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Formulation of the problem

Consider Maxwell's equations for a case non-absorbing inhomogeneous
isotropic media:

S H .
vxEs MM 5
c Ot
. ¢0E .
H_S%=
V x T 0, (1)
V.cE =0,
V-MH:,

where ¢ — speed of light in vacuum, £ — permittivity, u — permeability.
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Additional conditions

For multilayer waveguides the following conditions at the interface
between dielectric media are satisfied:

[ﬁx L-:] =0, [ﬁx /—7} =0, (2)
(x.y,z)erl (x.y,z)er
where 7 — normal to a surface I, [E] represents jump in vector
(x.y,z)er

quantity h on the border (x,y,z) € I'. Asymptotic boundary
conditions at infinity [1]:

IE] ——— 0,[|H|| ——o. (3)

[Ix]l =00 [Ix[| =00
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Waveguide structure under consideration

We consider waveguides which are:

o thin-film: the thickness of waveguide layer h is comparable to the
wavelength of light A;

o smoothly irregular: geometry of waveguide layer satisfies the
following constraints: |0y h| < 1,|0.h] < 1

X Ecr Ue

0 .. ,UsL z
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Solution as asymptotic expansion

The solution to Maxwell's equations in proposed method is expressed
as an asymptotic expansion with (iw)™! as a small parameter [4]:

—

o0
E(x,y,z,t) = Z (iw)_sES(X7y7 z)eth_ik‘P(Z),

%)
Il
o

(4)

—

H(X,y,Z, t) = (iw)_sl:is(xvyaZ)eth_ikSO(z)a

Nk

17,
Il
o

where s — asymptotic expansion index, E. and H; - the corresponding
contributions to the electric and magnetic field strengths of the order
s, w > 1 - angular frequency, k - wave number in vacuum, ¢(z) -
phase.

For considered waveguides differential operators w.r.t. x, y, z give
different values in order of magnitude: 9,0, ~ (iw) ™t By
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Applying computer algebra tools

The convenience of asymptotic
methods is the ability to obtain
intermediate results in symbolic
form, therefore we use computer
algebra tools, specifically Python's
SymPy package [3], to reduce
Maxwell's equations and construct
symbolic representation of their
solution.
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Steps in symbolic investigation

The symbolic investigation of proposed method can be described in
four steps:

@ Substitute in the system (1) E and H with their asymptotic
expansion, respectively, then reduce the system;

@ Separate the reduced system into algebraic and differential parts;
find solution to the system of differential equations;

And when considering a specific waveguide structure:

® Construct the solution for each layer, taking into account
asymptotic conditions at infinity (3);

@ From boundary conditions (2) we form a system of linear algebraic
equations (SLAE) w.r.t. arbitrary constants and find its solution;
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0t approximation: ODE problem

In Oth approximation system (1) can be reduced into a system of two
algebraic equations (5) and four differential equations (6)

E5 (x.2) = 7' (2)Hg (x,2),

5

HY (x,2) = —pn Yo' (2) EY (x, 2) )
OxE3 (x,z) + ikpHg (x,z) =0,

OEE(x,2) + ike *n(2)H} (x,z) = 0, (6)

OxHJ (x,z) — iekE§(x,z) = 0,
OxHE (x, z) — ik~ tn(z)EY (x,z) = 0.

where 1(z) = ¢'(2)* — ep
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0t approximation: General solution

General solution of system (6) is obtained symbolically:
Uo = CGvie "+ Ghe? 4+ CGavge™ 7 + Cyvpe™™, (7)

where (z) = ky/n(z), Up = (EJ, E§, H}, Hg)T and vj:

i —ip
_ 0 . 0
V]- 0 7V2_ O )
n(2) n(2)
0 0
5= | VIR | g o |-V
0 0
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0t approximation: Solution in each layer

For considered waveguide structure solution in each layer takes form:
U§ = A5vce <0—h(2)) o Beys e re(x=h(2)
Ul = Abvf e 4 BE vl ey  cfvfe ™  DEvEe™,  (8)

