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Omneparopsr MaxgoHaIb1a

M,:Z H tZi__Zj/\h AI:HAi

=ricljgl %i % icl
M.Px(z) = e(q"t" ..., ¢ ) Pa(2)
onpenesnte/ib Cekurydu A(x) - Bangepmonn

D(u) = A(x) ' det ||/ (u+j—1- ozx,-aa>||
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C. Pymxunapc: peasaTUBHCTCKOE 0000IIeHHIE
runepOoInIecKoit Moaenn Kano;m(epo -CazepJienia
1 —1)/2
H=—-—-A+
2 Z sh (t,- —t)

i<j
sh? = h2 =
ZH ;2 Zg) T_Zwl'HS E(XI_XJ_{_Zg)
T ! 1
IC[n] i€l sh2 s ( - XJ) icl sh2 o (X, XJ)
[l|=r J&! j¢!
CB43b o1epaTopoB Py,ZL)KHH&pC& n MakaoHaJbia
s
sh = (x; — x; —18) e o
ST e e
IC[n] i€l i J
ll|=r J&!
B aJAUTUBHBIX IIEPEMEHHBIX!
_ miwy

X}

Z,-:e727q:e

w2

pa B momenu Py,



Torna .
(X,,) Mr(xn) = H,(x, )
f ) (xn)
rae

w(xa) = T 1o —x), () = Safixlw) S5 (ox + glw).

ij=1
i
Brech Sy(x) = Sy(x|wr, wo) - ABOIHOI cuHyC
752()() = 2sin E, 752()() — 2sin X
So(x 4+ wr) w2 So(x + wo) w1

OnepaTopr MaKILOHaJIb,ZLa CUMMETPHUYIHBLI OTHOCUTEJILHO

(hf) = [ AC)R(u(x)dx,. & € R
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Pymxunapc: Bocnpoussosiiiee siipo (kernel function)

K(x):= 51 (ZX + )52 (—zx + gz*)

g =wi+w —g.

K(Xn, ¥'m) HHK

i=1j=1

PanponanbHoe BBIPOZKICHHE
p(x) =T )M (ix + g), K(x) = T(ix + g/2)M (—ix + g/2)
Hudbdepennnanibaoe Beipoxaenue (Cazepenn)

i) =shi(x),  K(x)=ch®(x), g =1-¢g
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[ToBbimarnue onepaTopb

(/\ ( X" d / yn 1 dyn 1/\(xn7yn lv)\)f(yn—l)

A(Xm ynfl; A) = e27ri>\(2iXi_ijj)K(xm yn71)7

Teopema M. Hallnés, S. Ruijsenaars
U, (x0) = Aan) A1 (A1) - Aa(M2) €271 0< g < wy

BOJIHOBasI (DYHKITUsI TUITEPOOJINIECKON CHCTEMBI
Pymxxunapca

M, (x,) Wy, (%) = e (2™, &)W (x,).
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Hokazarenbcto: Toxkmectsa (kernel function identities)

M,(X,,)K(X,,,yn) = Mr(_yn)K(men)>
M, (xn) = M (=yn_1) = Mr1(=y,_1) | K(Xn, ¥ n1) = 0.

+ CHMMETPHYHOCTB OHepaTopoB M, 1Mo OTHOIIEHHIO K (,) ¢
mepoit pu(y,)dx,.

KommyrarusrocTs oneparopos Pymkunapcea -
Mak10Ha/Ib1a U COOTHOIIEHHS HA BOCIPOU3BOAIIEE PO
CIEAYIOT U3 CAAYIONHX (DYHKINOHATBHBIX TOXKIECTB

a B momenu P



D yHKIIMOHAIbHBIE TOKIECTBA

Z H H s(z;—zj—a)s(z;—zj+a—ﬁ):

I-C[n] i€l je[n\ I, s(zi — z)s(z — 2 — )

" (1)
ST 10 s(zi—zj+a)s(zi—z,—a+ )
IC[n] i€l; jen\Ir s(zi — z)s(zi — z + )
=

s(x) = x, s(x) = sin x, s(x) = 61(x) (o(x))
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ZH H s(z,-—zj—oz)lﬂ[s(z,-—ya—i—a) _
Il i€l \jeln\Ir s(zi—z) 5 s(zi—ya)
ol=r

s(Ya—yp+ @) & s(zi — ya+ ) &
ZH(H el )

ArC[n] a€A, \be[n\A,
|Ar=r

Kommyrarusnocrs M, < (1)
Kernel function identity <> (2)
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Q - oneparopsl Bakcrepa

(QuNF) (x0) = dn [ 1(y,)dly, Qs ¥t NF(Y,),
Q(xn, ¥ N) = €T (x,, y,)
Teopema (npocrasi) Besnoycos, Tepkaues, Xapues, CX
M, Q,()\) = Qu(N)M,
Teopema(rpyauaas) BDKK
Qn(A) @n(1) = Qnl1t) Qn(A)

OKBUBAaJICHTHA PaBEHCTBY UHTEr'paJioB

2n n
L LT e™ Kz, = vy, )dy, =

a=li=1

. 2n 2n. n i
P E0 [T [Te ™K (2~ y)ily,)dy..
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Pannonanbublil npenen

