Harmonic superspace in action: unravelling
N = 2 higher spins
(continuation of the PMMP’24 talk)

Evgeny Ivanov



Outline

N = 2 harmonic superspace

N = 2 supergravity in HSS

N = 2 higher spins

Superconformal couplings

Fully consistent higher-spin hypermultiplet coupling
On AdS background

Further prospects



N = 2 harmonic superspace

N = 2 Harmonic Superspace (HSS) has been discovered in Galperin,
Ivanov, Kalitzin, Ogievetsky, Sokatchev, (1984). It is the product

(X",041,05) ® S

Here, the internal two-sphere S? ~ SU(2)g/U(1)g is represented, in a
parametrization-independent way, by the lowest (isospinor) SU(2)s
harmonics which are treated as new cordinates:
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The superfields given on HSS (harmonic N = 2 superfields) admit the
harmonic expansions on S?, with the set of all symmetrized products of
uit,u; as the basis. Such an expansion is fully specified by the harmonic
U(1) charge of the given superfield.



The main merit of HSS is that it contains an invariant subspace, the N’ = 2
analytic HSS, with only half the original Grassmann coordinates.

One can pass to the analytic basis in HSS

{00050, uF) 02,03 = (¢, u*) 02,05

xq = x"—2i0Ucuu; . 0F =6l uF , 6F = 0Lut

Then the set of coordinates
(05,05, u7) = (M)

is closed under both N = 2 supersymmetry transformations and SU(2)z
and is real with respect to the special involution defined as the product of the
ordinary complex conjugation and the antipodal map (Wey! reflection) of S?.

The superfields given on the analytic subspace can be defined in the
basis-independent way by the new (Grassmann-analyticity) conditions
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All N = 2 theories of interest (SYM, matter, supergravities,
superextension of higher spins,...) are described by analytic superfields
©"9(¢M, ut) as the fundamental geometric objects.



N = 2 SYM constraints are solved as follows. One projects
(Pi,Ds) & (P2,D),  Da=u'Dy, Dy =u D (1)
Then the constraints are rewritten as
{D&,D§} = (DL, D)} = {Ds,D}} =0 (2)
After taking off u*’, the standard constraints {D{,, 132} ={D{, D)} =0are
recovered in view of arbitrariness of u;". How to reduce the procedure of

converting with harmonics to a new kind of differential constraint?
This can be done with the new differential operators, the harmonic derivatives
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One adds to (2) new constraints
[0 Dl =[0"".D{] =0 = D=0 Dis, (4)
using 0" "u" = 0,07 u; = u;". Now one can treat D , to have an

unconstrained dependence on u* while the linear dependence appears as a
result of imposing extra constraints (4).



The extended set of constraints (2) and (4), besides the standard SYM
constraints, admits a new solution. By making some similarity gauge-like
transformation (with a general harmonic suiperfield as a parameter, so called
“bridge”) and simultaneously passing to the analytic basis in HSS, one can
solve the integrability conditions (2) and (4) as

(DL,BY) = (02.35), 07 = D+, ()
DY =9t 297620 9, + 070 + §T8;

In other words, (2) implies the spinorial connections in D, , to be a “pure
gauge” in the full HSS, while D** in the new frame acquires some harmonic
connection V™ which is unconstrained analytic by the constraint (4),

VT = VT(¢, u). Itis just the fundamental gauge prepotential of A/ = 2

SYM theory. It carries the analytic gauge freedom,
SVt =DM A+ [V A,
which can be used to reduce V' to the Wess-Zumino form
VI = (0720 + (67)°¢ + 070 0An + [(07)2050% u7 +c.c] + (67)* DM ur u

These fields form just the off-shell N' = 2 vector supermultiplet.