US = ASvEe™ + BEvse™,

it — il 0 0
0 0 i\/n —i\/M
= 0 2 = 0 V5= saa V= eaa ’
Vo Vo 0 0

12

Na =¥ — Eallay Va = k Na, 0= {C, f,s}.
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0t approximation: Arbitrary constants

Symbolic form of arbitrary constants is found from substituting
solution for each layer (8) in boundary conditions (2):

mEP =, (9)
0000 A§
M 0000 5
Mzoooooooo’g):gg;
0i0) w | |S
0000 BS
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0t approximation: Arbitrary constants

System (9) is split into two subsystems:

ifhe —ipre "
P N T
0 I'/,Lf
0 =/ +ih'o'
_i\/m_ hlgal (iﬁ—!—h/(p/) e—fy;h
—f
M> = Ec —&re
2 0 —iy/TF — '’
0 Ef
c
g
g=|m|.8=
b
BO
S
AO
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Ot

h approximation: Solution of SLAE
We obtain symbolic solution of system (9) by applying previously
developed method [2]:
Ay = =2ipe/nf,
Ab = (—ipey/mr — ipey/me + (e — ne) ') €7,
Bf = (Iucf ite/Me + (e — pe) ') e,
AS = —prpg (=ite/liF = ipey/le + (ke — pr) H') €77+

st (ine/F — ipey/Me + (e — ) H'e') e, 10)
Bg = _2i€f\/777a

Cof = (—iec\/nT —igf\/Me + (€c — &f) h'gp’) erh.

Df = (—iecy/nf +icey/ne + (er —ec) H'¢') e h,
Bf = ere;t (—ice/Nir — ice/Ne + (ec —ef) W) €77 —

—epet (iac\/oT — iefy/Me + (ec — &7) h’cp’) e rh.
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15 approximation: ODE problem

In the 15 approximation system (1) also consists of two algebraic
equations (11) and four differential equations (12), but the system is

now inhomogeneous:

Hi = —u (¢ (2)E] + oY),

L (11)
Ef = —e (@ (2)H] + cO-HY),

0065 + ke (57 — o) Y =10 (-0uE5 + 0.7
aXEyX + ik Hi (x :Ov
( ) 1% 1( ) (12)
OuHf — ikp™ (¢ —ep) B = |iwp™ (u0:Hg — 0:EF') |
OxHY (x) — iekEf (x) = 0.
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1% approximation: ODE solution

For inhomogenous systems of differential equations the solution can be
represented as U; = Uy + Up, where:

Ug = Gvie ™ + Gine™ + +CGze ™ + Cavge™, (13)

—31P2(X,Z) 31P1(X,Z)
g. — | @2Pa(x2) | —ax a2P3(x,2) | ax
P —31P4(X,Z) 31P3(X,Z) ’
—a3Pa(x, z) —a3Pi(x, z)
a=———, ax= iw a3 = iw
1—2\/77 2_267 3_2/1/7
Pi(x, z) / — 0. Hy (x, z) + 0B (x, 2)@' (2)) e dx, (14)

P>(x, z) / — 0 H (x, 2) + 8By (x, 2)@' (z)) e 7™ dx,
/ (£0:E5(x,z) + 9:Hy (x, 2)¢'(2)) e dx,
Pa(x, z) / (e0:E5(x, 2) + 0:HY (x,2) (2)) € 7 dx
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15t approximation: Solution in each layer

Solution in each layer takes form as ljf‘ = L_jg + Ug‘ for a = {c, f,s},
where:

Ugc = Bfvfe e xmh(2) 1 AS s e (x—h(2))
Ut = Bfvfe™ ™ + Dfuf e + Afvfe 7 + Cfufer™,  (15)

U Bs —»sewsx + As =5 e%x

Ug“ has the same symbolic structure as U, with a difference in values
of permittivity and permeability £, and pu, for each layer .
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15t approximation: Arbitrary constants

Symbolic form of arbitrary constants is found from substituting

solution for each layer (15) in boundary conditions (2):

ME = g,
< AL B AL B Cf, Dl BS)
) "f
—E}<(h(z),2) + E}f(h(z), 2)