/ ] ey, ez [ (2o = vi + 8/ (s + 20 + g/2)
iR" 29 [17.; Fyi —y)F(yi —y +8)
on n 2n . :
e27r>\ ijl zj / H e—27r)\y,- dyinazl r(Za Yi + g/2)r(.yl + Z, + g/2)
iR" i=1

n

T =y (i —yi + &)

Hudbdepennnanpupiii npegen (Sutherland)

- 27Ti>\}’id ) jgﬁl Shg(yi - y_l) o
[T dyizsr— =
"i=1 or1 Ch®(y; — zJ)

[T}, sh&(yi — ;)
Hgil Chg()’i — Za)

. 2n n .
eZm)\ ijl zj / H ef271'l/\y,- dyl
"i=1
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HokazareabcTso 1. IIpocTele momamoca:
anepPeOMeTqueCKoe npeobpa3oBaHue 1yaJIbHOCTH

Z H kj Ya+a)

— )k ﬁ s(x — ki _
k|=K ij=1 S(XI - XJ — k) = S — ya)k
3 H — ks —a)y, ﬁ s(xi — ya + @),
k|=K a,b=1 (Ya Yo — ka)k, =1 S(X — Ya)k,

s(x)k =s(x)s(x+1)---s(x+k—1)
2. Kpatnbie nosttoca. CyMMHPOBaHUE IO CHMMETPUIHBIM
HYJISIM MepPBI 0

Qn(A) Qn(1) = Qn(1) Qn(A)

Ao\ An-1(1) = Anit)An-1(N)

Crencteue Wy (x,) is symmetric over x; and over \;.
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BripoxK 1eHre COOTHONEHUST KOMMYTATHBHOCTH @
OIIepaTOpPOB

g =w +uw —g,

Panmonanbublii npemen
K()\) = sh&(\)
[Ipenen Cazepaenga
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JTOKA3ATCTHCTEO.
Qu(N)@n(r) = (21, 20) = (31, %)
YVuuosxny coorromenne Qu(A)Qn(1t) = Qu(1) Qn(A) 1
exp(7(2ip + (2 — n)g)zn

A YCTPEMUM Z, — +00
CneacrBue

n

Q ( \U)\n Xn H )\ )\ W)‘H(Xn)

Jj=1
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WUcnonp30BaHbI bICJIEAYIOIIHE CBA3U MEXKIAY Q uA:
Qn(xmyn; )‘) = eZﬂ'i)\y,, H K(Xi - yn)/\n(xnayn—l; )‘)7
i=1
) n—1
/\n(xm yn—l)\) = 6727”)\)(" H K(Xn - yi)anl(xnfla Yn-1) )‘)7

i=1

Aa(N) = ynli_r>noo Qn(A) exp(m(2iX + (2 — n)g)yn
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yasbHBIE onepaTopbl bakcTepa
JIeficTBYIOT MO CIIEKTPAIbHBIM IePEMEHHDBIM.

(@uCF)An) = oy [ 1) QAR X)F (1)

(/A\n(X)f)()\n) = an /]Rni1 A(Y)dy - 1/A\()\n;')’n 1 X)f(Vno1)

QAn, Vi x) = ™ LR, 7,),
A, Yy 11 %) = EFEALDR(N, 7, ).
JyabHag Mepa
= II Atvi—v).  A(y) = Sa(1v|w) S (1y + &¥|w).
ij=1
i#j
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yasbHast Mepa B PAIMOHAJILHOM IIpejiesie (Kak B
CasepJeme)

fi(y) = sh¥(7)

JyanbHasi Mepa B HEPEJISTUBIHCTCKOM Ipejese (Kak B
pannoHaJIbHOM BapuaHTe Pymxunapca)

f(y) =i (iv + g)
Teopembr gyaabHOCTH
Wy, (x7) = Aa(An) A1 (A1) - - - Ao (Ap) €27
W, (Xn) = Ap(xn) Ap1(Xo_1) - - - Ao(xp) €27
Teopema BDKK

Wy, (xn) = {I\IAn (xn)

Pasencrso ABYX MHTEI'DAJIbLHBIX Hpe,ILCTaBIIeHI/Iﬁ
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pyras dpopmyInpoBKa
\U)\n(xn) - \UX,,(An); g g*

Crnencrsue. (wiwp = 1) 1. Oyuxmusa Yy, (x,) pemaer
OHCIIEKTPAJIBHYIO 33144y JJIsl JTyAJbHBIX OIEPATOPOB
Mak goHaabaa

M (x,) Wi, (xn) = e (™11, ™1 )Wy (x,),
I\/Ir()\n) \UA,,(Xn) — er<e27TX1w1’ e e27rxnw1)w)\n(xn)

2. Oynkuus Yy (x,) permraer GucreKkTpaabHyo 3a1a49y s
JlyaJbHBIX olleparopoB Bakcrepa

Qn(A) W, (xn) HK (A = X)) Wi, (%),

j=1

Q@n(x) Wi, (xn) HKX—XJ)W)\ (xn)-
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Ananorndysasi IyaJbHOCTh B TEOPHH IOJHHOMOB
MakmoHa b1a:

/5,\(2) =

Pr(t'a) = Pu(t'a)

JlokazaTeTbCTBO TEOpEMBI JyaJIbHOCTH

n—1
No(Xn ¥ i A) = €270 T K(x0 — ¥i) Quot(Xn—1, ¥ 1: A)
i=1
4
n—1

An(N) = €7 Quy(V) [T Ko — ).

