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Euler: the gamma function

Γ(x) =

∫ ∞
0

tx−1e−tdt, Re(x) > 0, Γ(x + 1) = xΓ(x)

and the beta integral

∫ 1

0

tα−1(1− t)β−1dt =
Γ(α)Γ(β)

Γ(α + β)
, Re(α),Re(β) > 0.

Many applications: Feynman integrals, string amplitude, proba-
bility measure, etc. Complexification:

t ∈ R→ z ∈ C,
∫
dt→

∫
C
d2z =

∫
R2
dRe(z) d Im(z)

with the single-valuedness condition

[z]α := zαz̄α
′
, z̄ = z∗, α′ − α = n ∈ Z.

Complex beta integral (Gelfand, Graev, Vilenkin, 1962)∫
C

[w − z1]α−1[z2 − w]β−1
d2w

π
=

Γ(α|α′)Γ(β|β′)
Γ(α + β|α′ + β′)

[z2 − z1]α+β−1.
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Here and below 1′ = 1 and the “complex” gamma function

Γ(α|α′) :=
Γ(α)

Γ(1− α′)
=

Γ(n+ix
2 )

Γ(1 + n−ix
2 )

=: Γ(x, n),

where x ∈ C and n ∈ Z. One has

Γ(α + 1|α′) = Γ(x− i, n + 1) = αΓ(α|α′),
Γ(α|α′ + 1) = Γ(x− i, n− 1) = −α′Γ(α|α′),

From Γ(x)Γ(1− x) = π/ sin πx⇒

Γ(α|α′) = (−1)α−α
′
Γ(α′|α), Γ(x,−n) = (−1)nΓ(x, n),

Γ(α|α′)Γ(1− α|1− α′) = (−1)α−α
′
,
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Linear fractional transformations of w, z1, z2 ⇒∫
C

[z1 − w]α−1[z2 − w]β−1[z3 − w]γ−1
d2w

π

=
Γ(α, β, γ)

[z3 − z2]α[z1 − z3]β[z2 − z1]γ
,

where α + β + γ = α′ + β′ + γ′ = 1 and

Γ(α, . . . , γ) = Γ(α|α′) . . .Γ(γ|γ′).

This is a star-triangle relation ⇒ solutions of YBE ⇒ noncom-
pact XXX chain.

Multidimensional generalization: Selberg integral.

Complexification: 2d CFT (Dotsenko, Fateev, 1985), (Aomoto,
1987), the most general form (Sarkissian, V.S., 2021)
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The standard Newton’s binomial theorem

1F0(a;x) =

∞∑
n=0

(a)n
n!

xn = (1−x)−a, (a)n = a(a+1) . . . (a+n−1).

Complexification:

1

[x + y]α
=

1

4πΓ(α|α′)
∑
N∈Z

∫
L

dν
Γ(s|s′)Γ(α− s|α′ − s′)

[x]α−s[y]s
,

where

s = 1
2(N + iν), α = 1

2(m + ia), N,m ∈ Z.
The contour L lies in the strip Im(a) < Im(ν) < 0.

⇒ The Mellin-Barnes form of STR (Derkachov, Manashov, Va-
linevich, 2018)

1

4π

∑
n∈Z

∫ ∞
−∞

3∏
j=1

Γ(bj+y, nj+n)Γ(aj−y, n−mj)dy =

3∏
j,k=1

Γ(bj+ak, nj+mk),

where Im(bj), Im(aj) < 0 and the balancing condition

3∑
j=1

(bj + aj) = −2i,

3∑
j=1

(nj + mj) = 0.
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The elliptic gamma function

Γ(z; p, q) :=

∞∏
j,k=0

1− z−1pj+1qk+1

1− zpjqk
, |q|, |p| < 1,

Γ(tz±1; p, q) := Γ(tz; p, q)Γ(tz−1; p, q).

The functional equations

Γ(qz; p, q) = θ(z; p)Γ(z; p, q), Γ(pz; p, q) = θ(z; q)Γ(z; p, q),

θ(z; p) = (z; p)∞(pz−1; p)∞, (z; p)∞ =

∞∏
k=1

(1− zpk).

For |tj| < 1,
∏6

j=1 tj = pq, the elliptic beta integral (V.S., 2000):

(p; p)∞(q; q)∞
4πi

∫
T

∏6
j=1 Γ(tjz

±1; p, q)

Γ(z±2; p, q)

dz

z
=

∏
1≤j<k≤6

Γ(tjtk; p, q).
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The trigonometric degeneration: p→ 0 with fixed z, q ⇒

Γ(z; 0, q) =
1

(z; q)∞
.

