
Ââåäåíèå â òåîðèþ

èíòåãðèðóåìûõ ñèñòåì.

À. Ï. Èñàåâ

1

1

Ëàáîðàòîðèÿ òåîðåòè÷åñêîé �èçèêè èì. Í.Í.Áîãîëþáîâà,

ÎÈßÈ, Äóáíà

Advan
ed Methods of Modern Theoreti
al Physi
s:

Integrable and Sto
hasti
 Systems

21-26 July 2024

1 / 29



Ïëàí

1

Êëàññè÷åñêàÿ òåîðèÿ èíòåãð. ñèñòåì. Èåðàðõèè ÊäÔ è ÊÏ.

1. �àìèëüòîíîâà ñòðóêòóðà äëÿ ñèñòåìû ÊäÔ

2. Ïàðà Ëàêñà. Èíòåãðèðóåìîñòü óðàâíåíèÿ ÊäÔ.

3. Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû è èåðàðõèÿ ÊäÔ

4. Èåðàðõèÿ Êàäîìöåâà-Ïåòâèàøâèëè (ÊÏ)

5. Ïðåîáðàçîâàíèÿ Áýêëóíäà

6. Ìíîãîñîëèòîííûå ðåøåíèÿ ÊäÔ. Áèëèíåéíûå óðàâíåíèÿ Õèðîòû.

7. Ìåòîä Õèðîòû ïîëó÷åíèÿ N-ñîëèòîííûõ ðåøåíèé ÊäÔ.

8. Ôóíêöèÿ Áåéêåðà-Àõèåçåðà äëÿ èåðàðõèè ÊÏ è τ -�óíêöèÿ

2 / 29



Óðàâíåíèå Êîðòåâåãà-äå Ôðèçà

Äæ. Ñêîòò �àññåë (1808-1882) ñëåäèë çà äâèæåíèåì áàðæè, êîòîðóþ áûñòðî

òÿíóëè ïî óçêîìó êàíàëó ïàðà ëîøàäåé. Êîãäà áàðæà íåîæèäàííî

îñòàíîâèëàñü, òî ìàññà âîäû, êîòîðóþ áàðæà ïðèâîäèëà â äâèæåíèå, ïðèíÿëà

�îðìó âîëíû, êîòîðàÿ ïîêàòèëàñü âïåðåä âäîëü êàíàëà íå ìåíÿÿ ñâîåé

�îðìû è íå ñíèæàÿ ñêîðîñòè. Òàê â àâãóñòå 1834 ã. îí âïåðâûå ñòîëêíóëñÿ ñ

íåîáû÷íûì è êðàñèâûì ÿâëåíèåì, êîòîðîå îí íàçâàë óåäèíåííîé âîëíîé.

�ðà�èê �óíêöèè y = u(x) = 1
ch2(x)

.
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Ëþáàÿ êîëîêîëîîáðàçíàÿ �óíêöèÿ u(x − c t) áóäåò îïèñûâàòü
óåäèíåííóþ âîëíó, áåãóùóþ ñî âðåìåíåì t âäîëü îñè x ñî ñêîðîñòüþ c .

u(x , t) =
α

ch2(β(x − c t + δ)
, (1)

ãäå α, β, δ � ïàðàìåòðû (δ � �àça). Ôóíêöèÿ (1) óäîâëåòâîðÿåò

u̇(x , t) := ∂t u(x , t) = −c u′ , u′′′(x , t) = β2(4 u′ − 12
α u u′) ,

ãäå u′(x , t) := ∂x u(x , t). Âûðàæàÿ â ïîñëåäíåì óðàâíåíèè u′ ÷åðåç u̇,

ïîëó÷àåì, ÷òî (1) íåëèíåéíîå óðàâíåíèå

u̇ +
3c

α
u u′ +

c

4β2
u′′′ = 0 . (2)

Äåëàÿ ðàñòÿæåíèÿ êîîðäèíàò x → λ x è t → µ t, ìû ìîæåì óáðàòü 2

ïàðàìåòðà è óïðîñòèòü óðàâíåíèå (2). Óäîáíî çà�èêñèðîâàòü

3c
α = 6 è

c
4β2 = 1.
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Ò.î., ìû ïîëó÷àåì äëÿ (2) ñòàíäàðòíûé âèä óðàâíåíèÿ Êîðòåâåãà-äå

Ôðèçà

u̇ + 6 u u′ + u′′′ = 0 , (3)

äëÿ êîòîðîãî èìååòñÿ îäíî-ñîëèòîííîå ðåøåíèå

u(x , t) =
c/2

ch2
(

√
c

2 (x − c t + δ)
)

. (4)

ãäå ñêîðîñòü äâèæåíèÿ âîëíû (ñîëèòîíà) c è �àçà δ � ïðîèçâîëüíûå

ïàðàìåòðû. Îòìåòèì, ÷òî ÷åì âûøå âîëíà òåì áîëüøå åå

ñêîðîñòü.

Äîêàçàòü, ÷òî I1 =
∫

dx u(x) è I2 =
∫

dx u2(x) ÿâëÿþòñÿ èíòåãðàëàìè

äâèæåíèÿ äëÿ óðàâíåíèÿ ÊäÔ.

