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(non-relativistic) limit of the Poincaré group.

On the contrary, the Carroll group was found by considering the ¢ — 0
(ultra— relativistic) [imit. J. Lévy-Leblond (1965); N.D. Sen Gupta (1966)

Carrollian boosts

=/

X'=% t{=t—b %

With the translations and the rotations among spacial directions, we
obtain the Carroll group Carr(d+ 1).

Intuitively, under the Carrollian limit, the lightcones collapse.

“since absence of causality as well as arbitrarinesses in the length of time
intervals is especially clear in Alice's adventures (in particular in the Mad
Tea-Party) this did not seem out of place to associate Lewis Carroll’s
name” (Lévy-Leblond (1965))



Carroll’s world

The Red Queen effect: running
Aliras 3 without moving, “ultralocal”

of :
Adventures The most curious part of the

Wonégrland thing was, that the trees and the
L other things round them never

: changed their places at all:
however fast they went, they never
seemed to pass anything.

EWIS CARROLL

llETF:ﬂ.Tlll)iiE BY
A free Carrollian particle is at rest
and does not move! c buwal et.al 1402.0657,

E. Bergshoeff et al. 1405.2264
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Carrollian conformal algebra (CCA) and H.W. Reps.

One can obtain CCA, by taking the Carrollian limit of the usual d-dim.
conformal algebra.
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Carrollian conformal algebra (CCA) and H.W. Reps.

One can obtain CCA, by taking the Carrollian limit of the usual d-dim.
conformal algebra.

{Da P“a KM7JNV} — {D7 Pﬂa KH? BiaJij}a

where p=0,1,...,d—1, i,j=1,...,d— 1. The Carrollian boost
. . . O .
generators B come from the rotation generators: JO <5 B'.

B, P]=0"P, [B,K]=06"K’, [B,B]=[B,F]=[B.K]=0,
K, P =0, K P]=—2B, [K,P|=2B, [K,P|=25'D+ 2/

[D, P*] = P”, [D K'] = —K", [D,B]=[D,J|=0
[Ji,GN = o*G — G, Ge{P,K,B}

[/, P’] = [J1, K] =0,

[J’-” Jk/] — 5/(}// 51'/ij + 5j/Jik o 5iji/7

[

[



Stabilizer algebra and highest weight representations

The stabilizer algebra gy is generated by dilation D, generalized rotations
M = {J, B} and special conformal transformations (SCTs) K

[D,M =0, [D,Kl CK, MK CK.

The commutativity of the dilatation and the rotations implies that the
local operators O? can be diagonalized simultaneously into the
eigenstates of the dilation and the representations of generalized
rotations,

[D,0] = ApO,  [M,0%] = MO

Ap: conformal weight

Highest weight repr.: [K, 0% = 0.
This is often referred to as the primary condition.

The nontrivial part is the representation of generalized rotation!
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the Euclidean group /SO(d — 1). It is not semi-simple, and its finite
dimensional representations are generally reducible but indecomposable,
and can be organized as multiplet representations.



Multiplet

For d > 3 CCFT, the generalized rotation group, CCA rotation group, is
the Euclidean group ISO(d — 1). It is not semi-simple, and its finite
dimensional representations are generally reducible but indecomposable,
and can be organized as multiplet representations.

Example: vector representation O* of CCAy

[Ji,0K = %0/ — §%O',  [B,0] =610°, [J5,0° =[B,0° =

ot n 03 It o~
. .
3
R ‘Bﬁ < I
.
00

Here

J=—i = (J23+iJ31), B* = (131132)

E\



Tensor representation

[0 GH
1.5 N
B

Figure: The rank-2 tensor representation of CCA4. It is decomposed into a
10-dimensional representation and a 6-dimensional representation

[~ [ Je—{e ]« ]



The multiplet representations for d > 2 case have much more complicated
structures since there is a non-trivial ISO(d — 1) part, and lead to net
representations rather than just chain-like ones in logCFTs or CCFTs.
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Figure: All the four net representations are legal.



The multiplet representations for d > 2 case have much more complicated
structures since there is a non-trivial ISO(d — 1) part, and lead to net
representations rather than just chain-like ones in logCFTs or CCFTs.

E\(O) (2)/22 / \ jj\(o)
|

AN \ / |/
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(a) (b) () (d)

Figure: All the four net representations are legal.