Jackson’s (trigonometric) q-gamma function

Γq(x) :=
(q; q)∞
(qx; q)∞

(1− q)1−x, |q| < 1, x ∈ C,

Γq(qx) =
1− qx

1− q
Γq(x), lim

q→1−
Γq(x) = Γ(x).

The hyperbolic degeneration z, p, q → 1:

Γ(e−2πvu; e−2πvω1, e−2πvω2) =
v→0+

e
−π 2u−ω1−ω2

12vω1ω2 γ(2)(u;ω1, ω2),

The hyperbolic q-gamma function (Ruijsenaars, 1997)

γ(2)(u;ω) := exp

(
−PV

∫
R

eux

(1− eω1x)(1− eω2x)
dx

x

)
.

= e−
πi
2 B2,2(u;ω)

(q̃e
2πi uω1 ; q̃)∞

(e
2πi uω2 ; q)∞

, q = e
2πi

ω1
ω2 , q̃ = e

−2πiω2ω1 ,

B2,2(u;ω) =
1

ω1ω2

(
(u− ω1 + ω2

2
)2 − ω2

1 + ω2
2

12

)
.
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Functional equations and the inversion relation:

γ(2)(u + ω1;ω)

γ(2)(u;ω)
:= 2 sin

πu

ω2
,

γ(2)(u + ω2;ω)

γ(2)(u;ω)
:= 2 sin

πu

ω1
,

γ(2)(x;ω)γ(2)(ω1 + ω2 − x;ω) = 1.

- The inverse of Shintani’s (1977) double-sine function 1/S(x;ω).

- The Faddeev’s (1994) modular (non-compact quantum) dilog-
arithm.

The usual rational degeneration

γ(2)(ω1x;ω) =
ω1→0

Γ(x)√
2π

(
ω2

2πω1

)1
2−x

.



9

Complex rational degeneration: Bazhanov, Mangazeev, Sergeev,
2007 (ad hoc ansatz); Sarkissian, V.S., 2019 (rigorous derivation)

bCFT :=

√
ω1

ω2
= i + δ, δ → 0+,

γ(2)(i
√
ω1ω2(n + xδ);ω1, ω2) =

δ→0+
e
πi
2 n

2
(4πδ)ix−1Γ(x, n),

where n ∈ Z, x ∈ C. Then

(q̃e
2πi uω1 ; q̃)∞

(e
2πi uω2 ; q)∞

=
Γq
(
n+ix
2 + O(δ)

)
Γq̃
(
1 + n−ix

2 + O(δ)
) (q̃; q̃)∞

(q; q)∞

(1− q̃)−n+ix
2 +O(δ)

(1− q)1−n+ix
2 +O(δ)

.

The crucial point: despite of q̃ = q + O(δ2), one has

(q̃; q̃)∞
(q; q)∞

= e
πi
12

(
ω2
ω1

+
ω1
ω2

)(
−i
ω1

ω2

)1
2

=
δ→0+

e
πi
12 .

Apply this degeneration to integrable many-body systems of the
Ruijsenaars type, i.e. finite-difference hyperbolic Calogero-Sutherland
type models (Sarkissian, V.S., 2021).
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Integrable many-body systems
Elliptic Ruijsenaars model Hamiltonian

HR =

N∑
j=1

N∏
k=1, 6=j

θ(tzjz
−1
k ; p)

θ(zjz
−1
k ; p)

Tj,

where zj, t, q, p ∈ C, |p| < 1, and Tj = q-shift operators

Tjψ(z1, . . . , zj, . . . , zN) = ψ(z1, . . . , qzj, . . . , zN).

Elliptic van Diejen system (generalized BCn Ruijsenaars system)

HvD =

N∑
j=1

(
bj(u)e

2γ∂uj + bj(−u)e
−2γ∂uj

)
+ v(u),

where e
2γ∂ujf (. . . , uj, . . .) = f (. . . , uj + 2γ, . . .) and

bj(u) =

N∏
k=1, 6=j

θ1(uj ± uk + µ)

θ1(uj ± uk)

3∏
r=0

θr+1(uj + µr)θr+1(uj + γ + µ′r)

θr+1(uj)θr+1(uj + γ)
,

v(u) is some elliptic potential, θj(u) = Jacobi theta functions. .

Denote

q = e4πiγ, zj = e2πiuj , t = e2πiµ,

t1 = −e2πiµ1, t2 = −p1/2e2πiµ2, t3 = p1/2e2πiµ3, t4 = e2πiµ0,

t5 = q1/2e2πiµ
′
0, t6 = −q1/2e2πiµ′1, t7 = −q1/2p1/2e2πiµ′2, t8 = q1/2p1/2e2πiµ

′
3.
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and impose the balancing condition

2(N − 1)µ +

3∑
r=0

(µr + µ′r) = 0, or t2N−2
8∏

m=1

tm = p2q2.