€ = (

(Hx<(h(z), 2) — HY(h(z),2)) W (2) + H3(h(z), 2) —
—Eyf(o z) EYS(O z)
S (H”(Oz H”Oz) z+HZfOz) H;
T= | (Ex<(h(2), 2) - B3 (h(z2), 2)) W(2) + E2<(h(z), 2) —
Hy’ (h( ), )+Hﬂ(h( ),z
(Eg*f(O,z) — EgvS(o z)) h(z )+ Ezf(o z)— EZ

—H}J”f(O,z) Hys(O z)
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15 approximation: Solution of SLAE

Solution to (16) takes the following form:

M| = (ucuf\/%/rﬁ — HehtsTle = WEN/Te\/Ts + B tisy/Te /Tl +

+ i (uc\/ﬁ — Ben/Ns = /e + pe/Ts + pisy/Te — mﬁ) We'+
+ (Hepsr — pepis — 12 + prps) (H)° (@’)2)e’%h+

+ (Mcuf\/nT\/ﬁ + piefisns + BT/ Ts + 1g 1isy/Te/ T+

+ ipr (Mc\/ nf + MC\/@ T+ Uf\/Ne — f\/MNs — Mhsy/Tc — s/ 77f) hl(ﬁ"’
2,02\ %
+ (—tepe + peps + p7 — peps) (B)° (@) )e””,
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15 approximation: Solution of SLAE

|My| = <5cff\/nfm — ecEstr — E7/Ne/Tls + ErEsy/Ten/TF+
+ier (Ec/llF — €cv/Ms — €F/Mc + €Fy/Ms + Esv/Tc — €s/T) W &'+
+ (ecer — eces — €2 + efe5) (W) (gz":’)2)e*“7fhJr

+ (ecsf\/nf\/@ + ecesnr + e%,/nc\/ni + eresn/Ne/NF+

+ ier (Ec/lF + €cv/Ms + €7/Nc — EFy/Ts — Es7/Tc — €s/Tf) W &'+

+ (—ecer + eces + €7 —eres) (W) (¢') ) eirh,
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15 approximation: Solution of SLAE

1 .
Al = |Ml|<2ufq3fhso + 2ur (—psqa — iq3\/Ms) /TiF+

+ (*/42(‘72@ s G2/TF — i qry/NF/Ns+

+ e (—inede + ipsde + auy/ir + quv/is) W@ — insqung+

+iqy (ur = p1s) (W) (&) ) €0+

* (u%%\/@ P bsGarn/NF — e qiy/Ney/Ms + pe(iprqe — iptsqa+

+ QT — Q) E + s + iy (—pe + ps) ()7 (@) ) em)
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15 approximation: Solution of SLAE

1
Al = |M|<ucﬂfq2\/7¥ PelbsG2y/TF — ifrq1y/Ten/Ts + s q1y/Ter/ N+

. 2 /o2 . .

+iqr (—pr + ps) (W) (F) + (ipepir g2 — iptepisQe + prqiy/me — prqiy/mns—

— [tsG1y/Me + psqiy/ne)h' G+ ( HelsGar/Tf — Ifcq3/MFA/Ms — [hf fhsQar/Tc—
. . ~IN2 .

— it qa/e/s + i3 (e — 1) (W) (&) + (—iticisqa + peds/m+

+ feq3y/MNs + e lisqa + [FqaN/Nec — uqux/@h’@’) em)
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15 approximation: Solution of SLAE

1
Bf = |M|(ﬂcufqz\/?§+ucusqu i1LF q1y/Ney/Ms — s qiy/Ner/NF+

. 2 /o2 . .
+iqr (—pr + ps) (W) (F) + (ipepir g2 — iptepisQe + prqiy/me — prqiy/mns—
— [5G/ — psqiy/ne)h' G+ (/Jc,usq4\/77f + ipeq3/MFA/Ms — [offhsGar/Tec—
. . 2 /N2 .
— i q3/Men/Ts + iqs (e — pe) (W) (@) + (—ipcpisqa — peqa/me+