Äîêàçàòü, ÷òî êîëîêîîáðàçíàÿ �óíêöèÿ v(x , t) = α
chn(β(x−c t+δ))

ïðè n = 1

óäîâëåòâîðÿåò ìîäè�èöèðîâàííîìó óðàâíåíèþ ÊäÔ:

v̇ + µ (v2 + λ) v ′ + ν v ′′′ = 0.
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�àìèëüòîíîâû ñòðóêòóðû äëÿ ÊäÔ

1. �àññìîòðèì �àìèëüòîíèàí è ñêîáêè Ïóàññîíà (àëãåáðà Âèðàññîðî)

H1 =
1
2

∫

dx
(

u(x , t)
)2
,

{u(x), u(y)}1 = αδ′(x − y)
(

u(x) + u(y)
)

− βδ′′′(x − y) .
(5)

Òîãäà

u̇ = {u, H1}1 ⇒ u̇ = 3α u u′ − β u′′′ , (6)

2. Èìååòñÿ âòîðàÿ ãàìèëüòîíîâà ñòðóêòóðà äëÿ ÊäÔ

H2 =
∫

dx
(

u(x , t)3 − 1
2u(x , t)

′2
)

,

{u(x , t), u(y , t)}2 = −δ′(x − y) .
(7)

Òîãäà

u̇ = {u, H2}2 ⇒ u̇ + 6 u u′ + u′′′ = 0 , . (8)
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Óðàâíåíèå ÊäÔ ìîæíî çàïèñàòü â âèäå óñëîâèÿ êîììóòàòèâíîñòè äâóõ

îïåðàòîðîâ L è A = ∂t +M (Ïèòåð Ëàêñ (Peter Lax), 1968 ã.)

[A, L] = 0 ⇒ [∂t +M, L] = 0 ⇒ L̇ = [L, M] , (9)

ãäå 2 îïåðàòîðà A è L íàçûâàþòñÿ îïåðàòîðàìè Ëàêñà (èëè ïàðîé

Ëàêñà)

L = ∂2+u(x , t)+z , A = ∂t+M , M := 4

(

∂3 +
3

2
u∂ +

3

4
u′
)

, (10)

ãäå z � ïðîèçâîëüíûé ñïåêòðàëüíûé ïàðàìåòð. Äåéñòâèòåëüíî,

ïîäñòàâëÿÿ (10) â (9), ïîëó÷àåì

0 = [A, L] = [∂t + 4
(

∂3 + 3
2u∂ + 3

4u
′) , ∂2 + u(x , t) + z ] =

= ∂tu + 4[
(

3
2u∂ + 3

4u
′) , ∂2] + 4[

(

∂3 + 3
2u∂

)

, u(x , t)] =

= u̇ + 6uu′ + u′′′ .

(11)

Ñèñòåìû, óðàâíåíèÿ êîòîðûõ çàïèñûâàþòñÿ â âèäå (9), (11) êàê

ïðàâèëî èíòåãðèðóåìû ïî Ëèóâèëëþ.
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Îïðåäåëåíèå. �îâîðÿò, ÷òî ãàìèëüòîíîâà ñèñòåìà, çàäàííàÿ â 2N
ìåðíîì ñèìïëåêòè÷åñêîì ìíîãîîáðàçèè M, èíòåãðèðóåìà ïî

Ëèóâèëëþ, åñëè äëÿ íåå ìîæíî ïðåäúÿâèòü N �óíêöèîíàëüíî

íåçàâèñèìûõ èíòåãðàëîâ äâèæåíèÿ Ik |k=1,...,N (�óíêöèé íà M) â

èíâîëþöèè {Ik , Iℓ} = 0.
Â ÷àñòíîñòè, äëÿ èíòåãðèðóåìîé ñèñòåìû, íà ïîäìíîãîîáðàçèè

M~c ⊂ M, êîòîðîå îïðåäåëÿåòñÿ óðîâíÿìè (c1, ..., cN � êîíñòàíòû)

I1 = c1 , I2 = c2 , ... , IN = cN , (12)

â ëîêàëüíîé îêðåñòíîñòè ëþáîé òî÷êè íà M~c ìîæíî ââåñòè

�âûïðÿìëÿþùèå� êîîðäèíàòû {I1, ..., IN , φ1, ..., φN} (ïåðåìåííûå

äåéñòâèå-óãîë) òàêèå, ÷òî

İk = 0 , φ̇k = ωk , {φk , Iℓ} = δkℓ , {φk , φℓ} = 0 .

ãäå ωk � êîíñòàíòû.
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Ïðèìåð. Îäíîìåðíûé ãàðìîíè÷åñêèé îñöèëëÿòîð ñ ãàìèëüòîíèàíîì

H = 1
2(p

2 + ω2q2) è êàíîíè÷åñêîé ñêîáêîé Ïóàññîíà {q, p} = 1.
Óðàâíåíèÿ äâèæåíèÿ:

ṗ = −ω2q , q̇ = p ⇒ q̈ = −ω2q.

Îáùåå ðåøåíèå (a1, a2 � êîíñòàíòû èíòåãðèðîâàíèÿ)

q(t) = a1 sinωt + a2 cosωt, p(t) = ω(a1 cosωt − a2 sinωt).
Ýòî ðåøåíèå ëåæèò íà ïîâåðõíîñòè óðîâíÿ (ýëëèïñ â M)

H = 1
2(p

2 + ω2q2) = ω2

2 (a21 + a22) = c1

Ââåäåì óäîáíûå êîîðäèíàòû ρ, φ, ïàðàìåòðèçóþùèå ýëëèïñ,

p = ρ cosφ , q = ρ
ω
sinφ , ⇒ H = 1

2
ρ2 ,

{q, p} = 1 ⇒ {φ, ρ} = ρ
ω

⇒ {ω
ρ
φ, ρ} = 1 ,

ṗ = −ω2q , q̇ = p ⇒ ρ̇ = 0 , φ̇ = ω .