⇒ up to a multiplicative and additive constants

HvD =

N∑
j=1

(
Aj(z)(Tj − 1) + Aj(z

−1)(T−1j − 1)
)
,

Aj(z) =

∏8
m=1 θ(tmzj; p)

θ(z2j , qz
2
j ; p)

N∏
k=1
k 6=j

θ(tzjz
±1
k ; p)

θ(zjz
±1
k ; p)

,

and Aj(. . . , pzl, . . .) = Aj(z).
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The eigenvalue problem HvDψ(z) = λψ(z) for N = 1 yields∏8
j=1 θ(tjz; p)

θ(z2, qz2; p)
(ψ(qz)−ψ(z))+

∏8
j=1 θ(tjz

−1; p)

θ(z−2, qz−2; p)
(ψ(q−1z)−ψ(z)) = λψ(z),

which becomes the elliptic hypergeometric equation for

t8 = qt7, λ = −
6∏

k=1

θ

(
tkt8
q

; p

)
.

with a solution

ψ(z) =
V (q/ct1, . . . , q/ct5, cz, c/z, c/t8; p, q)

Γ(t8z±1, c2z±1/t8; p, q)
, c2 =

t6t8
p4
,

where V is an elliptic analogue of 2F1 function (V.S., 2003)

V (w1, . . . , w8; p, q) =
(p; p)∞(q; q)∞

4πi

∫
T

∏8
j=1 Γ(wjx

±1; p, q)

Γ(x±2; p, q)

dx

x
,

where
∏8

j=1wj = (pq)2, |wj| < 1.
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Two-step degeneration: elliptic → hyperbolic → complex hyper-
geometric ⇒ recurrence-difference equation:

ta = e−2πvga, z = e−2πvy, p = e−2πvω1, q = e−2πvω2, v → 0+ ⇒

∏8
j=1 sin π

ω1
(gj + y)

sin 2yπ
ω1

sin (2y+ω2)π
ω1

(χ(y+ω2)−χ(y))+

∏8
j=1 sin π

ω1
(gj − y)

sin 2yπ
ω1

sin (2y−ω2)π
ω1

(χ(y−ω2)−χ(y))

+

6∏
k=1

sin
π

ω1
(gk + g7)χ(y) = 0,

8∑
j=1

gj = 2(ω1 + ω2), g8 = g7 + ω2.

where χ(y) = Ih(...)/(product of four γ(2)(...)),

Ih(a;ω1, ω2) =

∫ i∞

−i∞

∏8
j=1 γ

(2)(aj ± x;ω1, ω2)

γ(2)(±2x;ω1, ω2)

dx

2i
√
ω1ω2

,

8∑
j=1

aj = 2(ω1 + ω2).
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y = i
√
ω1ω2(m+uδ), x = i

√
ω1ω2(n+vδ), gj = i

√
ω1ω2(rj+γjδ),

where u, v, γj ∈ C, m,n, rj ∈ 1
2Z, the limit

√
ω1
ω2

= i +δ, δ → 0+.

Then ∏8
j=1(βj + z)

2z(2z + 1)
(Ψ(u− i,m− 1)− Ψ(u,m))

+

∏8
j=1(βj − z)

2z(2z − 1)
(Ψ(u+i,m+1)−Ψ(u,m))+

6∏
k=1

(βk + β7) Ψ(u,m) = 0,

where

βj =
iγj − rj

2
, z =

iu−m
2

, rj,m ∈ Z + µ, µ = 0,
1

2
,

with the additional constraints
8∑
j=1

γj = −4i,

8∑
j=1

rj = 0, r8 = r7 − 1, γ8 = γ7 − i.

A solution Ψ(u,m) = S(...)/(product of fourΓ(...)),
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S(s, n) =
1

8π

∑
n∈Z+ν

∫ ∞
−∞

(n2 + v2)
8∏
j=1

Γ(sk ± v, nk ± n)dv,

nk ∈ Z + ν, ν = 0, 12, with

sk = −3i−γk−
1

2
(γ6+γ8), nk = 1−rk−

1

2
(r6+r8), k = 1, . . . , 5,

s6,7 =
1

2
(γ6 + γ8) + 2i± u, n6,7 =

1

2
(r6 + r8)− 2±m,

s8 =
1

2
(γ6 − γ8) + 2i, n8 =

1

2
(r6 − r8)− 2.
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Extension to the general balanced case

