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/ Symbolic computation block
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SymPy is a Python
library for symbolic
mathematics.

Python.
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Block of numerical calculations and analysis \
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SciPy is an open-source software for
mathematics, science, and engineering.

Acceleration of multiparameter calculations

sol_l=solve_ivp(f,[t@,tf],s@, t_eval=t_e, method="

RK45")
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Joblib is a set of tools
to provide lightweight
Joblib pipelining in Python

[ ©Numba

Numba is an open-source JIT

of Python and NumPy code into
j \ fast machine code.

compiler that translates a subset
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Statement of the problem

SymPy is a Python
library for syml
mathematics.

System of nanomagnets and Josephson junction

Consider:

* asystem n nanomagnets;

* Josephson Junction (JJ) is
located along the y-axis and
its center is at the origin.

For definiteness, we will demonstrate the operation of the software module forn = 3




System of nanomagnets and Josephson junction

The dynamics of a system of nanomagnets with JJ is described
by the Landau - Lifshitz - Hilbert equations

dm ﬂpjl
dtl _ o (ml x heppq1 +amy x (mg x heﬁ__l))
dm Qps
dt? — = o2 (mg X th_f,E + @Iy X (mg X hﬂff-_ﬂ))
dm ﬂF,;}
dt3 — & ol (1113 b hﬂffj;] + ¥IMlg X [:I'Ilg * he_ffl_g))
/ \ n=12,..100,....
hefri i = 1,...,n - effective field
Calculationof integrals
*.I.EV i i i
h'f:_ff.i — h'il___'} -+ hﬂ,n._i + hft + hert Ym; — — Fi7F, /d[‘;‘M < T
2‘1’& ?"3




SymPy is a Python
library for symbolic
mathematics.

System of nanomagnets and Josephson junction

1. Geometry

import sympy as sp
import numpy as nf
from sympy import *

Data structure for radius vectors
of nanomagnets:

(’Pu,z 1, T Tn—l.lz\
Geom NM = | roy 71,¥ Tn-1y
3zn \Tﬂ,z 1,2 Tﬂ-—l.::}

—

n=3
phie = 2*pi/n
phie
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Geom NM = zeros(3, n)
for 1 in range(n):

a, b, C = sp.symbols('a b C', positive = True, real = True)

from sympy.vector import CoordSys3D, ParametricRegion, ImplicitRegion, vector integrate
from sympy.abc import r, x, y, z, theta, phi, t, v, t
#https://docs.sympy.org/latest/modules/vector/vector integration.html

L, K, S = sp.symbols('L K S", positive = True, real = True)

Geom NM[@,1 |
Geom NM[1,1 ]
Geom NM[2,1 |

Geom_NM

-a*cos(pi/2-phie*i)
0
a*sin(pi/2-phie*1i)




SymPy is a Python
library for syml
mathematics.

System of nanomagnets and Josephson junction

1. Geometry

Consider:

* asystem n nanomagnets;

* Josephson Junction (JJ) is
located along the y-axis and
its center is at the origin.

For definiteness, we will demonstrate the operation of the software module forn = 3




SymPy is a Python
library for symbolic
mathematics.

System of nanomagnets and Josephson junction

1. Geometry

Matrix of distances between nanomagnets Rij NM

ros s = 0

Tﬁiy =0

0 1 2 3 4 b ] 7 8
. roog =0 Toiz Tozz Tie Tiiz =0 T2z Toe T2z
Rij NM|,—3 =
—— Tooy =0 Tory Tozy Ty Ty =0 Tizyg Ty Toy
dzn?
roo=0 rTo1: To2: Tw: Tiz=0 7Ti2: To:r T2

rag. =0

0 —¥ja Yl Y oo (3, Yk _ /3,
0 0 0 0 0 0 0 0 0
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System of nanomagnets and Josephson junction

SymPy is a Python 1. Geometry

library for symbolic

mathematics. Matrix of distances between nanomagnets Rij NM

0 1 2 3 4 ) 6 7 8

. roog =0 Toiz Tozz Tiwe Tiizg=0 Tiag Toe T2z Tas=20
Rij NM|,—3 =
—

3rn?

