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Measurement-based quantum computation with cluster states

R. Raussendorf, D.E. Browne, H.J. Briegel

We give a detailed account of the one-way quantum computer, a scheme of quantum computation that consists entirely of
one-qubit measurements on a particular class of entangled states, the cluster states. We prove its universality, describe
why its underlying computational model is different from the network model of quantum computation and relate quantum
algorithms to mathematical graphs. Further we investigate the scaling of required resources and give a number of

Finally, we describe computation with clusters of finite size.
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febrHnumm IWQC, MaTemaTU4ecKoe onpeaeneHme acausality

Pasnnuymne mexxgy nepson (2001) n BTopow ctaten (200%) PaycceHoopda
n bpeunrena, obwan nepcrnekTnea  COCToOAHNE .

TRy « TN P %

e e R N v 7, T T




A ot ea b Y
- - - ~0 .
N . S 5 S -~
s S . AL WaEN
% Sk g Vg
Z, <
~ S - /; < .
“\ - v‘ -. 4
-
B s S

1 e e
by Vo SRt R
<3 . i TV LA K
Coesais vk ¥ AL o SR i o Rt o N R o v S NSRRI
2 By 0 TSN e 1 5 48 P SRR R Ao SR
v Ny 4 ‘ L’ " lre o LT s & 3 e

e > T — ] e g W RN X
2114 :y‘ et o s, S el PR SR AR TR R ) D B ok RIS )
NN BTGNS Y R P ’ > C o Gyt AR TR AN R v Y y +* \
SN RIS s ~ Ny TSI AL S B S N A N A 5 o NS g : Yy
s ) X . . (' ~ w1 ) A AR L0 TS Y,
‘A3 : " PN d ; ’ (] : N T SO -y
ok s RS Gl ] { WA R N 3 ' A T .f ron e S AR <hh S $ _,\ fo s o\ iy
B0 A AR AN, VR ' PN ey . $ENS At OIS - W h W
L +3 N P b '\ . I & A e Vo AT Y
{ny i , : > 3 X TR AR Lo AXE 4 I 05 oV
SRV it w M0 Y < ~ R SRS N e ’ B S AR N : :
o AN AN

OCHOBHbIE naoeun

OOHOHaNpaB/EHHbIX

KBAHTOBbIX BblYUCNEHUNW

B TepMmnHax opurmHanbHou matemaTmk PaycceHoopda ocHOBY
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|QQC cocTaBNAET He cTaHOapTHaA nocnenoBaTenbHOCTb
YHUTAPHbIX KBAHTOBLIX JIOrMYECKUN FTEUTOB, HO KJlaCTEePHbIE
COCTOAHMA 3anyTaHHbIX KYyOUTOB. KnacTtepHoe COCTOAHME
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COMHEHUA OTHOCUTENbHO BO3MOXXHOCTW

IWQC cTaTb OCHOBOW YHMUBEPCAIbHOIo }G. 1: Simulation of a quantum logic network by
ro-state particles on a lattice. Before the nwa.sufg
KBaHTOBOIo KomnbtoTepa . ipen I_|/|6|f)|/|.’:|.H|D|X 1bits are in the cluster state |¢)c of (L). Circles
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AHTOH LlannuHrep:
JKcnepmMeHTasibHanA
peanu3auma IWQC u

KBaHTOBaA dounocodpunA

, lannuHrep B 1999 - 2010 cdhopmynmpoBasi CBOO
KBAHTOBYIO TEOPUIO MHPOPMALMN B KOHTEKCTE
nccnenosaHnn IWQC,, KOTopaAa OCHOBbIBAETCA

NnoaoOHO TEOPUM OTHOCUTESIbHOCTU HA HEKOM
obLedpn3ndeckom NPUHLUUNE HasbiBaeMbIM KaK
FP1+FP2 Foundational Principlc (1999.2010)

New Journal of Physics
The open-access journal for physics
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the down-conversion process becomes exponentially inefficient for generating larger
cluster states. Our way of generating the cluster states furthermore exploits the
properties of polarizing beam-splitters (PBSs) and uses post-selection. A PBS is an
optical device which transmits horizontally-polarized light and reflects vertically-

polarized light. Considering the two-photon case, where after the PBS in each mode one

photon has to be detected in each mode after the PBS, both incoming photons must have

the same polarization, when they come from different input modes, or they must have




KBaHTOBaA TeopunAa MHopmMmauum c FPI+FP2
AHTOHa LlannunHrepa

+ [ naBHOe OonylleHne KBaAaHTOBOW Teopun MHgopmMaumn LiannnmHrepa cocTouT B CYLLECTBOBAHUN
HeycTpaHuMol cnydariHocTu (irreducible randomness) JoTciona, 0606LweHne 0THOCUTENBHO

MOBCEMECTHOCTWU acausalitg B KBAHTOBOU MexaHukKe.