Nevertheless, the finite dimensional representation of the CCA rotations
are all multiplet representations with every sub-sector being irreducible
representation of SO(d — 1), due to a theorem by H. P. Jakobsen (2011).

Notations: the numbers in the bracket indicate the irr. representations
w.r.t. SO(d — 1), the arrows stand for the actions of the generators B;.



Chain representations

The possible chain representations must take the following patterns:
rank 2
) —G+1),
=0, Jj#0,
BD—=0-1.
rank 3 or higher
(0) = (1) = (0),
S () S D) = (2)
S () S (=2

where the patterns works for all possible values of j € {0} UZy /2.



Correlators of singlets
In principle, the 2-pt and 3-pt functions of the operators in CCFT can be
determined by using the Ward identities. However, due to complicated
structure in representations, it is hard to discuss the most general case.
We discussed the correlators of the operators in chain representations

carefuIIy. BC, Reiko Liu and Yu-fan Zheng, 2112.10514
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For a singlet in CCFTy, there is

o . 1 . 1
<01(t1,X1)02(t2,X2)> = Clm + C25(3) (Xlg)m,

> If c; #0, co =0, the Ward identities of K’ will force A; = Ay, and
the resulting 2-pt function coincides with the scalar 2-pt function in
CFTs.

» If ¢ =0, ¢ #0, it can be understood in an concrete model: the
Carrollian free scalar with the action

S— / 5t 5026,

Close relation between 3D Carrollian CFT and celestial holography!

L. Donnay et al.. 2202.04702,2212.12553; Bagchi et al.. 2202.08438; ...



Correlators of chain representations: trivial one

In the following discussion on correlators, we focus on the one with only
spatial dependence.
Generic structure of 2-pt correlators:

<O§m17q1)(xl)0gmz7qz)(X2)> = £ ()

where q; is the order of the i-th operator in a multiplet.

For the trivial case that 01,0, € (1) — (0),

evel 3. fpym = S (1) (1)
’ [X12]24 Ol 0yel
Level 2: f(l):g’z =0, fgjll’o =0, (0) (0)

Level 1: f(l):(l) =0, with Ay = Ay = A,



Correlators of chain representations: the simplest nontrivial
case

For the simplest nontrivial case,
0O;€(1)=(0), 0Oz€e(0)—(1).

C tia/[%12] I

my,0
Level 3: foy = FEL ) (1) (0)
L | 2 fO’O o C fmims _ C I,113117m2 0€ | Oy € i
eve . 1,2 — |)‘<’12|2A’ 2,1 = W’ (O) ( )
Level 1: f?:’l’“ —0. with A, = Ay = A.

Here / 7, is the 2-point tensor structure.



Remarks on correlators

» Due to the multiplet structure of the representations, the correlators
present multi-level structures. At each level, there are more than one
2-pt coefficients. Even if considering the basis change and
renormalization of the operators, not all 2-pt coefficients can be
fixed by the Ward identities;
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Remarks on correlators

» Due to the multiplet structure of the representations, the correlators
present multi-level structures. At each level, there are more than one
2-pt coefficients. Even if considering the basis change and
renormalization of the operators, not all 2-pt coefficients can be
fixed by the Ward identities;

» As the representations are reducible, there is short of selection rule
on the representations. This means that the 2-pt correlators of the
operators in different representations could be nonvanishing.

> We explored the 2-pt correlators of net representations and the 3-pt
correlators of chain representations. It turns out that the constraints
from the Ward identities are quite loose, and we had to compute
them case by case.
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In 2D, a few field theories with BMS symmetry have been constructed
and studied:

BMS free scalar theory P.x. Hao et al.. 2111.04701,

BMS free fermion theory Z.f. Yu & BC. 2211.06926; P.x. Hao et al. 2211.06927; A. Banerjee et al.
2211.11639
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In higher dim., the study of . Carrollian field theories got revived in the
past few years. There are two existing ways to construct theories

» Taking Carrollian limit of the usual QFT c bwal et a:A Bagei et at...

We propose a novel off-shell way to construct Carrollian (conformal) field
theories, starting from the Bargmann field theories. We have successfully
reproduced all Carrollian field theories in the literatures. sc et ar, 230106011



Quantum aspects of CCFT

Some essential questions: quantizations, vacuum, state-operator
correspondence, ...