The off-shell action can be constructed using the second (non-analytic)
harmonic connection V™~ related to V** by the harmonic flatness condition

D"V T —D VT iVt v =0
The action for the abelian case is

S, ~ /d‘ZZdu vityo-

For non-abelian case the action looks more complicated since it contains
harmonic non-localities (B. Zupnik, 1987). Its variation is much simpler

6S, ~ /d122du Tr(sVI V),

implying, e.g., rather simple form of the equation of motion,

(DH)*(D*)?v™ =0. (6)



Hypermultiplet. The on-shell constraints on the hypermultiplet in the
standard N = 2 superspace are rewritten in HSS as
DY

a,&

qd9=0,% (a)D};.q" =0, (b)D""g" =0 (7)

Indeed, eq. (7)b implies g" = u; ¥, then eq (7)a yields the standard
constraints for A" = 2 superfield g* (that amount to egs. of motion).
Once the standard hypermultiplet constraints have been rewritten as
differential conditions in HSS, one can pass to the analytic basis where D

become “short” and (7)a simply implies that g™ is analytic in this basis: '
(Ma=q" =q"(¢Cu) (8)

As any analytic A = 2 superfield, g (¢, u) is off-shell and involves the co
number of fields. The whole dynamics proves to be concentrated in (7)b:

(7)b=D""q" = (0" —2i0"0%0"9.)q" =0 (9)

This equation nullifies all fields in g* (¢, u) except for those entering at zero
and first degrees of 6, 0} and at first and zero powers in harmonics:

q" = q U + 054 () + 05X (%) (10)

These are just physical bosonic and fermionic fields and for them (9) implies
the standard free massless equations of motion (Cg'(x) = 0, etc).



The splitting of the hypermultiplet constraints into the kinematical and
dynamical parts in the analytic basis of HSS entails a remarkable
consequence. Now the dynamical constraint (7)(b) can ne derived as an
equation of motion from the off-shell action:

D™"q" =0 from Si* ~ / d¢"Ydu(q*D* gt — g D" q") (11)

Thus the Grassmann harmonic analyticity allowed to construct off-shell action
for the hypermultiplet which was not possible in the framework of standard
superspaces. It became possible just at cost of admitting an infinite number
of auxiliary fields, the cardinally new feature brought about by the harmonic
superspace formalism.

Now it is straightforward to write the most general action for interacting
hypermultiplets:

Sgen -~ /dC(_4)dU <q+AD++aX _ E’XD++q+A + £+4(q+7 E]+, ui)) (12)

where £74(g", ", u™) is an arbitrary function of its arguments, the “hyper
Kahler potential”, the true analog of Kahler potential of V' = 1
supersymmetric matter. It was proven in Alvarez-Gaume, Freedman, 1980,
1981 that any N = 2, 4D supersymmetric matter Lagrangian contains as its
bosonic “core” just sigma model with hyper-Kahler target space. So
Lagrangians (12) provide an efficient way of the explicit construction of HK
metrics (Galperin, Ivanov, Ogievetsky, Sokatchev, 1986).



N = 2 supergravity in HSS

The fundamental gauge group of Einstein N' = 2 supergravity in HSS is
general diffeomorphisms of the analytic superspace, such that the harmonics
themselves remain untouched

5" =A"(¢,u), du =0, M:=(aB, 5, a+), &= (o, ¢)

One more coordinate x° was added in order to describe massive g*@
hypermultiplets. Nothing depends on x° while the x° dependence of g*2 is

assumed to be trivial, g™ — (€™°7")2g*®.
To ensure the gauge invariance of the g* Lagrangian, we need to
gauge-covariantize the harmonic derivative D™+ :
1 1
507D g = 59D g, DT =07+ H Moy,
(13)
The gauge transformation of H**" reads
SHHM — D+ M _ \Ng HH+M (14)

It can be checked that the g* Lagrangian 1q"#D*"qj is transformed by a
total derivative under (14) and the transformation

67 = =1 (90X — 9a1¥)q"® — ANong™?, so the action is invariant.