+ [lepBbi npuHumn FP1 LlannmnHrepa coctonT B TOM YTO 3JIEMEHTAPHbIE KBAHTOBbIE CUCTEMbI B
YCITOBUAX HEYCTPAHUMOMN ClTly4anHOCTU O0J1KHbI ObITb OTHOCUTESIBHO NOrMYeCcKn HeE3aBUCUMbI U MOT TN
6bl NPUHUMATb UCTUHHbIE 3HAYEHNA KaK HEKUE Norndeckumne yTeepXaeHna ( B KOHTekcTe IWQC

KNlaCTepHble COCTOAHUA COAEepXXaT HEKNI TEKCT WM MHbopMaLUo KOTOpYLo TpebyeTca npoynTaTth )

+» CooTBeTcTBEHHO, BTOpOUM npuHumn FP2 LiennmnHrepa cocTouUT B TOM, YTO B YC/IOBUAX HEYCTPaHUMOM
C/Ty4aMHOCTN SNIEMEHTapPHbIE KBAHTOBbIE CUCTEMbI O0/IKHbI HECTU MH(POPMAaLIMIO paBHYIO OQHOMY
buty. OTcloga, npegnonaraeTca, YTo Knactepbl B IWQC MOTyT MMETb YHUKANbHOCTb M OAHOBPEMEHHO
coaep>kaTb paBHOE KOMMYECTBO KYOUTOB accoLumnmnpyrolLeeca ¢ UCTUHHbIM CY>XOEHNEM
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BaBunoHckaa bubnmorteka bopxeca n IWQC

+ AHTOH LlannunHrep, Takmm obpasom, ABMAETCA

OCHOBOMOJIOXXHUKOM IWQC, MHUUMATOPOM
CMONb30BaHUA acausality 1 NepBbIM Knocothom
IWQC yBMAEBLIMM aHasnoruto ¢ Babel Library Bpoxeca.

+» [lenctButensHo, BaBnnoHckaAa bnbnmorteka bopxeca

ToXOecTBeHHa BceneHHoU 1 npencTaBfiA€T MbICIMMOE
cobpaHune 6eccMbICEHHbBIX Y OCMbIC/IEHHBIX TEKCTOB,

O(POPMJIEHHbIX B BUOE KHUT 1 Haxo4ALWMXCA B
cocToAHUKM 3anyTaHHoCcTU. 1o bopxecy KaxkpaAa KHUra
YHUKalibHa, 0gHaKO0, OHa COOEP>XUT OO4MHaKOBOE YMCIO
CTpaHuL, 0OMHaKOBOE YMCNo BYKB 1 MPOMYyCKOB MeXXay
bykBamMun. Ka>kgaA KHUra MoXkeT OblTb 9KBMBaJIEHTHa
OOHOMY KNlaCcTepHOMY COCTOAHMIO B IWQC.
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MaTemaTtmnka BaBunoHckon bubnmotekm m
HeoXXnpgaHHble napanneny B matematTnke Mounasyku

» Cnepnya aHanoruu LlannuHrepa , MOXXHO OONYCTUTb CUTYyaUUIO Koraa Tpy OTAENIbHbIX
KnacTtepa onucbiBarowme AHabeneeBy [ eomeTputo, aHaNIUTUYECKYO TEOPUIO YACEN U
[ eomeTpuio [lnoaHTa npeacTtaBnAOT YHUKASIbHbIE «KHUTW bopxecas, KoTopble
HECMOTPA Ha pas/IMYHYIo MaTeMaTUKYy OOJIKHbI NPeacTaBfIATb OOHY U TyXe
BPEMEHHYIO NOCNenoBaTeNbHOCTb KYyOUTOB, Tak Kak OHM CUHXPOHHO ONMUCbIBAOT OOUH
N TOT XK€ MaTeMaTniyeckmnm qoeHoMeH acausalitg MeXOy CNTOXXKEHUEM N YMHOXXEHUEM.

