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Euler: the gamma function
['z) = / t" e ldt, Re(x) >0, T(x+1)=2zl(x)
0

and the beta integral
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Many applications: Feynman integrals, string amplitude, proba-
bility measure, etc. Complexification:

teR—2z2eC, /dt—>/d2z:/ dRe(z) dIm(z)
C R2

with the single-valuedness condition

/

2]Y =22, z=2" od—a=neZ.
Complex beta integral (Gelfand, Graev, Vilenkin, 1962)
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Here and below 1’ = 1 and the “complex” gamma function

A O R
I'(ala') = M—a) T 1 o) I'(x,n),
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where x € C and n € Z. One has

Ila+1ld)=T(x—i,n+1) = al'(a|a),
Tlald'+1)=T(x —i,n—1) = —a'T'(a|d),

From I'(z)['(1 — z) = n/sinmz =
L(ale’) = (-1)""T(a|a),  T(z,—n) = (=1)'T(z,n),
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L(alo/)0(1 - a1l —af) = (=1)*,



Linear fractional transformations of w, z1, 29 =

d*w

/[z1 — w]* M2y — w]" Tz — w]7_17
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where a + 8 +v=d + 8 ++' =1 and

L(a,...,7)=T(ald)...T(H]Y).

This is a star-triangle relation = solutions of YBE =- noncom-
pact XXX chain.

Multidimensional generalization: Selberg integral.

Complexification: 2d CFT (Dotsenko, Fateev, 1985), (Aomoto,
1987), the most general form (Sarkissian, V.S., 2021)



The standard Newton’s binomial theorem

1Fola; x) = Z (Z)'nsc” =(1—-2)" % (a), =ala+1)...(a+n—1).
n=0 '

Complexification:

1 s|sT'(a — s|a’ — &)
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where

=(N+1iv), a=3(m+ia), N,meL.
The contour L lies in the strip Im(a) < Im(v) < 0.

= The Mellin-Barnes form of STR (Derkachov, Manashov, Va-
linevich, 2018)

o 3
Z/ 11 T bj+y, nj+n)L(a;—y,n—m;)dy = | | T'(bj+ay, nj+my),

neZ j= J,k=1
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where Im(b;), Im(a;) < 0 and the balancing condition
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» (bj+a;)=-2, > (nj+my)=0.



The elliptic gamma function
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D(tz"p,q) = T(tzip, QT (270, q).
The functional equations

['(qzip,q) = 0(z;p)l(2:0,q), T(pz;p,q) = 0(z;¢)T(2;p, q),

0

0(zp) = (2:)oc(pz " D)oor (200 = | J(1 — 20").

k=1

For |t;| < 1, H?:1 t; = pq, the elliptic beta integral (V.S., 2000):
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q> 1<j<k<6



The trigonometric degeneration: p — 0 with fixed z,q =

1
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Jackson’s (trigonometric) g-gamma function
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The hyperbolic degeneration z,p,q — 1:
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The hyperbolic g-gamma function (Ruijsenaars, 1997)
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Functional equations and the inversion relation:

Y2 (u 4wy w) Cau o Y (u A+ waw) CTu
o = 2sin —, O = 2sin —,
Y (U, (U) W2 8 (U’7 (U) Wi

YO (z; w0y P (w) 4+ wo — z;w) = 1.

- The inverse of Shintani’s (1977) double-sine function 1/5(x; w).

- The Faddeev’s (1994) modular (non-compact quantum) dilog-
arithm.

The usual rational degeneration
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Complex rational degeneration: Bazhanov, Mangazeev, Sergeev,
2007 (ad hoc ansatz); Sarkissian, V.S., 2019 (rigorous derivation)

Wi

bopr == ]/ — =14, 5—>0+,
w2
Y (iy/wrwa(n + 26); wi, wy) = ez (478)* T (z, n),

d—07F
where n € Z, x € C. Then
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The crucial point: despite of ¢ = g + O(6?), one has

1
3 A i wo W 2 ;
(¢ 9)< _ 617<w_§+ﬁ> (_iﬂ) _ T2
(4: @)os
Apply this degeneration to integrable many-body systems of the
Ruijsenaars type, i.e. finite-difference hyperbolic Calogero-Sutherland
type models (Sarkissian, V.S., 2021).
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Integrable many-body systems
Elliptic Ruijsenaars model Hamiltonian

Z H tz]zk ,p T,

Jj=1 k=1,#j ijk ’p>

where z;,t,q,p € C, |p| < 1, and T; = g-shift operators

Tip(z1, ..o Zjy ooy 2N) = V(21,01 QZj, - -, 2N).