Ò.å. ρ, φ � ïåðåìåííûå äåéñòâèå-óãîë, êîòîðûå ïîñëå çàìåíû φ→ φω
ρ ,

ñòàíîâÿòñÿ �âûïðÿìëÿþùèìè� ïåðåìåííûìè.

�àññìîòðåòü N ìåðíûé îñöèëëÿòîð H = 1
2

∑N
k=1(p

2
k + ω2q2k) è

íàéòè ïåðåìåííûå äåéñòâèå-óãîë.
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Îêàçûâàåòñÿ, ÷òî äëÿ ñèñòåì, äîïóñêàþùèõ ïðåäñòàâëåíèå Ëàêñà

L̇ = [L, M], ìîæíî ïðåäúÿâèòü äîñòàòî÷íîå êîëè÷åñòâî èíòåãðàëîâ

äâèæåíèÿ In, êîòîðûå �îðìàëüíî îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì

In = Tr(Ln) , İn = Tr
(

L̇Ln−1 + LL̇Ln−2 + ...Ln−1L̇
)

=

= Tr
(

[L, M]Ln−1 + L[L, M]Ln−2 + ...Ln−1[L, M]
)

=

= Tr
(

(LM −ML)Ln−1 + L(LM −ML)Ln−2 + ...
)

= Tr([Ln, M]) = 0 ,

Ïðè äîêàçàòåëüñòâå İn = 0 ìû èñïîëüçîâàëè öèêëè÷åñêîå ñâîéñòâî

ñëåäà, êîòîðîå âîîáùå ãîâîðÿ íå âûïîëíÿåòñÿ äëÿ á.ì. îïåðàòîðîâ

0 = Tr
(

[q̂, p̂]
)

= Tr
(

1
)

6= 0 .

Ïîýòîìó èçëîæåííàÿ ñõåìà õîðîøî ðàáîòàåò äëÿ êîíå÷íîìåðíûõ

ñèñòåì è íå ðàáîòàåò äëÿ á.ì. ñèñòåì òèïà ÊäÔ.
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Ïðèìåð. Îòêðûòàÿ öåïî÷êà Òîäû � ñèñòåìà n âçàèìîäåéñòâóþùèõ

÷àñòèö íà ïðÿìîé ñ êîîðäèíàòàìè xi , èìïóëüñàìè pi (i = 1, ..., n),
êàíîíè÷åñêîé ñêîáêîé {xi , pk} = δik è ãàìèëüòîíèàíîì

H =
1

2

n
∑

i=1

p
2
i +

n−1
∑

i=1

e
2(xi−xi+1) =

1

2

n
∑

i=1

a
2
i +

n−1
∑

i=1

b
2
i , (13)

ãäå ai = pi , bi = e(xi−xi+1)
. �àìèëüòîíîâû óðàâíåíèÿ Ȧ = {A,H}:

ẋj = pj , ṗi = 2e2(xi−1−xi ) − 2e2(xi−xi+1) (i = 2, ..., n − 1) ,

ṗ1 = −2e2(x1−x2) , ṗn = 2e2(xn−1−xn) ,
(14)

çàïèñûâàþòñÿ â âèäå L̇ = [L, M] ñ ïàðîé Ëàêñà

L =



















a1 b1 0 . . . 0
b1 a2 b2 . . . 0
0 b2 a3 . . . 0
.

.

.

.

.

. . . .
.

.

.

.

.

.

0 0 . . . an−1 bn−1

0 0 . . . bn−1 an



















, M =



















0 b1 0 . . . 0
−b1 0 b2 . . . 0
0 −b2 0 . . . 0
.

.

.

.

.

. . . .
.

.

.

.

.

.

0 0 . . . 0 bn−1

0 0 . . . −bn−1 0



















Èíòåãðàëû äâèæåíèÿ In = Tr(Ln) (â èíâîëþöèè!!!):

P = Tr(L) =
∑

i

pi , H =
1

2
Tr(L2) , I3 = Tr(L3) = ??? .
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Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû è èåðàðõèÿ ÊäÔ

Äëÿ íå�îðìàëüíîãî ïîñòðîåíèÿ èíòåãðàëîâ äâèæåíèÿ ñèñòåìû ÊäÔ

íåîáõîäèìî èñïîëüçîâàòü òåîðèþ ïñåâäîäè��åðåíöèàëüíûõ

îïåðàòîðîâ. Îïðåäåëèì ïðîèçâîäíóþ ∂−1
êàê îïåðàòîð, êîòîðûé

óäîâëåòâîðÿåò ñîîòíîøåíèÿì ∂−1∂ = ∂∂−1 = 1, ãäå ∂ := ∂x .
Îïðåäåëåíèå. Îïåðàòîð

P(x , ∂) =
∞
∑

m=0

pm(x) ∂
k−m = p0(x) ∂

k + p1(x) ∂
k−1 + . . . , (15)

íàçûâàåòñÿ ïñåâäîäè��åðåíöèàëüíûì îïåðàòîðîì ïîðÿäêà íå âûøå k

(èëè ïðîñòî � ïñåâäîäè��åðåíöèàëüíûì îïåðàòîðîì ïîðÿäêà k).