» MoOo6HbIN BUA CEMAHTUYECKNX COBNAAEHWI Bbln OTKPLIT Inter - Universal Teichmuller
Theorg ANOHCcKoro matematunka CuHnum Mounasyku B 2012-2024. A Ha3blBato Takue
CMHXPOHHOCTM MPUHLMMOM HeKay3asnbHoCTH (acausality principle)

L = SRS S S . Cmaiictaan s - T T N e e T T e ety e o A T - i 58 —— SNSRI o e e



- That is to say, we obtain three a prior: different applications to

- anabelian_geometry (local-global Section Conjecture),
- analytic number theory (nonexistence of Siegel zeroes),

- Diophantine geometry (abc/Szpiro inequalities)

— a striking example of Poincaré’s quote, i.e., all three are essen-

tially the same mathematical phenomenon ot bounding heights,
i.e., bounding “local denominators”!

. Here. the local-global Section Conjecture application is also
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HekoTopble MaTeMaTndeckme noapoodHOCTH

pewieHnAa Mo4unasykm -~ OCHOBbI HENPUATUA

+» ABC npobnema nmeet pyHOaAMEHTasIbHOE
3HayeHve B Teopuu ymcen v 6bina

cpopmMmyinpoBaHa B COBpeMEeHHOM Buae B 1985
He3aBucumo Macce n OcTtepre .

+ [lycTb N npeacTaBnAeT NONOXUTENbHOE Liesioe

ymucno. Toraoa cornacHo OcHoBHOM Teopeme
ApudmeTtmkn (OTA) Bcakoe N MOXXHO NpeacTaBUTb
KakK Npons3BeneHmne npocTbix pakTopoB. Macce v
OcTepne gonycTunm HEKOTOPYIO Aedopmaumio B
OTA, korga N TpaHcopMMpyeTcAa B KBasu -
npmbamxeHHoe uncno d = Rad (abc); Hanpumep,
60 (2.2.3.5) okpyrnaeTtca Ao 30(2.3.5)
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B :: Masser - Oesterle deformation
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Introduction. Masser - Oesterle deformation

i s b i

Let N be a positive integer. Then in agreement with the fundamental theorem of
arithmetic N must have unique prime factorisation. Masser and Oesterle (1985) have

i s et

invented a special class of deformation of the fundamental theorem of arithmetic
when N is transforming into a quasi - round number R (called * radical of the integer
N”), when N > R. For instance 60 is a product of 2.2.3.5, but after Masser - Oesterle ‘s
deformation ( “::mo::”) 60 became a product of 2.3.5 = 30. 60 > 30. Similarly, 100 =
2.255:mo::25=10,100>10; 108 =2.2.3.3.3 ::mo:: 2.3 =6, 108 > 6; 120 =
2.2.2.3.5 zmo:: 2.3.5 = 30, hence, 120 > 30. Prime numbers represent an exception of

s PR it 3 iU et i il it R

Masser - Oesterle deformation, when N = R, correspondingly, 5::mo::5; 13::mo::13,
etc.

PO

Indexes of compositionality (¢)

Consider different positive composite integers having the same R =2.3.5.7 =210 :
1260 =2.3.5.7, 1680 = 2.3.5.7, 2520 = 2.3.5.7 ( 2°.3°.5.7); 5040 = 2.3.5.7 , 7560 =
2.3.5.7,10080 = 2.3.5.7, 15120 = 2.3.5.7, 20160 = 2.3.5.7, 25200 = 2.3.5.7, 45360 =
2.3.5.7, 50400 = 2.3.5.7. In order to distinguish such sort of quasi - round numbers
ABC theorists use a special log - technique : log N / Log R, hence, an idea of the
arithmetic constant C is deduced and different numbers with the same R may have

o At PPN g A s i s AN M I i 0

different unique “indexes of compositionality” or (g) : for instance,

(£)1260 = 1.335089; (£)1680 = 1.388890; (¢) 2520 = 1.464719; (¢) 5040 = 1.594350;
(e) 7560 = 1.670178; (¢) 10080 = 1.723980; (£)15120 = 1.799809; (¢) 20160 =

! 1.8536106; (¢) 25200 = 1.89534; (¢) 45360 = 2.0052; and (¢) 50400 = 2.0249. ...
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_ .
3 <1 and let a,b,c be coprime positive integer

¢ | < C (e) R(abc) "7

C(e) =22 exp ( 0.85.10°" g'o0*!