rooy =0 Tory To2y Ty Ty =0 T2y Ty Tay Ty =0

roo=0 ro1: 7To2: Tw: Tn=0 7Ti2: T T2 r2:=0

for i in range(n):
for j in range(n):|
Rij MM[:,Jj+n*1] = Geom MNM[:,]] -Geom NM[:,1i]
print(i,j, j+n*1)

0 —¥a Y Yoo (3, Yk 3,
0 0 0 0 0 0 0 0 0
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2. Model parameters

Constants:

System of nanomagnets and Josephson junction

e « is the Gilbert damping constant

27
* W, = @TICR - timescale t is unitless and is reduced
0

.EJ

Let's introduce a row matrix, dimensions (1 x n):

epsilon = zeros(1, n)
for 1 in range(n):

epsilon[i] = epsilon 3/(muf[i]*Me NM[1]*Me NM[1i]*V F[i])
epsilon

£J
ﬂ’f,;.gl Vi

EJ €J
[ M3 Vo M3, Viapa }

* v= [v0,71,-.-.,Yn_1] is the gyromagnetic ratio for all NM,

p= [po, 1, - - -y in—1] is permeability (H /m)
Vi = [VFo,VFa1,...,VFn_1]is volumes of NM

Kr.m - [Kﬂ.n,l}: Kﬂn,la fe Kan.,n—l] is am‘SDter}"
Designation row matrix:

e O = [QF0, QF1s--sQF gy 1]
e U= [Cﬂa Clj <e ey Cn—l]

® €= [€0,€1,...,€n 1]

Mo
Qp; = 20 0,1, n— 1
We
V.
Ci= L i—01,....n—1
4t
‘ = —— _i=0,1,...,n—1.
P:'iVF,i 0,i

My = [Mgyg, Mg, ..., My, 1] is the saturation magnetization of a simulated ferromagnet




SymPy is a Python
library for symbolic
mathematics.

System of nanomagnets and Josephson junction

3. Required vectors

Magnetization vector (hormalized) NM: M_NM

M NM=zeros(3, n)
for 1 in range(n):

M NM[@,1] = Function(symbols("m"+ str(e)+str(1)))(t)

M NM[1,i] = Function(symbols("m"+ str(1)+str(i)))(t)

M NM[2,i] = Function(symbols("m"+ str(2)+str(i)))(t)
M _NM

myg (£) myqy (t) myo(t)
myg (£) Moy (£) moo (2)

|:]Il[]|j (f) M (i} Mp2 (f)]
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4. Effective field

SymPy is a Python
library for symbolic
mathematics.

System of nanomagnets and Josephson junction

The effective field is consist of 4 terms:

hﬂf_f,i — hij + hﬂﬂ.,i + hJ..i + hﬂ.‘l:t

where

* h;; - is an effective field duo to the dipole interaction,

* hgn; - is an effective field duo to the magnetic anisotropy,
e hj;-is an effective field duo to the current through JJ and
* h..t - is an external magnetic field, which is in our case zero (hest = 0).

11



System of nanomagnets and Josephson junction

4. Effective field

Finding magnetizations
9 9 h;; is an effective field duo to the dipole interaction

The magnetic field of a magnetic dipole in vector notation is:

Vrini 3(mi-T)r m;
Fatt -
T

Bt?j(rij:-'m:’) — b5 b3

where H is the field, r is the vector from the position of the dipole to the position where the field is being measured, b is the distance between

nanomagnets, m; is the magnetization vector, p; is the permeability.

Bij NM=zeros(3, n*n)
Data structure iy

for i in range(n): ™ J
for j in range(n):
if(i 1= j ):
b = sgrt( Rij NM[:,Jj+n*i].dot(Rij MM[:,]j+n*1i]))
Bij NM[:,j+n*i] = C[i]*mu[i] *( 3* (M NM[:,i].dot(Rij MM[:,j+n*1i]) )/b**5*Rij NM[:,j+n*i] -M NM[:,1]/b**3 )
Bij NM = simplify(Bij NM)
Bij MM

12



System of nanomagnets and Josephson junction

4. Effective field

for i in range(n): ™~ J
for j in range(n):
if(i 1= j ):
b = sqrt( Rij NM[:,j+n*i].dot(Rij NM[:,j+n*i]))
Bij NM[:,j+n*i] = C[i]*mu[i] *( 3* (M NM[:,i].dot(Rij MNM[:,J+n*1]) )/b**5*Rij MM[:,j+n*i] -M NM[:,i]/b**3 )
Bij NM = simplify(Bij NM)