Âàæíîå òîæäåñòâî äëÿ ëþáîãî öåëîãî m ∈ Z

∂m f (x) =
∑

k≥0

X k
m (∂k f ) ∂m−k

(16)

ãäå X 0
m = 1, X k

m = m(m−1)···(m−k+1)
k! , ∀k ≥ 1. Äëÿ m ∈ Z≥0 ñîîòíîøåíèå

(16) äàåò ñòàíäàðòíóþ �îðìóëó, âûòåêàþùóþ èç ïðàâèëà Ëåéáíèöà è

ìû èìååì X k
m = C k

m.
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Ïðèìåð. Â êà÷åñòâå ïðèìåðà ïîëó÷èì �îðìóëó (16) äëÿ m = −1.
Èùåì ∂−1f â âèäå ÏÄÎ

∂−1f =
∑

k≥1 φk∂
−k ∂⇒ f =

∑

k≥1(φ
′
k + φk∂)∂

−k ⇒

φk+1 = −φ′k , φ1 = f ⇒ φk = (−1)k−1∂k−1f ⇒

∂−1f = f ∂−1 − f ′∂−2 + f ′′∂−3 − f ′′′∂−4 + . . . .

Òåïåðü ìîæíî ïîñ÷èòàòü ∂−2f = ∂−1(∂−1f ) è ò.ä.

������������������

Äàëåå íàì ïîíàäîáèòñÿ ÏÄÎ

L1/2 = (∂2 + u)1/2 = ∂ +
∑

k=1 fk ∂
−k

(∂ +
∑

k=1 fk ∂
−k)2 = ∂2 + u ⇒

2f1 = u, (2f2 + f ′1 ) = 0, (2f3 + f ′2 + f 21 ) = 0, ... ⇒

f1 =
u
2 , f2 = − u′

4 , f3 =
1
8 (u

′′ − u2) , f4 = − 1
16 (u

′′′ − 6uu′) , f5 =???, . . . ,

L3/2 = (∂2 + u)(∂2 + u)1/2 = ∂3 +
3

2
u∂ +

3

4
u′ +

1

8
(3u2 + u′′)∂−1 + ...
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Îáîçíà÷èì P+ � ïðîåêöèþ ÏÄÎ P =
∑

m=0
pm(x) ∂

k−m
, ñîäåðæàùóþ òîëüêî

íåîòðèöàòåëüíûå ñòåïåíè ïðîèçâîäíîé

P+ :=

k
∑

m=0

pm(x) ∂
k−m , P− := P − P+ =

∞
∑

m=k+1

pm(x) ∂
k−m , (17)

Ò.î.,

(L3/2)+ = ∂3 +
3

2
u∂ +

3

4
u′ ≡ 1

4
M ,

è óðàâíåíèå ÊäÔ ìîæíî ïðåäñòàâèòü (ïîñëå t → t/4) â âèäå

∂tL = [(L3/2)+, L] . (18)

Óòâåðæäåíèå. Êîììóòàòîð [(Ln/2)+, L], ãäå L = (∂2 + u), äëÿ âñåõ

íå÷åòíûõ n, îêàçûâàåòñÿ íå äè��åðåíöèàëüíûì îïåðàòîðîì, à �óíêöèåé.

Äîê-âî.

Ïîðÿäîê ÏÄÎ [L1, L2] ðàâåí α1 + α2 − 1, åñëè ïîðÿäêè ÏÄÎ L1 è L2 ðàâíû

ñîîòâåòñòâåííî α1 è α2.

Òîãäà èç [Ln/2, L] = 0 ⇒ [(Ln/2)+, L] = −[(Ln/2)−, L]. Ïîðÿäîê ÏÄÎ â

r.h.s. íå ïðåâûøàåò −1 + 2− 1 = 0, à â l.h.s. � îáû÷íûé ÄÎ.

Ò.î. [(Ln/2)+, L] � �óíêöèÿ.
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Ïîëüçóÿñü äàííûì Óòâåðæäåíèåì ìîæíî ñ�îðìóëèðîâàòü âûñøèå

óðàâíåíèÿ ÊäÔ:

∂tnL = [(Ln/2)+, L] , M = (Ln/2)+ , n = 3, 5, 7, . . . , (19)

ãäå äëÿ êàæäîãî íå÷åòíîãî n ìû ââîäèì ñâîå âðåìÿ tn (äëÿ ÷åòíûõ n

ïðàâàÿ ÷àñòü [(Ln/2)+, L] ðàâíà íóëþ). Â ÷àñòíîñòè äëÿ n = 1 ìû

ïîëó÷àåì

∂t1L = [L
1/2
+ , L] = [∂, L] ⇒ t1 = x .

Ìû ìîæåì ñ÷èòàòü, ÷òî îïåðàòîð L ÿâëÿåòñÿ �óíêöèåé îò âñåõ

âðåìåí (t1 = x , t2, t3, ...), òàê êàê â ñèëó (19) âûïîëíÿåòñÿ óñëîâèå

[∂tk , ∂tn ]L = 0, êîòîðîå ìû äîêàæåì äëÿ áîëåå îáùåãî ñëó÷àÿ

èåðàðõèè óðàâíåíèé Êàäîìöåâà-Ïåòâèàøâèëè.

=================================================

Îïðåäåëåíèå. Âû÷åòîì Res ÏÄÎ P(x , ∂) ïîðÿäêà k > 0 íàçûâàåòñÿ

êîý��èöèåíò â P(x , ∂) =
∑∞

m=0 pm(x) ∂
k−m

ïðè ïðîèçâîäíîé ∂−1
, òî

åñòü Res(P(x , ∂)) = pk+1(x).
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Óòâåðæäåíèå. Äëÿ äâóõ ëþáûõ ÏÄÎ P è Q èõ êîììóòàòîð [P , Q]
îáëàäàåò ñâîéñòâîì

Res([P , Q]) = ∂x(...) . (20)

Äîê-âî. Ïðÿìîå âû÷èñëåíèå.