Quantization: Path-integralsc et i 230106011, 2302.0s075;Canonical quantization on
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We studied the quantization of Carrollian conformal scalar theories in 2D
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Q1: induced vacuum or highest-weight (h.w.) vacuum?

h.w. vacuum: no unitary Hilbert space

induced vacuum: can define unitary Hilbert space



Quantum aspects of CCFT

Some essential questions: quantizations, vacuum, state-operator
correspondence, ...

Quantization: Path-integralsc et i 230106011, 2302.0s075;Canonical quantization on

massive scalary. de Boer et al. 2307.06827; J. Cotler et al. 2407.11971

We studied the quantization of Carrollian conformal scalar theories in 2D
and 3D sc et ar 240617451
Q1: induced vacuum or highest-weight (h.w.) vacuum?

h.w. vacuum: no unitary Hilbert space

induced vacuum: can define unitary Hilbert space

Q2: state-operator correspondence: No!



ModMax theory
ModMax: Modified Maxwell (ModMax)

1 1
L,(S,P)= ~5 cosh~S + §sinhfy\/m’ +ER,

with i i
S = §F,“,F‘“’, P = iFw,(*F)“”.

1. It is maximally symmetric nonlinear extensions of Maxwell: conformal
invariant and EM invariant (E + IB) — e"e(E + IB). I. Bandos et al. 2007.09092; B

Kosyakov 2007.13878

2. ModMax can be generated from the Maxwell theory by the V' TT flow
perturbatively in d =4 in the sense that H. abaci-Aghbolagh et a1 2202.11156; C. Ferko et al.

2203.01085

ModMax
oL

Y ModMax __ pMaxwell Y
o —Oﬁ, L3 =L Jr/O\/ﬁd'y7

where

Oj/ﬁ - \/i’ (T“V L T TDV)'



Carrollian ModMax BcC, J.Hou and H.W. Sun, 2405.04105

LEMM(S P = E 'S F e‘VP—Q
Yy ) 4 S )
with 1 )
S = GFuwF" = m""y FuFog, P =2 Fu P,

Note: The theory is defined on Carrollian geometry, and the Hodge dual
should be defined carefully.



Carrollian ModMax BcC, J.Hou and H.W. Sun, 2405.04105

MM I
L5 (S,P)—4 eSFe 5 )

with
1 1
2 2

Note: The theory is defined on Carrollian geometry, and the Hodge dual
should be defined carefully.

S=-Fu P = mPy " F,Fopy P =~ Fu P

1. It is Carrollian SO(2) EM duality invariant as well as conformal
invariant.

2. The Carrollian ModMax theories in the family deform among
themselves under \/ﬁ'flow, except two end-points v — 400, where the
flow is non-invertible.

P2 s

Carrollian ModMax
[ ) [ ]

—00 VTT— flow —+00




Summary

1. We tried to study the higher dimensional (d > 3) Carrollian conformal
invariant theories in a systematic way. As the conformal algebra is not
semi-simple, the finite dimensional h.w.r. present some novel features:
multiplet structure, staggered module, chain-like and even net-like
representations.

» We classified all the chain representations

» We discussed the 2-pt and 3-pt correlators of operators in chain-like
representations.
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Summary

1. We tried to study the higher dimensional (d > 3) Carrollian conformal
invariant theories in a systematic way. As the conformal algebra is not
semi-simple, the finite dimensional h.w.r. present some novel features:
multiplet structure, staggered module, chain-like and even net-like
representations.

» We classified all the chain representations

» We discussed the 2-pt and 3-pt correlators of operators in chain-like
representations.

2. We proposed a novel way to construct Carrollian field theories from
Bargmann field theories.

3. We studied the quantization of Carrollian conformal scalar theories in
2D and 3D, and discussed the physical implications of different vacua.

4. We investigated the duality symmetry group of Carrollian (nonlinear)
electrodynamics and proposed a family of Carrollian ModMax theories,
which are Carrollian EM and conformal invariant.



Thanks for your attention!
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Both the Galilei group and Carroll group are kinematical groups.. sacry and 1.
Lévy-Leblond (1968).

Possible relativity groups in 4D: possible invariance groups of a 4D
physical theory that contains the generators of relativity, i.e. time
translations, space translations, spatial rotations and boosts.



Carroll group as kinematical group

Both the Galilei group and Carroll group are kinematical groups.. sacry and 1.
Lévy-Leblond (1968).

Possible relativity groups in 4D: possible invariance groups of a 4D
physical theory that contains the generators of relativity, i.e. time
translations, space translations, spatial rotations and boosts.