Using the gauge transformations of H**", one can pass to WZ gauge with
(40 + 40) off-shell degrees of freedom, which is just the off-shell content of
the so called “minimal” N' = 2 supergravity Fradkin, Vasiliev, 1979; de Wit,
van Holten, 1979. The invariant superfield action for H* " can be also
constructed. In the linearized approximation:

Sy ~ / dud*xd®0[GTT G + GG Y,
G:l::l:ad _ h:l::l:(u'x + 2i(h:l::l:a+9_7d + gfah:l::l:d+) G:t:tS _ h:l::l:5 _ 2’-h:l::l:&+9f
Htad _ prtad  giptapgra s S + I-(eﬁr)z
D++ G*focd,S _ D776++ad,5 )
Conformal N = 2 supergravity was also formulated in HSS and various

versions of N = 2 Einstein supergravities through the compensating
procedure by the appropriate compensating superfields were reproduced.

It was rather surprising that the unconstrained superfield formulations of the
higher-spin N = 2 supergravities could be formulated in HSS (for the first
time!) as a direct generalization of the HSS formulation of Einstein A/ = 2
supergravity (Buchbinder, Ivanov, Zaigraev, 2021 - 2024)



N = 2 higher spins
Let me limit the presentation by AV = 2 spin 3. Like in A/ = 2 supergravity, the
basic analytic superfields form a triad, with additional spinorial indices:

REHEOER) () | prred oy prHed)at oy prad)et ¢y

h++ (aB)(aB) D++)\ (aB)(aB) + 2I[A+ (aB)( a9+6) + 6+(a>\+6) (aB) }
ShtTed = pryod 2/[ Byl ¢ X D‘maa*]
ShtHEBat _ gty He shtH@dat _ pity+Héb)a
The bosonic physical fields in the WZ gauge are collected in
h++(aﬁ)(d5) _ _2i9+p§+ﬁ¢g;ﬂ)(d/§) 4.
h++ad _ _2i9+p9_+f§c;xﬁd +

The physical gauge fields are ¢fj‘;‘3)(°'“6) (spin 3), C25* (spin 2) and y{*A@1
(spin 5/2). Other fields are auxiliary. On shell, (3,5/2,5/2, 2).



The linearized gauge action has the form quite similar to the spin 2 action

Ses = / dxdodu { GG S s areia
GHHBIaB) _ pr(aB)(ah) + 2 [h** ap)(atg—h) h++(c‘xﬁ)(a+9—ﬁ)}7
G++aﬁ _ h++aﬁ B 2i[h++ af) ,8+9— _ -_— At aﬁ)a+]

DttGg —(@B)ap) _ p——Gtt(ep) (aB) , D™ G**aﬁ Gt —

The actions for higher spins are constructed quite analogously. The on-shell
spin contents of A/ = 2 higher-spin multiplets can be summarized as
spin1: 1, (1/2)% (0)°
spin2: 2, (3/2)% 1
spin3: 3, (5/2), 2
spins: s, (s—1/2)% s—1

Each spin enters the direct sum of these multiplets twice, in accord with the
general Vasiliev theory of 4D higher spins. The off-shell contents of the spin
s multiplet is described by the formula 8[s? + (s — 1)°]5 + 8[s® + (s — 1)°]F.



Superconformal couplings

> Free conformal higher-spin actions in 4D Minkowski space were
pioneered by Fradkin & Tseytlin, 1985; Fradkin & Linetsky, 1989, 1991.
Since then, a lot of works on (super)conformal higher spins appeared
(e.g., Segal, 2003, Kuzenko et al, 2017, 2023 ...... ).

» (Super)conformal higher-spin theories are considered as a basis for all
other types of higher-spin models. Non-conformal ones follow from the
superconformal ones through couplings to the superfield compensators.