Elliptic van Diejen system (generalized BC,, Ruijsenaars system)

N
HUD — Z (bj(g) 278% 'y ( ) 2’78u ) —I—U( )

j=1

where 7% if(o g, = f(o.,u;+2y,...) and
N
b(u) _ H 61 Uj :tuk—l—,u H r—i—l U] —|—/Lr (9¢+1(Uj—|—’}/‘|‘/ub;)
7 [y el(u] + ’U,k; -0 7’+1 j)9T+1(uj + ’V)
v(w) is some elliptic potential, ,(u) = Jacobi theta functions. .
Denote
q = 6471'17 zj = 627Tiuj7 — 627ri,u
t = 27r1u1 ty = _p1/2627ri,u2 t5 _p1/2 2mips by = 627ri,uo7

ts = q1/2 27T1,u0 te = _q1/2627rip/17 tr = _q1/2p1/2627ri,u/2’ ty = q1/2p1/2627ri,ug.
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and impose the balancing condition

3 8

2(N — 1)+ Z(MT +u) =0, or 2N =2 H t = D"
r=0 m=1

= up to a multiplicative and additive constants

N

Hop = D (AT =1+ AT - 1),

j=1
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The eigenvalue problem H,p(z) = Mb(z) for N = 1 yields

H?:1¢9(tjz;p) HJ 0tz -
0(z2,qz2; p) (¥(gz)—(2))+ 0=2 g2 2 p) (Vg 2)—(2)) = M(2),

which becomes the elliptic hypergeometric equation for

LI

kL8
1)

k=1 q

with a solution

0(z) = Vig/cty,...,q/cts,cz,c/z, c/ts;p, q) 2 tets
[(tsz*t, 225 ts;p, q) | pt’

where V' is an elliptic analogue of o F; function (V.S., 2003)

:l:l
pp qq T2, T(wz™p, q) da
V(’U}l, -, WR P, Q) - ( / )= 19. 3
[(x ,p,q) T

where HJ L w; = (pg)*, |w]| <1
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Two-step degeneration: elliptic — hyperbolic — complex hyper-
geometric = recurrence-difference equation:

ta _ e—27wga7 5 — e—?m;y’ p= 6—27rvw17 q = 6—27?%)27 v — O+ =

[T)-sin (g +y) [T)-isin 2-(9; — v)
2 (2ytwa)m (X(y+wa2)—x(y))+ sin 27 i (gy o)

Wi w1 Wi Wi

(X(y—w2)—x(y))

Sl
6
+ Hsm — (gx + 97) x(y) = 0,
k=1

Zgj = 2(w; + wa), gs = g7 + wa.
where x(y) = I,(...)/(product of four y2(...)),

100 H? ey £ zwn,w)  da
YO (22w, we) 20wy

8
ZCL] = CU1—|—CU2)

Jj=1

In(@; wi, wo) =
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y = ly/wiwe(m+ud), x =iywiwe(nt+vd), g; = iy/wiws(r;+7v;6),
where u,v,v; € C, m,n,r; € %Z, the limit , /Z—; =1+06,0 — 0T
Then

H§:1(5J’ +2)

(U(u —i,m—1) — ¥(u,m))

22(2z 4+ 1)
H?—1(ﬁj - 2) °
— W (Ui 1)—v v =0
@ =1 (U (uti, m+1)— U (u, m))—i—g (B + B7) U(u, m) = 0,
where
1Y — T 1 —m 1
6]2%7 &= 9 ) rj,mEZ—l—/L,/L:O,é,

with the additional constraints
8

8
Z%:—Zﬁ, er:O, rgs=r7—1, 3=y —1
j=1 J=1

A solution V(u,m) = S(...)/(product of fourT(...)),



1 oo
Stsm) =g Y |+ o) [[Plont v e,

ng € 4+ v, VZO,%,With

1 1

sk = —3l=—5(ts), = 1—7“k—§(7“6+?“8)7 k=1,...

