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Introduction

Hydrodynamics: successfully applied to heavy-ion collisions.

At high collision energies, particle spectra can be described by
assuming emission from Bjorken expanding cylindrical firebal.

At lower collision energies, Bjorken symmetry is broken.

Hydrodynamics inspired models used to study spectra and yield.

Analytical solutions of relativistic hydrodynamics in simple
symmetric cases useful.

Serve as benchmarks for testing more realistic hydrodynamic
simulation codes.

Analytical expressions of spectra for two useful
geometries.

Direct application to analysis of heavy-ion data.
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Boost invariance in heavy-ion collisions

At very high energy collisions, boost invariance is good symmetry.

Signature of boost invariance symmetry is reflected in flat rapidity
spectrum of hadrons in collisions above

√
sNN = 200 GeV.

Boost invariant blast wave model is applicable in collisions at high
energy. Cylindrical symmetry.
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Boost invariance breaking in lower collision energy
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Relativistic hydrodynamics

Assuming a system with no conserved charges, the
hydrodynamical equations are

∂µT
µν(x) = 0.

For non-dissipative evolution of the system where the
energy-momentum tensor takes the form

Tµν = (ε+ p)uµuν − pgµν .

The local fluid four-velocity is

uµ(x) = γ(x)(1, v⃗(x)), γ(x) = 1/
»
1− v⃗2(x).

Using thermodynamic expressions Ts = ε+ p and dp = s dT ,

uµ∂µ(Tu
ν)− ∂νT = 0.

For non-dissipative fluids, the entropy conservation implies

∂

∂t
(sγ) + ∇⃗ · (sγv⃗) = 0.
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Spherical solution

It is convenient to work in the (t, r, θ, ϕ) co-ordinates.

The fluid velocity vector is given by v⃗ = (vr, 0, 0).

The hydrodynamic equations become

∂

∂t
(Tγvr) +

∂

∂r
(Tγ) = 0,

∂

∂t
(sγ) +

1

r2
∂

∂r
(r2sγvr) = 0.

We assume an equation of state of the form p = c2s ε, with the
speed of sound cs kept constant. Therefore s ∝ T 1/c2s .

The solution is obtained as

T (r, t) = T0

ï
t20 − r20
t2 − r2

ò3c2s/2
,

s(r, t) = s0

ï
t20 − r20
t2 − r2

ò3/2
, vr =

r

t
.
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Cylindrical solution (boost invariant)

It is convenient to work in the (t, ρ, ϕ, z) coordinates.

The fluid velocity vector is given by v⃗ = (vρ, 0, vz).

The hydrodynamic equations become

∂

∂t
(Tγvρ) +

∂

∂ρ
(Tγ)− vz

ï
∂

∂ρ
(Tγvz)−

∂

∂z
(Tγvρ)

ò
= 0,

∂

∂t
(Tγvz) +

∂

∂z
(Tγ)− vρ

ï
∂

∂z
(Tγvρ)−

∂

∂ρ
(Tγvz)

ò
= 0,

∂

∂t
(sγ) +

1

ρ

∂

∂ρ
(ρsγvρ) +

∂

∂z
(sγvz) = 0.

The solution is obtained as

T (ρ, z, t) = T0

ï
t20 − ρ20 − z20
t2 − ρ2 − z2

ò3c2s/2
, vρ(ρ, z, t) =

ρ

t
,

s(ρ, z, t) = s0

ï
t20 − ρ20 − z20
t2 − ρ2 − z2

ò3/2
, vz(ρ, z, t) =

z

t
.
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Freeze-out and momentum spectra

The hadron momentum spectra can be derived by applying the
Cooper-Frye prescription

E
dN

d3p
=

g

(2π)3

∫
pµdΣ

µf(x, p).

Semi-classical generalization of Maxwell-Jüttner distribution

feq(x, p) =
1

exp[β(u · p)] + ϵ
=

∞∑
n=1

ϵn exp[−nβ(u · p)],

where ϵn ≡ (−ϵ)n−1 with ϵ1 = 1 for classical MB statistics.

(3 + 1)-dimensional proper time τ3 =
√
t2 − r2 =

√
t2 − ρ2 − z2.