» In (Buchbinder, Ivanov, Zaigraev, arXiv:2404.19016 [hep-th]), we
extended the off-shell N = 2, 4D higher spins and their hypermultiplet
couplings to the superconformal case. Rigid V' = 2, 4D superconformal
symmetry plays a crucial role in fixing the structure of the theory.

> N = 2,4D SCA preserves harmonic analyticity and is a closure of the
rigid N = 2 supersymmetry and special conformal symmetry

5,070 = Syt | §oxY = —4j (é"é*d + 9*“5"“) U, a = (o, d),

S0t = x*ky;0°  Skx™Y = xPU kXY Sut = (41070 Kaa U™



» What about the conformal properties of various analytic higher-spin
potentials? No problems with the spin 1 potential V*:

S VI = —Aee VI, Ao := A2%00a + Ao 0ay + N0~

» The cubic vertex ~ g2V *™*Jq7 is invariant up to total derivative if
5skq+a — _/“\SCq+a _ %Qq“", Q= (—1)P(M)8M)\M
Moreover, this vertex is invariant under arbitrary analytic
superdiffeomorphisms, Agx — A(C).
> Situation gets more complicated for s > 2. Requiring A/ = 2 gauge

potentials for s = 2 to be closed under A/ = 2 SCA necessarily leads to

DY o DY ol

Histoy = h"Mow = % 90s + A0, + hH% 0, + Ao~
(S h(+4) /\h(+4) + 4ih++a+§+dkad + 4I'H+Of h++d+kad
It is impossible to avoid introducing the extra potential A% for ensuring

conformal covariance. The extended set of potentials embodies N = 2
Weyl multiplet (N = 2 conformal SG gauge multiplet).



For s > 3 the gauge-covariantization of the free g™ action requires the
superfield differential operators having rank s — 1 in the derivatives dy,
14 (=1)"

DM 5 DT 4 kA (DY, P(s) = 5

Fors = 3:
ﬁ(s:3) — hT NGOy + T, RN — (71)P(M)P(N)h++NM

N = 2 SCA mixes different entries of h**MV_so we need to take into
account all these entries, as distinct from non-conformal case where it
was enough to consider, e.g., h* T4,

The spin 3 gauge transformations of g*2 and ™™™/ |eaving invariant
the action ~ g*3(D** + 1137:[(573 )qs are

8= gte = — 23{/\ + Q ,Om}acedqt? = —kall(s—3)Jq ",

2
syt [D** 0 }

A (s=3) — s U(s=3) | »

AM . Z )\MNaN7 Qv — Z(_1)[P(N)+1]P(M)6N)\NM7

N<M N<M

{F1, Fo}acs = [F1, F2), {Bi,B2}ace = {B1,B:}



All the potentials except h*+*“M can be put equal to zero using the
original extensive gauge freedom:

int| f/xed

Ss 3) ] /dC +ah++adMaM6aqua+ (15)

In such a gauge the superconformal transformations are accompanied
by the proper compensating gauge transformations in order to preserve
the gauge, so the final SC transformations are nonlinear in h™ M,

Using the linearized gauge transformations of h* &M
SARTHEDEH) — i \@BNGE) y gy H(eBGGER) | gjgHex AR
(S/\h++(a6)a+ DT (aB)a >\++(aa0+,8 7
N h++(a6)a+ DAt (@B)e >\++a(d0_+ﬁ)’
5>\h (t4)ad _ pttyttad  gigtdytatt + 4,-9+a)\+c'z++7
we can find WZ gauge for the spin 3 gauge supermultiplet
i (aB)(@b) 4,9+pg+p¢ a/s (aB) (g+)29+w(a6)<a6)iuf
+(9+) 9+w ap) aﬁ)/ (0+)2(9—+)2 (aﬁ)(dﬁ)lju u ,
DD — (972 P (é*)zei T L (@D
h(+4)ad _ (0+)2(§+)2Dad



> In the bosonic sector: the spin s = 3 gauge field, SU(2) triplet of
conformal gravitons, singlet conformal graviton, spin 1 gauge field and
non-standard field which gauges self-dual two-form symmetry:

OEBANER) BB plad)er) pad  T(aB)a

In the fermionic sector: conformal spin 5/2 and spin 3/2 gauge fields:

w(aap)(o‘cﬁ)f’ X(a@)a‘w’

> They carry total of 40 + 40 off-shell degrees. Starting from s = 3, all the
component fields are gauge fields, no auxiliary fields are present.