�àññìîòðèì �óíêöèè In(x , t) = Res(Ln/2), ãäå L = ∂2 + u. Äëÿ ÷åòíûõ

n = 2r ìû èìååì I2r (x , t) = Res(Lr ) = 0.
Óòâåðæäåíèå. Ôóíêöèè (êîý��èöèåíòû �åëü�àíäà-Äèêîãî)

In(x , t) = Res(Ln/2), äëÿ âñåõ íå÷åòíûõ n îïðåäåëÿþò ïëîòíîñòè

èíòåãðàëîâ äâèæåíèÿ óðàâíåíèÿ ÊäÔ

∂t In(x , t) + ∂x(. . . ) = 0 . (21)

Äîê-âî. ∂t In(x , t) ≡ Res(∂tL
n/2) = Res([L

n/2
+ , Ln/2]) = ∂(...).

Ïðèìåð.

Res(L1/2) =
u

2
, Res(L3/2) =

1

8
(3u2 + u′′) , Res(L5/2) =??? . (22)

Îòìåòèì, ÷òî Res(L3/2) ∼ H1.
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Èåðàðõèÿ Êàäîìöåâà-Ïåòâèàøâèëè (ÊÏ)

Îáñóæäåíèè èåðàðõèè ÊäÔ íà÷èíàåòñÿ ñ L
KdV

= ∂2 + u(x , t) è ïîòîì

ñòðîèòñÿ ÏÄÎ L1/2
KdV

ïåðâîãî ïîðÿäêà è M = (L3/2
KdV

)+.

Îáîáùåíèå èåðàðõèè ÊäÔ âîçíèêàåò, åñëè âìåñòî L1/2
KdV

áåðåòñÿ ñàìûé

îáùèé ÏÄÎ ïåðâîãî ïîðÿäêà

L = ∂ +

∞
∑

i=1

ui∂
−i , (23)

êîòîðûé çàâèñèò îò áåñêîíå÷íîãî ÷èñëà ïîëåé ui |i=1,2,3,.... Äàëåå

ñòðîÿòñÿ M-îïåðàòîðû

Mn ≡ (Ln)+ (24)

êîòîðûå ïðèâîäÿò ê èåðàðõèè èíòåãðèðóåìûõ óðàâíåíèé

[∂tn −Mn, L] = 0 ⇒ ∂tnL = [(Ln)+, L] , ∀n ≥ 1 . (25)

Çäåñü tn � âðåìåíà, ñîîòâåòñòâóþùèå ýâîëþöèÿì, çàäàâàåìûì

îïåðàòîðàìè (24). Èåðàðõèÿ èíòåãðèðóåìûõ óðàâíåíèé (25) íàçûâàåòñÿ

èåðàðõèåé Êàäîìöåâà-Ïåòâèàøâèëè (ÊÏ).
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Äëÿ èåðàðõèè ÊÏ ìû èìååì ∂tn∂tmL = ∂tm∂tnL, ò.å. âñå âðåìåíà tk
íåçàâèñèìû è L-îïåðàòîð (23) ìîæíî ñ÷èòàòü �óíêöèåé îò âñåõ

âðåìåí: L(t1 = x , t2, t3, ...).
Ïðèìåð. Ïîëîæèì u1 = u(x , y , t), t2 = y è t3 = t, òîãäà âòîðîé è

òðåòèé ïîòîêè n = 2, 3 â (25) áóäóò ïðèâîäèòü ê ñèñòåìå óðàâíåíèé, èç

êîòîðûõ ñëåäóåò óðàâíåíèå Êàäîìöåâà-Ïåòâèàøâèëè

3uyy + ∂x(−4ut + uxxx + 12u ux) = 0 . (26)

Äåéñòâèòåëüíî, äëÿ L = ∂ +
∑∞

i=1 ui∂
−i

èìååì

(L2)+ = ∂2 + 2u1 , (L3)+ = ∂3 + 3u1∂ + (3u2 + 3u′1) ,

∂yL = [∂2 + 2u1, L] , ∂tL = [∂3 + 3u1∂ + (3u2 + 3u′1), L]

u1y = u1xx + 2 u2x , u2y = u2xx + 2 u3x + 2u1u1x , . . .

u1t = u1xxx + 3u2xx + 3u3x + 6 u1 u1x , . . .
(27)

Èñêëþ÷àåì u2, u3 è ïîëó÷àåì (26).
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Ïðåîáðàçîâàíèÿ Áýêëóíäà

Ïðåîáðàçîâàíèÿ Áýêëóíäà ñâÿçûâàþò ðåøåíèÿ îäíîãî íåëèíåéíîãî

óðàâíåíèÿ ñ ðåøåíèÿìè äðóãîãî (âîçìîæíî òîæå íåëèíåéíîãî) óðàâíåíèÿ.