Poincaré group,  Galilei group,  AdS/dS isometry group,
Newton-Hooke group,  Carroll group

Different relativity groups are related by Inénii-Wigner contractions.
Actually all these groups can be obtained by certain contraction of AdS
and dS groups.



Backup: Carrollian particle

To study the motion of a free Carrollian particle, we may start from the
massive particle moving in AdS/dS spacetime and then take the
Carrollian limit. In the end, we find the action

Sc= /dT(—E't—i— X- p— g(E2 — Mz))
which is invariant under the Carrollian transformation
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B'=Rp—bE, FE=E

The free Carrollian particle is at rest and does not move! c buval et al 14020657, €.
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Backup: Carrollian particle

To study the motion of a free Carrollian particle, we may start from the
massive particle moving in AdS/dS spacetime and then take the
Carrollian limit. In the end, we find the action

Sc= /dT(—EiL—I— X- p— g(E2 — I\/I2))
which is invariant under the Carrollian transformation

{ =t—b -RX+a, % =RX+3,
B'=Rp—bE, FE=E

The free Carrollian particle is at rest and does not move! c buval et al 14020657, €.

Bergshoeff et al. 1405.2264

Sym MELIIES: E. Bergshoeff et al. 14052264

1. The free Carrollian particle has infinite dimensional symmetry.
2. For the massless one, the symmetries get enhanced to Carrollian
conformal symmetry.

However, for two-particle system, there is non-trivial dynamics!



In flat holography, most of studies has been focused on 3D flat
spacetime, whose asym. symm. group is BMSs.

BMSs3 ~ 2D Carrollian group ~ 2D Galilean group (0.1)

We have been studying 2D Galilean/Carrollian analytic conformal

bootstrap in the past few years. sc, px Hao, R Liu and ZF. Y, 201111002, 2207.01474, 220310490

1.
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Multiplet structure

Galilean conformal blocks for multiplets

Harmonic analysis of GCA: GCPW

Shadow formalism (£ # 0)

Four-point function in GGFT and BMS free scalar in different ways
Spectral density by using Hardy-Littlewood tauberian theorem.



In flat holography, most of studies has been focused on 3D flat
spacetime, whose asym. symm. group is BMSs.

BMSs3 ~ 2D Carrollian group ~ 2D Galilean group (0.1)

We have been studying 2D Galilean/Carrollian analytic conformal

bootstrap in the past few years. sc, px Hao, R Liu and ZF. Y, 201111002, 2207.01474, 220310490

1.

ok ®N

Multiplet structure

Galilean conformal blocks for multiplets

Harmonic analysis of GCA: GCPW

Shadow formalism (£ # 0)

Four-point function in GGFT and BMS free scalar in different ways
Spectral density by using Hardy-Littlewood tauberian theorem.

Q: how about higher dimensional Carrollian conformal field theories
(CCFT)?
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Backup: Bargmann symmetry
A Bargmann manifold has three ingredients, (B, G, ), where B is a
(d + 1)-dimensional manifold with metric G of Lorentz signature and a
vertical vector &, a nowhere vanishing null vector. In the flat case, we can
write the structure using the coordinates (u, X, v) as:

B =R xR xR, G = 2dudv + §;dXd¥, £ =0,

where u, v are the lightcone coordinates. The Bargmann group is the
isometries of the flat Bargmann structure, which is a subgroup of
Poincaré group

Barg(d, 1) = 1SO(d, 1)/{J 0d+17 1/\/5 (J io -J id+1)}

that keep the null vector ¢ invariant.



Backup: Bargmann symmetry
A Bargmann manifold has three ingredients, (B, G, ), where B is a
(d + 1)-dimensional manifold with metric G of Lorentz signature and a
vertical vector &, a nowhere vanishing null vector. In the flat case, we can
write the structure using the coordinates (u, X, v) as:

B =R xR xR, G = 2dudv + §;dXd¥, £ =0,

where u, v are the lightcone coordinates. The Bargmann group is the
isometries of the flat Bargmann structure, which is a subgroup of
Poincaré group

Barg(d, 1) = 1SO(d, 1)/{J 0d+17 1/\/5 (J io -J id+1)}

that keep the null vector ¢ invariant. The Bargmann generators are
{P., J"J-7 B?}, where 8?3 is the Bargmann boost. The actions on point
(u, X, v) in the manifold are shown in the following Table

generator  vector field finite transformation
Pa Og x* 4+ x§
mij X'0; — x;0' (u,MX, v)
b? V0; — xi0y  (u—1U-X— 372V, X+ Dv,v)