Analytical solution for temperature in both cases

T (τ3) = T0

Å
τ30
τ3

ã3c2s
.

τ3 = const. =⇒ constant temperature freeze-out hypersurface.
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Spectra: spherical geometry

For the spherical case,

u · p = γ(ζ)E − γ(ζ) vr(ζ) p cos θ,

p · dΣ =

Å
E

dr

dζ
− p cos θ

dt

dζ

ã
r2(ζ) sin θ dζ dθ dϕ.

Here 0 < ζ < 1 such that r(0) = 0 and r(1) = R.

The particle spectra is given by

E
dN

d3p
=

gR3

2π2

∞∑
n=1

ϵn

∫ 1

0
e−nβE

√
ν2+χ2/ν

ï
E

sinh(naχ)

naχ
+

Tν

Ç
sinh(naχ)− naχ cosh(naχ)

n2aχ
√

ν2 + χ2

åô
χ2 dχ.

Here χ ≡ r/R, ν ≡ τ3f/R, and a ≡ p/(Tν). Average radial velocity:

⟨vr⟩ =
∫
vr
√
dΣµdΣµ∫ √
dΣµdΣµ

=
1 + ν2 log

Ä
ν2

1+ν2

ä
√
1 + ν2 − ν2 log

î
ν√

1+ν2−1

ó .
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Spectra: cylindrical geometry

For the cylindrical case,

u · p = mT cosh(ηT ) cosh(y − ηs)− pT sinh(ηT ) cos(ϕ− ϕp),

p · dΣ =

ï
mT cosh(y − ηs)

dρ

dζ
− pT cos(ϕ− ϕp)

dτ

dζ

ò
× ρ(ζ) τ(ζ)dζ dϕ dηs

Here 0 < ζ < 1 such that ρ(0) = 0 and ρ(1) = R.

The particle spectra is given by

E
dN

d3p
=

gR3

2π2

∞∑
n=1

ϵn

∫ 1

0

ï
mT

√
ν2 + χ2I0

Å
nβpTχ

ν

ã
K1

(
nβmT

 
1 +

χ2

ν2

)

− χpT I1

Å
nβpTχ

ν

ã
K0

(
nβmT

 
1 +

χ2

ν2

) ò
χdχ,

Here χ ≡ ρ/R and ν ≡ τ3f/R. Average transverse velocity:

⟨vr⟩ =
∫
vr
√
dΣµdΣµ∫ √
dΣµdΣµ

=
√

1 + ν2 − ν2 log

ï
ν√

1 + ν2 − 1

ò
.
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Average radial and transverse velocity

〈vr 〉

〈vT 〉
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[M. S. Ali et. al., arXiv:2403.00624]
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pT spectra at LHC
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pT spectra at SPS
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Rapidity spectra at SPS

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 100

 0  0.5  1  1.5  2  2.5

 d
N
/d
y

y

SPS 30 AGeV: π-

κ+

κ-

[M. S. Ali et. al., arXiv:2403.00624]

Amaresh Jaiswal NICA 2024 14



Summary

Hydrodynamics inspired blast-wave models are commonly
employed in analyzing heavy-ion data.

Analytical hydrodynamic results for spectra obtained.

Simple form of the expressions: easy to use in fitting algorithms.

Symmetry in radial/transverse direction: calculation of flow
coefficients not possible (yet).

Another assumption is of constant c2s. Maybe interpreted as an
averaged value of c2s for that collision.

Demonstrated the application of these analytical results to study
spectra.

Analytical hydrodynamic results useful to establish a benchmark
for more realistic simulations.
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Outlook

Break radial/transverse symmetry perturbatively to allow for
calculation of flow coefficients. Work in progress.

Improvement required to calculate rapidity spectra reliably.

Makes the results applicable for all collision energy range.

Solution: combination of spherical + cylindrical geometry. Work
in progress.

Extract an average speed-of-sound by fitting experimental data.

Information about the equation of state.

Dissipation needs to be included in the solutions.

A detailed phenomenology of heavy-ion collision experiment with
these results needed.

The results find potential applications at NICA.
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Thank you!
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