ν) lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ
∫ ∞

0
dγγν−1

∫
d3ks

k2
s

e−Xk2
s +2~Y~ks−Z

= −2ıπ3/2

Γ(ν) lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ
∫ ∞

0
dγγν−1 e−Z

X 1/2 1F1

(
1
2 ,

3
2 ,

Y 2

X

)
(14)

X = α + ıβ + γc2, ~Y = α~Q − ıβ~kf + γc~b,
Z(λ) = αQ2 + β

(
λ− ı

(
k2

i − k2
f − 2ε

))
+ γ(a2 + b2) (15)

α = ρxy , β = ρ(1− x)y , γ = ρ(1− y). (16)

J2(ν, a, ~b, c) = −2ıπ3/2Γ(3/2 + ν)
Γ(ν)

∫ 1

0
dx
∫ 1

0
dy y(1− y)ν−1

Z̃ 3/2+νX̃ 1/2

(
1− Ỹ 2

Z̃ X̃

)−ν−1/2

×2F1

(
−ν, 1; 3

2 ,
Ỹ 2

Z̃ X̃

)
, X̃ = X/ρ, ~̃Y = ~Y /ρ, Z̃ = Z(λ = 0)/ρ (17)
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How to numerical integrate 6D singular integral (6)?

The Laplace transform: J3

J3(a, ~b, c) =
∫

d3ks

ks

1
(~Q − ~ks)2

1
[k2

i − (~ks + ~kf )2 − 2ε+ i0]
Y1m(~ks)

(a2 + (~b − c~ks)2)3

= − ı2 lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ
∫ ∞

0
dγγ2

∫
d3ks

ks
e−Xk2

s +2~Y~ks−Z Y1m(~ks) (18)

J3(a, ~b, c) = − ıπ
3/2

3 lim
λ→0+

∫ ∞
0

dα
∫ ∞

0
dβ
∫ ∞

0
dγγ2 e−Z Y

X 3
2

Y1m(~Y )1F1

(
3
2 ,

5
2 ; Y 2

X

)
= −35ıπ2

16

∫ 1

0
dx
∫ 1

0
dy y(1− y)2

Z̃ 9/2X̃ 3/2 2F1

(
9
2 ,

3
2 ; 5

2 ; Ỹ 2

Z̃ X̃

)
~̃YY1m( ~̃Y )

= −35ıπ2

16

∫ 1

0
dx
∫ 1

0
dy y(1− y)2

Z̃ 9/2X̃ 3/2

(
1− Ỹ 2

Z̃ X̃

)−7/2

2F1

(
−2, 1; 5

2 ; Ỹ 2

Z̃ X̃

)
~̃YY1m( ~̃Y )

(19)
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Figure 6: Contribution of SBA is rather
significant at large momentum transfers for
1s → 2s and 1s → 2p transitions.
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Figure 7: If the value of ε̄ is in the region of a
continuous spectrum, then the ratio is weakly
dependent on this value.
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Figure 7: If the value of ε̄ is in the region of a
continuous spectrum, then the ratio is weakly
dependent on this value.
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Conclusion on the hydrogen
1. Contribution of SBA is rather significant at large momentum transfers.

2. The ratio depends weakly on the fitting parameter ε̄ if it is in the continuous spectrum
region.
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