2

1 , 1
567 = 5(76 +v5) + 20w, ngr= 5(7‘6 +1rg) — 2+ m,

1 . 1
88:5(76—78)+217 n8:§(r6_r8)_2-

15

757
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Extension to the general balanced case

N
Hmt - Z <B](Q7 M)(Tuj,mj _ 1) + Bj(_g7 _m)(Tu_J,lmj T 1)) )
j=1
where the difference-recurrence operators act as follows

Tj:l f(@;m):f(auj:lzlaamj:lzla)

uj,mj
and the potentials have the form

Byt a)B - ) [TB+2)
Bjlwm) =[] (2 + 20)(2; — 21) 22(22]- 1)

k=1
k#j

i, —m,; iy —r 1V — Tk
LIl g= T

2 2
where uj, v,y € C, r € Z, mj,r, € Z + p, b = O,%, with the
balancing condition
8 8
@N =2y +> y=—4i, @N-2r+)> r=0.
k=1 k=1

Zj:
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The scalar product
1
(@ V)rat = m Z

ijZ—HL

/ujeR p(u, m)ib(u, m)

y H L(y £ u; £ ug, r £m; £ my)
I(*u; £ ug, £mj £ my)

N 8
X H [H F(’yg + Uj, Ty + mj)

j=1 Le=1

(uf - m?) du,

Hermicity:

<907 Hmt¢>mt — <Hmt¢7 ¢>mt-
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(1, 1)t for y7 + 3 = —2i, 77 + rg = 0 yields the most general
form of the complex Selberg integral (Sarkissian, V.S., 2021)

Z / fy:tujiuk,rimjimk)
87T)NN' 0 I(fu; £ up, £mj £ my)

m]€Z+u €R 1<]<k’<N
N
I
j=1

(u? - m?) duj = (—1)" 2

H L (v £ uj,re £my)
(=1

— H L((G—Dy+v+7 [ —r+re+rs),
I‘</77T> 1<l<5<6

WhererEZ,mj,rgEZ+u,,LL—01 nd

727

6

6
N —2)y+ Y w=-2, @N-2r+> r=0.
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Ordinary rational Ruijsenaars model Hamiltonian

e 11 i
=Lkl Tk
Two particle case in the center of mass, z; + 2o = 0,

Z+ _
gaz—i— — 9 82, 2 =21 — 29.
z z

Hr =

Two particle hyperbolic Ruijsenaars Hamiltonian eigenvalue prob-
lem in the center of mass

sin wl(a: + g) sin wi(:)s —9) T\
1 - (T + wa) + 1 77 X(x — wy) = 2cos — x(x)
sin - sin - Wy

2

100 s dz
_ (2) (w1twa—g + T 4 27”wi\w2 —
O e S O
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Take parametrizations

g = iywiws(r +70), z=iywws(k+yd), rkéeZ,
A =iy/wwi(2N + «), x =iywws(n+ud), N,n¢€Z,

and consider the new limit (Belousov, Sarkissian, V.S, 2024)

—=i4+0, 00", N —=o00, 2N§=p= fived,

X(»’U) N (47]_5>2ify€7ri(n+r+nr) \If(u, n))

o0
U(u,n) = Z/ I‘(—%’y—ij:%u:l:y,—%:I:%:I:k)e_zm(o‘kJrﬂy)dy,
k=Z+v Y —X

where v = 0, if r + n is even, and v = %, if r +n is odd. The
eigenvalue equation becomes

(ﬂeaz + Qeaz) U(u,n) = (eA + e_A) U(u,n),
2 2

e = e e P (y,n) = U(u—i,n—1),
= related to the model by Molchanov, Neretin, 2018.