Åñëè ðåøåíèÿ âòîðîãî óðàâíåíèÿ èçâåñòíû, òî ìû ìîæåì íàéòè ðåøåíèÿ

ïåðâîãî óðàâíåíèÿ. Àâòîïðåîáðàçîâàíèÿ Áýêëóíäà ñâÿçûâàþò ðàçíûå

ðåøåíèÿ îäíîãî è òîãî æå íåëèíåéíîãî óðàâíåíèÿ

Óðàâíåíèå ÊäÔ. Ïðåîáðàçîâàíèå Ìèóðû

Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìîòðèì ïðåîáðàçîâàíèå Áýêëóíäà, êîòîðîå

ñâÿçûâàåò ðåøåíèå u óðàâíåíèÿ ÊäÔ (3):

P(u) ≡ ut + 6uux + uxxx = 0 , (28)

ñ ðåøåíèåì v ìîäè�èöèðîâàííîãî óðàâíåíèÿ ÊäÔ:

Q(v) ≡ vt − 6(v2 + λ)vx + vxxx = 0 . (29)

Ýòî ïðåîáðàçîâàíèå èìååò âèä

u = −(vx + v2 + λ) ⇒ L = ∂2 + u = (∂ + v)(∂ − v)− λ , (30)

ãäå λ � íåêîòîðûé ïàðàìåòð, è èçâåñòíî êàê ïðåîáðàçîâàíèå Ìèóðû.

Ïîäñòàâèì âûðàæåíèå äëÿ u èç (30) â (28)

P(u) ≡ ut + 6uux + uxxx = −(∂x + 2v)Q(v) . (31)
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Çàìåòèì, ÷òî óðàâíåíèå mÊäÔ (29) èíâàðèàíòíî îòíîñèòåëüíî çàìåíû

v → −v . Ïîýòîìó, åñëè v óäîâëåòâîðÿåò (29), òî îáå �óíêöèè

u = vx − v2 − λ , ũ = vx − v2 − λ , (32)

òàêæå óäîâëåòâîðÿþò óðàâíåíèþ ÊäÔ. Ïîëîæèì ũ = 0. Òîãäà äëÿ v èìååì

äè��åðåíöèàëüíîå óðàâíåíèå vx = v2 + λ, êîòîðîå ëåãêî ðåøàåòñÿ

v =
√
λ tan

(√
λ(x + f (t))

)

, (33)

ãäå �óíêöèÿ f (t) = 4λt + δ (δ � ïðîèçâîëüíàÿ êîíñòàíòà) �èêñèðóåòñÿ òåì,

÷òî ïîëå v èç (33) äîëæíî óäîâëåòâîðÿòü ìÊäÔ (29). Ïîäñòàíîâêà ðåøåíèÿ

(33) â (30) äàåò �óíêöèþ

u = −2(v2 + λ) =
−2λ

cos2(
√
λ(x + f (t)))

, (34)

êîòîðàÿ äëÿ λ = −c/4 < 0, êîãäà
√
λ � ÷èñòî ìíèìàÿ âåëè÷èíà, è

f (t) = −c t + δ, ïåðåõîäèò â îäíî-ñîëèòîííîå ðåøåíèå ÊäÔ (1).

Ïîëó÷èòü 2õ-ñîëèòîííîå ðåøåíèå ÊäÔ óêàçàííûì ñïîñîáîì.
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Îòìåòèì, ÷òî ïðåîáðàçîâàíèå Áýêëóíäà òèïà ïðåîáðàçîâàíèÿ Ìèóðû (30)

ïîçâîëÿåò íå òîëüêî ïîëó÷àòü ñîëèòîííûå ðåøåíèÿ óðàâíåíèÿ ÊäÔ, íî è

íàõîäèòü äëÿ ýòîãî óðàâíåíèÿ íåòðèâèàëüíûå çàêîíû ñîõðàíåíèÿ.

Äåéñòâèòåëüíî, ðàññìîòðèì ñëåäóþùóþ ìîäè�èêàöèþ ïðåîáðàçîâàíèÿ

Ìèóðû (30):

u = −(ǫwx + ǫ2w 2 + w) . (35)

ãäå ǫ � ïðîèçâîëüíûé ïàðàìåòð, êîòîðàÿ ñâÿçûâàåò ðåøåíèå óðàâíåíèÿ ÊäÔ

ñ ðåøåíèå óðàâíåíèÿ �àðäíåðà

(w)t − (2ǫ2w 3 + 3w 2 − wxx )x = 0 . (36)

Äàëåå, ðàçëîæèì ðåøåíèå óðàâíåíèÿ (36) ïî ìàëîìó ïàðàìåòðó ǫ:

w =

∞
∑

k=0

wkǫ
k , (37)

ãäå ïåðâûå êîý��èöèåíòû wk ëåãêî íàõîäÿòñÿ èç ñîîòíîøåíèÿ (35), â

êîòîðîì ïðàâóþ ÷àñòü íàäî ðàçëîæèòü ïî ǫ. Â ðåçóëüòàòå èìååì

ñîõðàíÿþùèåñÿ òîêè

w0 = −u , w1 = u′ , w2 = −u′′ − u2 , w3 = −w ′
2 − 2w0w1 = u′′′ + 4u′u ,

w4 = −w ′
3 − w 2

1 − 2w0w2 = −u′′′′ − 6(u′u)′ + (u′)2 − 2u3 , ... .
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Âìåñòî îäíîñîëèòîííîãî ðåøåíèÿ (4) óðàâíåíèÿ ÊäÔ (3) ìîæíî íàéòè

áîëåå îáùåå ðåøåíèå óðàâíåíèÿ ÊäÔ, îïèñûâàþùåå N-ñîëèòîíîâ.