Bij_NM
Voo (— v 3mpo(t)+Dm x.[t]l] B anu{ 1,-"3mm[t}+[llmgg[t}] Vi { —+/ 3mgy (t) +ﬁm-31{t:|) 1"'EL;F1.EI1mu1{1:| B Viapa ( V3maa(t)+9man lrﬂ) VaVimu ama(t) 0
144mwa? 1447a? 1447a? 18ma? 144ma¥ 18ma?
0 B v 3Vrppgmo(t) - x-"il"m,:mmlu{ t) o VaVE My () 0 — V3VEpmn (t) - V3Vimuam 12(t) B V3Vmuam 12(t) 0
I6ma? 36ma’ I6mwa® 36ma? 36ma’? 36ma?
0 Vinpo (ﬂmm[tj—l-& v‘ﬁﬂtgﬂ[tj) quu( —Omigg(t)+5 v‘ﬁﬂtgﬂ[tj) Vit (Qmm{ﬂ-i—ﬂvﬁmgl [t}) 0 V3V pima (t) Vs ( —Ompa(t)+5 ‘vﬁm:ﬂ[t}] V3VEapaman(t) 0
L 14dmwa’ 144ra® 14dwa® o 36wa? 144ma® T A6wa? i
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System of nanomagnets and Josephson junction

4. Effective field

for i in range(n): ™~ J
for j in range(n):
if(i 1= j ):
b = sqrt( Rij NM[:,j+n*i].dot(Rij NM[:,j+n*i]))
Bij NM[:,j+n*i] = C[i]*mu[i] *( 3* (M NM[:,i].dot(Rij MNM[:,J+n*1]) )/b**5*Rij MM[:,j+n*i] -M NM[:,i]/b**3 )
Bij NM = simplify(Bij NM)

Bij MM
B r I [ & i . 7]
Emﬂu(—v Emml[t,'.l+9m20[¢}] B Vm#u{v E:I'Fton[t]l+ﬂ'm20[t}) VF]_,LI.]_{—\.- Emm[t}+ﬁmgl{t]) 0 1"E1;F1#1mu1{1:| B Vm#z(fﬁmnﬁ[t}+ﬂ‘m&2(ﬂ) "«-‘ﬁl’mﬂgmm{t] 0
144mwa? 1447a? 1447a? 18ma? 144ma¥ 18ma?
FOLDTL 0 v 3Vrpoman F1iE1T1 V3 F1ii1Tm1g ¥ oV o V3 FajiaTm 2
0 _ Vv (t) _ Vav (t) L (t) 0 _ Y (t) _ VaY () _ Vv (t) 0
I6ma? 36ma’ I6mwa® 36ma? 36ma’? 36ma?
r E. i . EL i . e,/ . A
Fmﬂn(ﬂﬂtm[t:l-h:w Entgﬂ[tj) anu(—ﬂﬂtm[t}l-l—uv Entgﬂ[tj) Vm;ﬂ-l(ﬂmm{t'}-l-ux- 3?1131[!.]-) 0 B v‘ﬁvmmrrtm[t} VF}HE(—QWDE“}'F'-W 37”22[”] B ‘v"ﬁVFE#EﬂI’tQﬂ[t} 0
L 14dmwa’ 144ra® 14dwa® 36wa? 144ma® A6wa? i
for 1 in range(n):
for j in range(n):
‘ if(i 1= j ):
3(m; -r)r AR . . . L
hﬁ{rﬂ,?ni}==(l{———7¥r———-—?ni) hij NM[:,i] = hij NM[:,i] + Bij NM[:,i+n*j]
VeipiMo: . . . .
where C; = 7 -1sa dimensionless coeflicient. .. . i .
A gy My 1 br hij NM= simplify(hij NM)
hij MM
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System of nanomagnets and Josephson junction