Mochizuki’s Proof

Key moment of Mochizuki’s proof of ABC conjecture is connected with the

application of the explicit version of Corollary 2.2 to the elliptic curve
y'=x(x-1)(x-alc)

in order to obtain Theorem, where

Corollary 2.2 : There exists a constant C = ( d,&,K) such that for all A belonging K 1

1s suggested that we must have

Vo deg (q,) <_ (1+e)(deg(8,)+deg(f,))+C.



KBaHTOBOCTb pelueHmna CrnHmnyn
Mounpg3ykm cBA3aHa ¢ gonyLleHnem

7L :‘/1‘;‘ mav be llll‘[!'l

HEYCTPAHNMOWM CYHAMHOCTW, UTO [ omier i iesting o seall (6 (Al 6311, (i)

the b .'//((///(}/./f//

BMPOYeEM, TaKXXe OT/IM4YaeT KBAHTOBYIO
Teoputo MHdopmaumm AHTOHa
LlannunHrepa

dopmynuposka ABC npobriembl B IHTeEp - YHUBEpPCanbHOW
Teopuun Texmronsniepa gonyckaeTt UICTUHHOCTb gedopmMaumnm

Macce - OcTepne , noatomy peweHmne ABC npobnembl cBA3aHO
C reomeTpusaument apudoMeTMKn 1 NCrnosb30BaHNEM

acausality nNpuHUMNa , oTCloa, BBOAUTCA HeyCTpaHUMan
CNyyaliHOCTb KOTOpaA TakyKe NPUCYTCTBYET B KBAHTOBOM

Teopuun nHpopmaunm AHToHa LlannuHrepa.
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+ [1py 3TOM HECKOJIBKO KNacTePHbIX COCTOAHUN

BaBunoHckaa bubnmnorteka B TepMmumHax IUT
Teopun Mounasyku

» Ecnny bpoxeca BaBunoHckaa bnbnuorteka
OTOXOECTBNAETCA CO BceneHHom, B TEpMMHAX
IUTT BaBunoHckasa bubnuoteka ( n iwQcQ)

y>Ke BbIrnagnT HECKOJ1IbKO MHA4e : B BULOE
sequence of nested universes Mounasyku, B
KOTOPbIX pacrnonararTcA CUHXPOHHO

COCYLUeCTBYOWME «TeaTpbl apudoMeTn4eCKmX
reoMeTpuns .

BbnbnnoTekn MoryT MMeTb TOXXOECTBEHHbIE
CMbICNbI. Acausalitg . KBaHTOBOCTbL IUTT.




So what is IUTeich about?
...an explanation via
“Sokkuri animation”’

The starting point of “IUTeich” (i.e., Inter-universal Teichmiiller Theory) lies in
he image of a

sequence of nested universes.

his sort of image apparently goes back to ancient times and appears not only

n the “Sokkuri Hausu” (i.e., “Identical House”) animation discussed here, but in
arious stories and myths all over the world. In the case of IUTeich, the various
niverses correspond to

“classical arithmetic geometry theaters
in which conventional ring theory/scheme theory is valid”.

n the “Sokkuri animation”, these universes are represented by “houses”. Within
ach classical arithmetic geometry theater, one has a theta function; it is this
heta function that plays the role of “Frobenioid-theoretic” (i.e., non-scheme-theore-
ic! — cf. [Frobenioids I, IT: Etale etal) “bridge” to the “next universe”. In the
Sokkuri animation”, this link furnished by the

theta function corresponds to
the gaze of the little girl into the *“small house”.

ndeed, the large eyes of the little girl look somewhat like thetas ©! In IUTeich,
alois groups and arithmetic fundamental groups behave as though they are
nade of a “mysterious substance” that allows them to pass freely, in an isomor-

“Sokkuri animation”, this link furnished by the

theta function corresponds to
the gaze of the little girl into the “small house”.

Indeed, the large eyes of the little girl look somewhat like thetas ©! In IUTeich,
Galois groups and arithmetic fundamental groups behave as though they are
made of a “mysterious substance” that allows them to pass freely, in an isomor-
phic fashion, between the various universes without being subject to expansion or
contraction. In the “Sokkuri animation”, this “mysterious substance” corresponds
to the “mysterious stars” that form the link between the “small” and “large”
houses. The

rotation of these “mysterious stars”

may be thought of, relative to IUTeich, as representing the nature of the “étale-
like structures” that occur in the theory of Frobenioids (cf. [Frobenioids I} [IT) or,
alternatively, as corresponding to the rotation of addition and multiplication
that occurs in the mono-anabelian theory of w The deepest and most
pivotal portion of IUTeich consists of a certain canonical splitting of the sequence
of nested universes, a splitting which is constructed by means of the

mono-anabelian theory of Topics IIIl and the
various rigidity properties of the étale theta function