+ HeG3y/Ms + ifiriisGa + prqsy/Tle — uqux/@h/¢/) e_w)
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15 approximation: Solution of SLAE

1 5 .
Al = A <2ufq1\/1?h's0’ + 2 (e G2 — iG1y/Nc) \/F + (ucufqzu/??*

— ilcq3nF + 1FGan/Te — ifeGay/Ten/NF + e (iticqa — ifega — qay/Te—
— Qs AN + ias (—pe + ue) (K (F) ) 70+

+ (,UCﬂfq4\/77f + ipcq3nF — PFGay/Ne — iftrGa/Tey/TF + e(—ificqa + ifirqat

+ a3/le — Gs\/TR)HE + ias (e — pr) (H)? ()7 ew>
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15 approximation: Solution of SLAE

1
Bf = "l <2lequfh &'+ 2er (iesqr + qs\/1s) /i + (—I€fq5\/775+

+ ieresqs/TF + ££Ger/TF\/Ts + €f (€¢d5 — €505 + iG6+/TF — ide/Ts) W &' —
2 ;N2 —5

—esqenr + qe (er — £5) (M) (&) )e ey

+ (ié‘?qs\/ﬁ + icresqs/Nf + €rG6\/Nr/Ts + €r(—€rqs + €sG5 + ige /N7 +

+ ige/ms) W' + 2sqens + G (—¢ + e5) ()’ (@,)2)‘3%”)

Starikov D. A., Divakov D. V., Tiutiunnik A. A. Asymptotic method MMCP 2024 25 / 30



15 approximation: Solution of SLAE

1
o = Vol ( iecerqs\/MNs + iecesqs/Nf + €£d6\/Tc\/Ns — EsG6+/Tc\/TF+

2, wn2 . .
+ g6 (e — &5) (W) (F')" + (cerqs — £cesqs + ierqer/Te — i€rder/Ts—
— iesqey/Te + i€sqen/TF )N @ + (iacssqn/nf + ecGsv/NF/Ms + i€resqr/Nec+
2 /N2 . .
+ £ qey/Ncy/Ms + s (er —€c) (M) (') + (—ecesqr + iccqs /N + iccqsy/ns+

+ eresqr + igrqe/Nc — /'EFCIS\/Wis)h/SE) e%h>
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15 approximation: Solution of SLAE

1
Df = A (lacequx/EJr i€cEsqs/Nf — €FG6+/TNc\/Ns — Es6\/Tc\/ T+
2, wn2 . .
+ g6 (s —e¢) (W) (&) + (—ecergs + ccesqs — ierqer/Tc + iErde/Ts+
+ iesqe/Tc + iesqer/ne )N @ + (iacssqn/nf + ecs\/NF\/Ts — i€rEsqr/Te—
2 /N2 .
— erqs\/Ne/Ms + qs (ec —e¢) (W) (') + (ecesqr + iecqs/nF —

iec qs\/Ts—

— EfEsq7 — igFqe\/Nc + igquﬁ)h’¢’> eﬂ”’)
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15 approximation: Solution of SLAE

1
By = Ml <2I€fqefh @'+ 2er (iecqs — Ge+/1c) /i + (’ch':fq7\/>*

— €cqsNr + f512fq7\/77c — €£qe\/Ne/Nf + f(—Ecqr +€£q7 + iqe\/Nc+
. ~ 2 ;o2 5
+ ige I E + G (—ec +¢) (W) (&) ) 1P+

+ (ié‘c&fq?\/??f + €cqsnf — i512‘q7\/77c — ¢ Qg\/Mc/TF +er(€cqr — erqr—

— igg/Te + iqs\/NF )N @' + qs (ec — &) (h/)2 (95/)2 ) ew’>
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Results

o Asymptotic method allows to formulate the problem of finding
waveguide modes in symbolic form.

o Using computer algebra tools, namely SymPy, for the first time
the system of inhomogeneous differential equations,
corresponding to the first approximation of the proposed method,
is solved in symbolic form.

o Linear system of boundary equations is also solved symbolically —
we obtained the expressions for first contributions to the electric
and magnetic field strengths.
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