4. Effective field hgn i - is an effective field duo to the magnetic
anisotropy

The magnetic anisotropy field is given by:
huﬂﬁzzzjzanjﬂiyﬁp

where

_ Ko
Kppi= ——-i=0,1,...,n— 1.
ﬁiijkﬂif

for 1 in range(n):
h an[1,i] = K an[i] * M NM[1,i]/(mu[i] * M@ NM[i]* M@ NM[i])

h_an
0 0 0
Kanﬂﬂllﬂliﬂ K-:mlmll'l.rt:l Kuni'.'mli'“]
Moo M Mip2
0 0 0
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System of nanomagnets and Josephson junction

4. Effective field h; ; - is an effective field duo to the current
through JJ

The superconductive phase shift ,,, , caused by the nanomagnets is given by

piVFE, /d M; x r;
Ymi = — ri— 3 —
|. Polygon 2% ’

r

from sympy.vector import CoordSys3D, ParametricRegion, ImplicitRegion, vector integrate
from sympy.abc import r, x, y, z, theta, phi, t, v, t
#https://docs.sympy.org/latest/modules/vector/vector integration.html

L, K, S = sp.symbols('L K S, positive = True, real = True)

NM2

tp = sp.symbols('tp’, positive = True, real = True)
from sympy.geometry import Point, Polygon

curve = ParametricRegion( (o, tp, @), (tp, -L/2, L/2))
C = CoordSys3D('C")

16



System of nanomagnets and Josephson junction

4. Effective flEld h; ; - is an effective field duo to the current
through JJ
The superconductive phase shift ,,, , caused by the nanomagnets is given by
 HiVE fd M, xr;
Ymi = 2@0 i ?"3
II. VeCtor Am vecl = -K*nm.cross(rim)/sqrt(rim.dot(rim))**3
integrate Am_vecl
K (- t) — t - K t “ K t -
(_ (—ycmao(t) fimm( )))ic " (_ amoo( )i )jc 4 (_ ycKmaoo( )1 )kc
(yc? +a?)? (yc? +a?)? (yc? +a?)?
for 1 in range(n):
Data structure: rim= (@-Geom NM[@,i])*C.i+ (C.y -Geom NM[1,i] )*C.j + (@-Geom NM[2,i]) *C.k
nm = M NM[@,1]*C.i+ M NM[1,i]*C.j+M NM[2,i]*C.k
y — [yO yl y2 ] Am vecl = -muf[i]* v F[1]/(2*Phi_©) *nm.cross(rim)/sqrt(rim.dot(rim))**3
' ‘ ' gamma m[i]| = vector_ integrate(Am vecl, curve)
gamma_m

| LVipuomun (1) LV (mon (6)—V3ma (8))  LViropz (mo2 (¢)4+v3man (¢)
2&gav' L2 +a’ 4®gavL +a? 4&gav I +a?
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System of nanomagnets and Josephson junction
5. The current flowing through the JJ

The current flowing through the JJ is given by

Data structure
Y = [Yo,Y1,Y2]

I

= Sill[Vt + g + Yo + H."r'm,:a] + V + ';}"m1 + ;:'fmﬂ + ;]"ma'

h; ; - is an effective field duo to the current
through JJ

for 1 in range(n):
rim= (@-Geom NM[©,1])*C.1+ (C.y -Geom NM[1,1] )*C.] + (©-Geom NM[2,1]) *C.k
nm = M _NM[@,1i]*C.i+ M NM[1,i]*C.j+M NM[2,i]*C.k
Am vecl = -muf[i]* v F[1]/(2*Phi_©) *nm.cross(rim)/sqrt(rim.dot(rim))**3
gamma m[i]| = vector_ integrate(Am vecl, curve)

gamma_m
LVppomee(¢)  LVem(mo ()—V3ma (1) LVious(mo (¢)+v3man (¢))
 28pavI*tal 4®gavITial 48gav/I 1 ad
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System of nanomagnets and Josephson junction

6. LLH system of equations

To further solve the Cauchy problem (IVP) numerically, it is necessary to reduce
the system of ordinary differential equations to the form:

During the numerical calculation, a system of
linear algebraic equations is solved at each
time step

19



Conclusion

To study the chain of nanomagnets associated with the Josephson
junction, a software module has been developed to output equations in
symbolic form for further numerical modeling.

In this case, the equations are reduced to the form of a system of ordinary

differential equations resolved with respect to the derivative at each
integration step.

The implementation is carried out using the SymPy
library for symbolic operations.

SRLIT/JINR
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