(cf. [Etale Thetal for more on the latter). This canonical splitting corresponds to
the canonical liftings of pTeich (i.e., p-adic Teichmiiller theory) or, at a more ele-
mentary level, the Teichmiiller representatives of a Witt ring. (Incidentally,
in the p-adic theory, the various “universes” of [UTeich correspond to the various
positive characteristic algebraic geometries contained in the various subquotients

upn/p'n,+1” )




HekoTopble NPUNOXXEHUA
IWQC/MBQC

+ KBAHTOBDbIE UI'Pbl nerko cumynupytotca ¢ noMoLbio ogHOHanpaBeHHbIX KBAHTOBbIX KOMMbIOTEPOB. JOKCMNepUMeHTanibHoe HabntogeHne aToro
pona nosiydeHo B nabopartopum LlannunHrepa B 2007 .

+ KBAHTOBAA NPANUTALIMA. Kak nokasan elue B 2012 Payccenpopd ( cM YouTube) IWQC conep>xuT 3BpUCTUKM NO3BONAIOLLME CHOPMYIMPOBATL
pellueHne npobnembl KBAHTOBOU rpaButaumn. Jlormyecku aTo BbIrnAaguT NPUMEPHO cnenyrowmm obpasom. PenaTtuBmncTckaa rpasutaunAa
npencTaBnAeT KPUBU3HY NPOCTPAHCTBA - BPEMEHU U HE paccMaTpMBaEeTCA Kak HekadA kriaccnydeckana dousndeckaa cuna. OgHako YnCcTo
MaTemaTmndeckune npobnembl KBaHTU3aUNN KPUBU3HBLI MPOCTPAHCTBA -~ BPEMEHM B aCTPOMPU3UKE OenatoT NOCTPENATUBUCTKYIO TEOPUIO rpasuTaummn
OocTtaTtoyHo npobnematmnyHon. IWQC npennaraeT HECKOJIbKO OT/IMYHOE NMOHMMaHMe 3TOoM NpobieMbl Tak Kak B IWQC NpOCTPaHCTBO - BPEMA
BceneHHom MOXKeT 6bITh 3anncaHo Kak KNaCTepPHOE COCTOAHME MHOXKECTBA 3anyTaHHbIX KyOUTOB, n3aMepeHuna ( peanusauma cobbiTUIN) KOTOPbIX
CMOCOOHbI NopoXKaaTb BpeMeHHOW nopAnok BeceneHHon. PaycceHoopd nbiTaeTcA CpaBHUTL MPUHLMN BPEMEHHOro nopAaaka IwQC u

TpaHcdopmauuto JlopeHua B OTO. OTcroga, noABNAKTCA NOEN KBAHTOBOM 3BoNtOUMKM BceneHHon n npobsieMbl noncka onTUMasibHOro KBaHTOBOIO
anroputma Npupoabl UCNobL3YeMOro 3B0IOLMEN.

+ MONAPUTOHHbBIE KBAHTOBbIE KOMIbIOTEPBLI 1 KBAHTOBBLIV MO3I. TMpoeKkT NOAAPUTOHHOrO KBaHTOBOIO KOMMbIOTEPa KOTOPbI
pa3BMBaET poccumnckan n kntamckaa nabopatopmm Anekcea KaBoKmMHa MOXKET MOJSTYHYUTb HEOXKNOAHHYIO NOO0EPXKKY 3KCNEPUMEHTATOPOB
peanuayoLmnx rmbpuaHbie Bepcun KBaHTOBbIX Bblyncneénii.. OTyacTy MOTOMY YTO MONAPUTOHHbIE KBAHTOBbIE KOMMbIOTEPbLI OMNEpUpYyoT C
KflacTeponogobHbIMU ThicAYaMU KYOUTOB 1 Npobnema MHXUHUPUHIa F’EUTOB CTOUT 30eCb OEUCTBUTENBHO OCTPO. OOHOHAaNpaB/1eHHbIE KBAHTOBLIE
BbIYNCIUTENN HE 3aMEHAIOT HO MOMOratoT YNPOCTUTb CTaHOapPTHble KBAHTOBbIE Bblyncnenua MNonAapmntoHHaa mogenb mo3ra ( [Masnos - bop, 1954) .



https://www.youtube.com/watch?v=LuBTDpC9he4



https://www.youtube.com/watch?v=ajeyXdsdXNk