Hrat =

N∑
j=1

(
Bj(u,m)(Tuj ,mj

− 1) + Bj(−u,−m)(T−1uj ,mj
− 1)

)
,

where the difference-recurrence operators act as follows

T±1uj ,mj
f (u,m) = f (. . . , uj ∓ i, . . . ,mj ∓ 1, . . .)

and the potentials have the form

Bj(u,m) =

N∏
k=1
k 6=j

(β + zj + zk)(β + zj − zk)
(zj + zk)(zj − zk)

∏8
l=1(βl + zj)

2zj(2zj + 1)
,

zj =
iuj −mj

2
, β =

iγ − r
2

, βk =
iγk − rk

2
,

where uj, γ, γk ∈ C, r ∈ Z, mj, rk ∈ Z + µ, µ = 0, 12, with the
balancing condition

(2N − 2)γ +

8∑
k=1

γk = −4i, (2N − 2)r +

8∑
k=1

rk = 0.
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The scalar product

〈ϕ, ψ〉rat =
1

(8π)NN !

∑
mj∈Z+µ

∫
uj∈R

ϕ(u,m)ψ(u,m)

×
∏

1≤j<k≤N

Γ(γ ± uj ± uk, r ±mj ±mk)

Γ(±uj ± uk,±mj ±mk)

×
N∏
j=1

[
8∏
`=1

Γ(γ` ± uj, r` ±mj)

]
(u2j + m2

j) duj,

Hermicity:

〈ϕ,Hratψ〉rat = 〈Hratϕ, ψ〉rat.
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〈1, 1〉rat for γ7 + γ8 = −2i, r7 + r8 = 0 yields the most general
form of the complex Selberg integral (Sarkissian, V.S., 2021)

1

(8π)NN !

∑
mj∈Z+µ

∫
uj∈R

∏
1≤j<k≤N

Γ(γ ± uj ± uk, r ±mj ±mk)

Γ(±uj ± uk,±mj ±mk)

×
N∏
j=1

[
6∏
`=1

Γ(γ` ± uj, r` ±mj)

]
(u2j + m2

j) duj = (−1)r
N(N−1)

2 )

×
N∏
j=1

Γ(jγ, jr)

Γ(γ, r)

∏
1≤`<s≤6

Γ((j − 1)γ + γ` + γs, (j − 1)r + r` + rs),

where r ∈ Z, mj, r` ∈ Z + µ, µ = 0, 12, and

(2N − 2)γ +

6∑
`=1

γ` = −2i, (2N − 2)r +

6∑
`=1

r` = 0.
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Ordinary rational Ruijsenaars model Hamiltonian

HR =

N∑
j=1

N∏
k=1, 6=j

zj − zk + g

zj − zk
e
∂zj ,

Two particle case in the center of mass, z1 + z2 = 0,

HR =
z + g

z
e∂z +

z − g
z

e−∂z , z = z1 − z2.

Two particle hyperbolic Ruijsenaars Hamiltonian eigenvalue prob-
lem in the center of mass

sin π
ω1

(x + g)

sin π
ω1
x

χ(x+ ω2) +
sin π

ω1
(x− g)

sin π
ω1
x

χ(x− ω2) = 2 cos
πλ

ω1
χ(x)

Its solution

χ(x) =

∫ i∞

−i∞
γ(2)(ω1+ω2−g2 ± x

2 ± z)e
2πi λz

ω1ω2
dz

i
√
ω1ω2

.
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Take parametrizations

g = i
√
ω1ω2(r + γδ), z = i

√
ω1ω2(k + yδ), r, k ∈ Z,

λ = i
√
ω1ω2(2N + α), x = i

√
ω1ω2(n + uδ), N, n ∈ Z,

and consider the new limit (Belousov, Sarkissian, V.S, 2024)√
ω1

ω2
= i + δ, δ → 0+, N →∞, 2Nδ = β = fixed,

χ(x)→ (4πδ)2iγeπi(n+r+nr) Ψ(u, n),

Ψ(u, n) =
∑
k=Z+ν

∫ ∞
−∞

Γ(−1
2γ−i±1

2u±y,−
r
2±

n
2±k)e−2πi(αk+βy)dy,

where ν = 0, if r + n is even, and ν = 1
2, if r + n is odd. The

eigenvalue equation becomes(
z + ρ

z
e∂z +

z − ρ
z

e−∂z
)

Ψ(u, n) =
(
eλ + e−λ

)
Ψ(u, n),

e∂z = e−∂ne−i∂u, e∂zΨ(u, n) = Ψ(u− i, n− 1),

λ = π(iα− β), z =
iu− n

2
, ρ =

iγ − r
2

⇒ related to the model by Molchanov, Neretin, 2018.