=1
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IIpegnonoxum
Wy, (xno1) = Wx,_, (X0o1)
Torna
“U)\,,(Xn) - /\n()\n)w)\ (Xn 1) -
n—1
e27l'2)\an Qn 1 H ll])\ (xn—l) =
j=1
e2m)\nxn Qn 1( )@ (Xl‘l)w}\n 1(X" 1)
(Oy6unn)

7 50 s 50—
e27rz/\an Qn 1(Xn)k()\ Y )\U)\n l(xn 1)
An(xa)Wx,, (Xn-1) = Wy, (x,)
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CnencrBue
Cummerpuunoe npeacrasienne Wy (x,) n(n — 1) kpaTHbIM
HHTErPATIOM

v, (x,) = &2 Anxa Qn_1(\n) @n—l(Xn) Wy (xno1)
= Qu-1(An) Quoa(3n) -+ Qu(A2) Quxp) @t tAom),

st oTkpoITO# Henouku Toa aHaIOTHIHOE MPE/ICTABICHTE
nostyueno ['epacumosbiM, Jlebeaesbim u O6uesunbiv (2007)
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OpTOroHAJBHOCTD U MOJHOTA
Teopema (BDKK)

L 1(x0) Wy ()W (x2) = 7 (M) (N, A,
[ A A T (KW, (30 = 7 (00) 5 51)
31ech
(X}, Xn) = — ST 6k = Xwiwy)
CHMMETPU30BAHHAS JIETbTA - (DYHKIAS
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JlokazaTesbCTBO UCIOIB3YeT HECTAHIAPTHYIO 0 00pa3HyIo
HOCTIeI0BATE/IBHOCTD

) = [ e e
n Rn
K(X7 xn) \U)\f,(_xn) \U)\n(xn)'

U 9BHO BBIYUCJIEHHBIN nHarTerpaJ
/R X (X)W, (%) K (X, %) W, () =

VG5, (glw)]” e (Z00) TT KA - ).

ij=1
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JlyasmpHOCTE g <> g 1 BTOpOE ceMeiicTBO () OMepaTopos .

e )
n(xn) = ] S (i —x +g).
i,ijsz_l
Omnpegennm
Qr(A) = 171 (xa) Qu(Xi ") n(xa),
Torna
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(@F)(xn) =072 (x) [ Aly,)y, @ (xm yui ().
Q*(Xm Yo >‘) - eZﬂZ)\Zj(Xj_YJ')k(xr” yn)'

A(x,) = ﬁ Sy(ux; — 1x;) = ﬁ 4sh m(xi — x) <h m(x; — Xj)7

ij=1 ij=1 w1 Wo

i#j i<j

Teopema (cireacTBHE MPEIBIIYIIETO)

Qn(N) Mi(xn; 8) = M. (x1; 8) @, (N),
@, (A) @i(p) = @4(p) Qr(N).
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Teopema (HeTpUBHATBHAS )
Qn(A) @nlp) = Qn(p) @r(A)-

Caenyer U3 crenuaan3aliuid THTEIPAIbHBIX TOXKIECCTB
9.Paitnca

1(zn) / dy, ™" 2V N(y,)
< T1 5 (=) + &) 552 (e - ) + )

ij=1

eZﬂszj(Xj+Zj)n(xn) /n dyn e_2ﬂ'zﬂijfA(yn)

X HS ( )/J)+i*>521(iz(z,-—yj)+‘g>.

ij=1
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Bripoxkaenue

Qr(A) An(p) = K(A = p) An(p) @,-1(A) (4)
Caencrsue

QZ( w)\,, xn H w)\ (xn)

Hosble noBpmnalonye onepaTopsl
Ny (A) = 071 (xn) AN 87) n(Xn1),
(M) () =072 x0) [ AWV A (e Vi ()

n n—1 A
N (X ¥ppi ) = €™ 20 DK (x,, y,_,)-
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Qn(A) Ar(p) = K(A = p) No(p) Qn-1 (M)

Ilomoxkum

V3, (xn) = AL(An) A

n n—

1(Anm1) - Aj(Ag) €7

Torna
win(xn) = C(An) W, (x1)

C(A\,) =7
Eme omao BRIpOXKICHUE
No(A) Ana(p) = Kag(X = p) Aa(p) A a(A)
e
Kog(A = p) = S, (1A —1p+ &%) S 1 (p — 1A + &7).
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COW) = 1) = TT S M0h — o+ g).

ij=1
i#j
DKBUBAJECHTHO
Vi, (Xn; 8) = 0 (An) 0 (xn) Wa, (X0 87). (5)

IyanbHocTb g <> g* nponagaer B npejesie CasepieHia.
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