» The sum of conformal spin 2 and spin 3 actions
S_——/dg *a D+++m2H52+53HS3J>q§

is invariant with respect to the (properly modified) spin 3
transformations to the leading order in k3 and to any order in k2. Thus
the cubic vertex (3, ;, ;) is invariant under the gauge transformations of
conformal N' = 2 SG and we obtain the superconformal vertex of the

spin 3 supermultiplet on generic N' = 2 Weyl SG background.

» The whole consideration can be generalized to the general integer
higher-spin s case: 8(2s — 1)g + 8(2s — 1)r d.o.f. off shell.



Fully consistent higher-spin hypermultiplet coupling

> The superconformal cubic vertices (s, 3, 3) are consistent to the
leading order in the higher-spin analogs of Einstein constant. In fact,
they can be made invariant with respect to gauge transformations also
in the next orders.

» Come back to the simplest case of the spin 3 in curved superspace:
8(5:3) /d{ +a ©++ + lis'H J) q§

It is gauge invariant to the leading order in k3. In the next order we
have the following spin 3 gauge transformation of the hypermultiplet:

- K3 K2 ~ 1
53 (— 5 q+a7'1 5= S)Jq;) = —qu |:H(s 3) {/\M‘|‘ EQMJ?M}AGB] qa
We gained the differential operator of the third order in superspace

derivatives. It can be compensated (modulo a total derivative) by the
proper gauge transformation of the spin 4 superconformal multiplet

2 1
i = = [ (4 Jat) ]
AGB



So the action
8534——*/d< +a ’D+++K3’HS3J+H4HS4>C];

respects the spin s = 3 gauge invariance to 32 order.

However, the action we started with is not invariant in the 3«4 order.
Then the above procedure should be continued step by step.

To summarize the procedure, we introduce an analytic differential
operator involving all integer higher spins:

'y P
=g ()
s=1

Then the action of an infinite tower of integer A = 2 superconformal
higher spins interacting with the hypermultiplet in an arbitrary A" = 2
conformal supergravity background reads:

Su=-3 [ d g (D + A ) q; (16)



> Ascribing the proper gauge transformation to #**, one can achieve
gauge invariance to any order in the couplings constants. The total
hypermultiplet gauge transformation can be written as

6xq" = *Z’A{hypqw == Z ks Us (J)P(S) q,
s=1

Z/"{Sq+a — Z Z/?ék) q+a
k=s,5—2,...

This transformation acts linearly on the hypermultiplet superfield.
» For the set of gauge superfields we obtain the transformation law:

5A7-AL++ = ['D++ + 7%++J/A{gauge] ) Z/Algauge = Z Ks Z/?s
s=1
It mixes different spins, so it is a non-Abelian deformation of the spin s

transformation laws. In the lowest order, it becomes Abelian and
reproduces the sum of transformations of all integer spins s > 1.

» The invariance under A" = 2 conformal supergravity transformations is
automatic. So we have constructed the fully consistent gauge-invariant
and conformally invariant interaction of hypermultiplet with an infinite
tower of N = 2 higher spins in an arbitrary ' = 2 conformal
supergravity background.