Òàêîå N-ñîëèòîííîå ðåøåíèå ñ ãðàíè÷íûìè óñëîâèÿìè u → 0 ïðè

|x | → ∞ èìååò âèä

u = 2(log F )xx , F = det(Fnm) ,

Fnm := δnm + 2(αnαm)1/2

αn+αm
fn ,

fn = exp θn , θn ≡
(

αn(x − xn)− α3
n t
)

,

(38)

ãäå n,m = 1, . . . ,N è αn, xn ∈ R � ïàðàìåòðû. Âîçíèêíîâåíèå

êîý��èöèåíòà α3
n ïðè t â îïðåäåëåíèè fn (àíàëîãè÷íûé �àêò èìååò

ìåñòî è äëÿ îäíîñîëèòîííîãî ðåøåíèÿ) ñâÿçàí ñ òåì, ÷òî ïðè u → 0
óðàâíåíèå ÊäÔ ïåðåõîäèò â ëèíåéíîå óðàâíåíèå ut + uxxx = 0,
ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ �óíêöèÿ e(αx−α3t)

.

22 / 29



Ïðèìåðû.

1. �àññìîòðèì ïðîñòåéøèé ñëó÷àé N = 1. Â ýòîì ñëó÷àå

F = 1 + f , f = eθ , θ = (αx − α3t + δ) . (39)

Òîãäà èç ïåðâîé �îðìóëû â (38) ìû ïîëó÷àåì (ïîñëå îòîæäåñòâëåíèÿ

α =
√
c) îäíîñîëèòîííîå ðåøåíèå ÊäÔ (4)

u = 2(log F )xx = 2α
( eθ

1 + eθ

)

x
=

2α2

(eθ/2 + e−θ/2)2
=

α2/2

ch2(θ/2)
. (40)
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2. Â äâóõñîëèòîííîì ñëó÷àå N = 2 äëÿ ðåøåíèÿ (38) èìååì

||Fnm|| =
(

1 + f1
2(α1α2)

1/2

α1+α2
f1

2(α1α2)
1/2

α1+α2
f2 1 + f2

)

,

F = 1 + f1 + f2 +
(α1−α2)

2

(α1+α2)2
f1f2 = 1 + eθ1 + eθ2 + Aeθ1+θ2 ,

(41)

u = 2(log F )xx = 2∂x

(Fx

F

)

= 2∂x

(α1e
θ1 + α2e

θ2 + A(α1 + α2)e
θ1+θ2

1 + eθ1 + eθ2 + Aeθ1+θ2

)

, (42)

ãäå A = (α1−α2)
2

(α1+α2)2
. Äàëåå ìû ïîêàæåì, êàê â àñèìïòîòèêå t → ±∞ ýòî

ðåøåíèå ïåðåõîäèò â ñóïåðïîçèöèþ äâóõ îäíîñîëèòîííûõ ðåøåíèé.

3. Äëÿ èëëþñòðàöèè ïðèâåäåì âûðàæåíèå äëÿ äåòåðìèíàíòà F = det ||Fnm||
â ñëó÷àå N = 3:

F = 1+

3
∑

i=1

fi+
∑

i<k

(αi − αk)
2

(αi + αk)2
fi fk+

(α1 − α2)
2(α1 − α3)

2(α2 − α3)
2

(α1 + α2)2(α1 + α3)2(α2 + α3)2
f1f2f3 . (43)

Ôóíêöèÿ F â ëèòåðàòóðå ÷àñòî îáîçíà÷àåòñÿ êàê τ è íàçûâàåòñÿ

òàó-�óíêöèåé. Ñ ïîìîùüþ ýòîé �óíêöèè óäàåòñÿ ñ�îðìóëèðîâàòü ïðÿìîé

ìåòîä ïîñòðîåíèÿ ìíîãîñîëèòîííûõ ðåøåíèé óðàâíåíèÿ ÊäÔ.
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Ìåòîä Õèðîòû

Ïîäñòàâèì â óðàâíåíèå ÊäÔ (3) âûðàæåíèå äëÿ u èç ïåðâîé �îðìóëû â (38):

u = 2(logF )xx = 2∂x

(

Fx

F

)

= 2
Fxx

F
− 2

(

Fx

F

)2

. (44)

â ðåçóëüòàòå ïîëó÷àåì

ut + 6 u ux + uxxx = 2∂x

(

Fxt

F
− FxFt

F 2 + 3
F 2
xx

F 2 + Fxxxx

F
− 4FxFxxx

F 2

)

= 0 ⇒

Fxt F − Fx Ft + 3F 2
xx + Fxxxx F − 4FxFxxx = 0 (= c(t) · F 2) . (45)

Ýòî óðàâíåíèå íàçûâàåòñÿ áèëèíåéíûì óðàâíåíèåì Õèðîòû. �åøåíèå

óðàâíåíèÿ (45) èùåòñÿ â âèäå ðÿäà ïî íåêîòîðîìó ïàðàìåòðó ǫ

F (x , t) = 1 +

∞
∑

i=1

ǫi f (i)(x , t) . (46)

Ïîäñòàíîâêà (46) äàåò áåñêîíå÷íóþ öåïî÷êó çàöåïëÿþùèõñÿ óðàâíåíèé íà

f (i)(x , t). Îáðûâ öåïî÷êè íà øàãå N , êîãäà f (N+1)(x , t) = 0, äàåò
äåòåðìèíàíòíîå N-ñîëèòîííîå ðåøåíèå.
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Òî, ÷òî 2-õ ñîëèòîííîå ðåøåíèå îïèñûâàåò âçàèìîäåéñòâèå è ðàññåÿíèå 2-õ

ñîëèòîíîâ ïðîâåðÿåòñÿ â àñèìïòîòèêå θ1 ∼ 0 (èëè θ2 ∼ 0) ïðè t → ±∞.