Carrollian symmetry from Bargmann symmetry

Restricting the Bargmann group on the null hyper-surface v = 0, we can
immediately see the Bargmann structure reduce to Carrollian structure
(€, g,&) with the coordinates (t = u, X), the degenerated metric

8w = Guv = 5L5{;5ij

while £€# being the timelike vector, and the Carroll group is subgroup of
Bargmann group Carr(d) = Barg(d,1)/{P,}.



Carrollian symmetry from Bargmann symmetry

Restricting the Bargmann group on the null hyper-surface v = 0, we can
immediately see the Bargmann structure reduce to Carrollian structure
(€, g,&) with the coordinates (t = u, X), the degenerated metric

8w = Gy = 5;"6{/5,7
while £€# being the timelike vector, and the Carroll group is subgroup of
Bargmann group Carr(d) = Barg(d,1)/{P,}.
This motivates us to construct Carrollian field theories by restricting
Bargmann field theories on the null hyper-surface.

However, trivially restricting Bargmann fields with configuration

D(u, X, v) = ®(u,X)6(v) on v =0 causes many difficulty from the Dirac
delta function. The trick is to introduce an uniformly distributed function
over small interval of v.



Bargmann scalar field theories

The building blocks of Bargmann field theories are geometric invariants
G*B and £“. For a free scalar ®, the Bargman invariant action could be

1 ; 1
SE = 5 / dx £9¢P 0,03,  Sp = -3 / dx G*9,205.
The subscript M is for magnetic sector and E for electric sector,

corresponding to magnetic/electric Carrollian field theories. w. Hemeaux and p.

Salgado-Rebolledo, 2109.06708



Electric sector

1
SE = 3 / d?x £2€P0,00,5P.
Expand ® near v =0, we have
O(u, %, v) = ¢(u,X) + vir(u, %) + O(V).

Inserting this in the action, and noticing £¢ = (1,6,0), we have
] 1 1
SE = -3 / d¥x 6,89, = -5 / d ™ x 0,00,0 + 2v0,mD,P + O(V?),

and thus we have the Carrollian action

St =t 52, =~ [ x doono,



Electric sector

1
SE = 3 / d?x £2€P0,00,5P.
Expand ® near v =0, we have
O(u, %, v) = ¢(u,X) + vir(u, %) + O(V).

Inserting this in the action, and noticing £¢ = (1,6,0), we have
SE = —% / d1x 9,0, = —% / dx 90,0040 + 200,100 + O(V),
and thus we have the Carrollian action

SE = lim SE. = f% / dx By .

Actually, it is not only Carrollian invariant, but even Carrollian conformal
invariant. From

(0(96() = 5o ),

we see that ¢ is a primary operator when d > 2.



Magnetic sector

. 1
Sp = —§/dd+1x G0, 005®.
Insert the expansion of ®, we get:

Sy = _% / d¥1x 28,89, P+0;90;P = —% / d T x 270,0+0,9dip+O(v).

Thus we reproduce the action of magnetic Carrollian scalar theorym. renneaux

and P. Salgado-Rebolledo, 2109.06708.

¢ — _% / d¥x 210y b + DipDicp

The fundamental fields in this theory are ¢ and .



The above action is Carrollian conformal invariant as well. The scalar ¢
is still a primary fields, and the field m appears as part of staggered
module of ¢'s conformal family.

¢

Ko Po
/I’,“K\
T — ai‘l’T’ 9o

B

Figure: The staggered structure of fields ¢, d,¢ and .

(p(%1, t1) (X2, t2)) = 0
. - _ isign(t) cg-1)/
(p(1, t1)m (X2, t2)) = Tl - a2)6( ) (%)
ilt|
2(1 — a?)
where t = t; — t; and X = X; — X, and « is a parameter determined by
quantization. They indeed satisfy the Ward identities of CCA.

(m(X1, )7 (X, 12)) = o5V (%)



The similar construction can be applied to other field theories:sc, hw. sun and
Y.F. Zheng, work in progress

1. Carrollian p-form field theories, including electromagnetic theory
2. Carrollian Yang-Mills theory
3. Carrollian scalar QED