On AdS background (lvanov & Zaigraey, in progress)
> |t is most interesting to explicitly construct\N = 2 higher spins in the
AdS background, with the superconformal symmetry SU(2, 2|2) being
broken to the AdS supersymmetry OSp(2|4; R). The latter involves the
spinor generators W/ . V., the Lorentz SO(1, 3) generators L.z, I__(dm,
nonlinear SO(2,3)/SO(1, 3) translation generators R, ; and the
internal SO(2) symmetry generator T

(Wi, Wi} ~ (LT)  {vo, W} ~ R,

» The embedding of the A" = 2 AdS superalgebra into SU(2,2|2) is
realized through the identification (Bandos, Ivanov, Lukierski, Sorokin,
2002)

W, =@, + " Ska, W =V, = Qui + ciSh,

Clk = Ck’ ck = cx = E,‘/Ek/’C//

» The SU(2,2|2) commutation relations imply for super AdS generators
(WL, WY = L) + dicase” T, Ti=cmT™, [J,V,]~ WV,
~—
Rids 7
[Roa, Rys] ~ € (far Loy + caqlar), R,z \U'[g] ~ Eap \TJ% (andc.c.)

{W;,\Tlﬁ'k} = 26;( ROLB s Ra[; = Pa[;} + %02 KaE s 02



» The super AdS transformation properties of analytic coordinates:
5u+i _ U_i[U:CkI(Ea/9+Q + Edl9_+d)]
6Xad — 4 U-7 [ ai9_+d €+agdi o Clk( 9+ X[‘!deﬁk9+o¢)]7
507 = (e — x** e ) uf 2!(9+)20k’e§f u,

00" = (% + X GMear) U +2i(0" e U

» The nonlinear AdS translations:

- C s, 1 1
SxY — + ;CZaﬁﬁXaﬁxﬁa _ aaa(1 4 2 2) + 20 ( )
. A e
s01 = %CZ 5a0 0xY 60T = Eczamﬂ*ﬁxﬂ“,
5U+i _ 1 CZU—/ aad0+a§+d .

N

» The T transformations (with parameter w) can also be easily found

sut =uTctw, 6xY =4icT 00w, §0TC =cTT o w

ot — C:kuiu;[’ ¢ = cfutup .



» The first step to constructing off-shell A" = 2 AdS higher spin theory is
to define the super AdS invariant Lagrangian of hypermultiplet, such
that it respect no full superconformal invariance, but only the super AdS
one. To this end, one needs to define the AdS covariant version of the
analyticity-preserving harmonic derivative D™*. One way to find it is to
require its commutativity with the super AdS generators acting on the
analytic harmonic coordinates. Without enering into details, the
appropriate D} i acting on g*? = (g*, §*) has the structure

Difs = 0" — 4i07 07V os + KT + O(0)
Vs = (14 x%)0as, ™ =i[(67)7 = (6%)] + O(c),
7\—(q+7 Eﬁ) = (q+7 _ErL)v

where 0/, 53) are some redefinitions of the original Grassmann
coordinates and O(c) stand for terms vanishing in the limit ¢* — 0.

> Anextraterm ~ T in D, is necessary for breaking superconformal
invariance and it produces a mass of g* proportional to 1/Ra4s. In the
properly defined flat limit this term becomes the central charge
extension of flat D** and T goes just into the derivative 9s.

» More details on the AdS invariant g* Lagrangians will be given in my
work in progress with Nikita Zaigraev (also in the talk by N. Zaigraev
today after lunch).



Further prospects

> In the HSS description of ' = 2 supersymmetric higher spins there still
remains a lot of problems. Some urgent ones are generalizing the
theory to AdS type backgrounds (as was stated above) and developing
the appropriate quantization methods in /' = 2 HSS, like those existing
in the case of V' = 2 SYM theories.

» How to extend the linearized theory of A/ = 2 higher spins to its full
nonlinear version? The latter is known only for s < 2 (M = 2 super
Yang - Mills and A/ = 2 supergravities). This problem will seemingly
require accounting for ALL higher A/ = 2 superspins simultaneously
(like in the hypermultiplet - higher spins couplings). One can expect the
appearance of new interesting supergeometries on this road with many
forks.
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