Äåéñòâèòåëüíî, çàïèøåì 2-õ ñîëèòîííîå ðåøåíèå â âèäå:

u = 2(log F )xx = 2∂x

(Fx

F

)

= 2∂x

(α1e
θ1 + α2e

θ2 + A(α1 + α2)e
θ1+θ2

1 + eθ1 + eθ2 + Aeθ1+θ2

)

,

ãäå A = (α1−α2)
2

(α1+α2)2
è θi = αix − α3

i t − δi . Áóäåì ñ÷èòàòü äëÿ îïðåäåëåííîñòè

α1 > α2 > 0 è çà�èêñèðóåì θ1 ∼ 0, òî åñòü x è t ñâÿçàíû ñîîòíîøåíèåì

x ∼ α2
1t − δ1/α1. Òîãäà θ2 âåäåò ñåáÿ êàê

θ2 ∼ α2(x − α2
2t) + δ2 = α2(α

2
1 − α2

2)t − δ1
α2

α1
+ δ2 (47)

ò.å. θ2 → ±∞ ïðè t → ±∞. Ïîýòîìó, åñëè t → −∞, òî eθ2 → 0, è
�îðìóëà äëÿ u ïåðåõîäèò â îäíî-ñîëèòîííîå ðåøåíèå

u = 2∂x

( α1e
θ1

1 + eθ1

)

=
α2
1/2

ch2( θ12 )
(48)

Òàêèì îáðàçîì, â ðàññìàòðèâàåìîé àñèìïòîòèêå ìû íàáëþäàåì òîëüêî îäèí

ñîëèòîí ñ àìïëèòóòîé α2
1/2, äâèãàþùèéñÿ âïðàâî ïî îñè x ñî ñêîðîñòüþ α2

1

è �àçîé

δ1
α1
.
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Äëÿ îáîñíîâàíèÿ ïîäñòàíîâêè u = 2(logF )xx íàì íåîáõîäèìî ïîíÿòü êàê

òàêàÿ ïîäñòàíîâêà ñâÿçàíà ñî ñïåêòðàëüíîé çàäà÷åé

Lψ = z ψ ,
(

∂m −Mm

)

ψ = 0 , (49)

äëÿ êîòîðîé óñëîâèå ñîâìåñòíîñòè çàïèñûâàåòñÿ â âèäå:

[∂m −Mm, L− z] = 0 ⇔ ∂mL = [(Lm)+, L] ,

ãäå z � ñïåêòðàëüíûé ïàðàìåòð è ∂m := ∂
∂tm

, à îïåðàòîðû L è Mm:

L = ∂ +
∞
∑

i=1

ui ∂
−i , Mm := (Lm)+ = ∂m +mu1 ∂

m−2 + ...+ (...) ∂0 , (50)

è ∂ := ∂x . Ôóíêöèÿ ψ íàçûâàåòñÿ �óíêöèåé Áåéêåðà-Àõèåçåðà.

Óòâåðæäåíèå. Ôóíêöèÿ Áåéêåðà ñ òî÷íîñòüþ äî íîðìèðîâêè ïðåäñòàâèìà â

âèäå

ψ(z , t) =
(

1 +
∞
∑

i=1

ωi(t) z
−i
)

exp
(

∞
∑

m=1

tm zm
)

, (51)

ãäå �óíêöèè ωi (t) îò âðåìåí t = {t1, t2, t3, ...} âûðàæàþòñÿ ÷åðåç ïîëÿ ui .
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Ôóíêöèÿ Áýéêåðà, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

Lψ = z ψ ,
(

∂m −Mm

)

ψ = 0 ,

ïðåäñòàâëÿåòñÿ ñëåäóþùèì îáðàçîì

ψ(t, z) =
τ
(

{tm − 1
mzm

}
)

τ(t)
eξ(t,z) , ξ(t, z) :=

∞
∑

i=1

z i ti , (52)

ãäå {tm − 1
mzm

} = {t1 − 1
z
, t2 − 1

2z2 , ...}. Â ëèòåðàòóðå �îðìóëà (52) äëÿ

ψ(t, z) íàçûâàåòñÿ �îðìóëîé Ñàòî.

Ò.î. ðÿä

(

1 +
∞
∑

i=1

ωi(t) z
−i
)

=
τ
(

{tm − 1
mzm

}
)

τ(t)
,

ïîçâîëÿåò âûðàçèòü ωi(t) ÷åðåç τ -�óíêöèþ. Ò.ê. êîý��èöèåíòû ωi (t)
îäíîçíà÷íî âûðàæàþòñÿ ÷åðåç ïîëÿ ui èåðàðõèè ÊÏ, òî ìû ìîæåì âûðàçèòü

ïîëÿ ui ÷åðåç τ -�óíêöèþ. Â ÷àñòíîñòè äëÿ ïîëÿ u1 èìååì

u1 = (log τ)xx .
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Èç �îðìóëû Ñàòî ñëåäóåò, ÷òî òàó-�óíêöèÿ τ
(

tm
)

èåðàðõèè ÊÏ

óäîâëåòâîðÿåò áèëèíåéíîìó óðàâíåíèþ Õèðîòû

Resz τ
(

{tm − 1

mzm
}
)

τ
(

{t ′m +
1

mzm
}
)

eξ(t−t′,z) = 0 . (53)
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