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Ln = ∂nx +un−1(x)∂
n−1
x + . . .+u0(x), Lm = ∂mx +vm−1(x)∂

m−1
x + . . .+v0(x)

Lemma (Burchnall, Chaundy)
If LnLm = LmLn, then there exist a non�trivial polynomial Q(z, w) of two
commuting variables such that Q(Ln, Lm) = 0.

Example

L2 = ∂2x − 2

x2
, L3 = ∂3x − 3

x2
∂x +

3

x3
,

L3
2 = L2

3, Q(z, w) = z3 − w2.



Spectral curve

Γ = {(z, w) ∈ C2 : Q(z, w) = 0}.

Åñëè Lnψ = zψ, Lmψ = wψ, òî (z, w) ∈ Γ.

Rank

l = dim{ψ : Lnψ = zψ, Lmψ = wψ}.

Example

L4 = (∂2x + x3 + α2x
2 + α1x+ α0)

2 + g(g + 1)x, L4g+2

Γ : w2 = z2g+1 + c2gz
2g + . . .+ c0.



Baker � Akhiezer function

Spectral data
{Γ, q, k−1, γ1, . . . γg}

There is a unique function ψ(x, P ), P ∈ Γ with properties

1. ψ = ekx(1 + ξ(x)
k + . . .)

2. On Γ\{q} ψ has simple poles at the points γ1, . . . γg.

f(P ), g(P ) are meromorphic functions on Γ with poles of order n and m in q.
Then

Lnψ = f(P )ψ Lmψ = g(P )ψ,

LnLm = LmLn.



Example

Γ = C/{2wZ+ 2w′Z}, q = 0,

ψ = e−xζ(z) σ(z + x)

σ(x)σ(z)
,

(∂2x − 2℘(x))ψ(x, z) = ℘(z)ψ(x, z),

(∂3x − 3℘(x)∂x − 3

2
℘′(x))ψ(x, z) =

1

2
℘′(z)ψ(x, z).



Rank l > 1

Spectral data (I.M. Krichever, S.P. Novikov)

{Γ, q, k−1, γ1, . . . , γlg, α1, . . . , αlg}

αi = (α1i, . . . , αil−1) is vector

(γ, α) � Tyurin parameters de�ne a semistable vector bundle of rank l of degree
lg on Γ with holomorphic sections η1, . . . , ηl

ηl(γi) =

l−1∑
j=1

αijηj(γi).



Baker-Akhiezer function
ψ(x, P ) = (ψ0(x, P ), . . . , ψl−1(x, P )):
1. ψ(x, P ) = (

∑∞
s=0 ξs(x)k

−s)Ψ0(x, P ), ξ0 = (1, 0, . . . , 0), d
dxΨ0 = AΨ0,

A =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 0 . . . 0 1

k + u0(x) u1(x) u2(x) . . . ul−1(x) 0


2. On Γ− {q} ψ is a meromorphic with simple poles at γ1, . . . , γlg
3. Resγi

ψj = αijResγi
ψl−1.

If f(P ) is a meromorphic function with a pole at q of order n, then there exist
L(f) such that

L(f)ψ(x, P ) = f(P )ψ(x, P ), ordL(f) = ln.



Tyurin parameter deformation method (Krichever�Novikov
method)

dl

dxl
ψj = χl−1

dl−1

dxl−1
ψj + · · ·+ χ0ψj

χs is meromorphic on Γ, χs has lg simple poles P1(x), . . . , Plg(x). In a
neighborhood of q the functions χs have the form

χ0(x, P ) = k + g0(x) +O(k−1),

χj(x, P ) = gj(x) +O(k−1), j < l − 1,

χl−1(x, P ) = O(k−1).



At point Pi(x)

χj =
cij(x)

k − γi(x)
+ dij(x) +O(k − γi(x)).

Theorem
Parameters γi(x), αij(x) =

cij(x)
ci,l−1(x)

and dij(x), 0 ≤ j ≤ l− 2, 1 ≤ i ≤ lg satisfy

the equation
ci,l−1(x) = −γ′i(x),

di0(x) = αi0(x)αi,l−2(x) + αi0(x)di,l−1(x)− α′
i0(x),

dij(x) = αij(x)αi,l−2(x)− αi,j−1(x) + αij(x)di,l−1(x)− α′
ij(x), j ≥ 1.



I.M. Krichever, S.P. Novikov: g = 1, l = 2
Γ : µ2 = P3(λ) = 4λ3 + g2λ+ g3

LKN =
(
∂2x + u

)2
+2cx(℘(γ2)−℘(γ1))∂x+(cx(℘(γ2)−℘(γ1)))x−℘(γ2)−℘(γ1),

γ1(x) = γ0 + c(x), γ2(x) = γ0 − c(x),

u(x) = − 1

4c2x
+
1

2

c2xx
c2x

+2Φ(γ1, γ2)cx−
cxxx
2cx

+c2x(Φc(γ0+c, γ0−c)−Φ2(γ1, γ2)),

Φ(γ1, γ2) = ζ(γ2 − γ1) + ζ(γ1)− ζ(γ2).

The sixth order operator L̃KN , which commutes with LKN can be found from
the equation L̃2

KN = P3(LKN ).

J. Dixmier: g = 1, l = 2

LD =

(
d2

dx2
− x3 − α

)2

− 2x,

L̃D =

(
d2

dx2
− x3 − α

)3

− 3

2

(
x

(
d2

dx2
− x3 − α

)
+

(
d2

dx2
− x3 − α

)
x

)
.



Theorem (P.G. Grinevich)
The commuting operators LKN and L̃KN , corresponding to an elliptic curve
have rational coe�cients if and only if

c(x) =

∫ ∞

q(x)

dt√
P3(t)

,

where q(t) is a rational function.

If γ0 = 0 è q(x) = x, then LKN = LD.

O.I. Mokhov: g = 1, l = 3



l = 2, g > 1: self-adjoint case
Let L be a fourth order operator of rank 2, then

Γ : w2 = F (z) = z2g+1 + c2gz
2g + · · ·+ c0,

q = ∞ is a branch point,

σ : Γ → Γ, σ(z, w) = (z,−w).

We have
L4ψ = zψ, L4g+2ψ = wψ,

ψ′′ = χ0ψ + χ1ψ
′,

where ψ = (ψ1, ψ2) is the Baker�Akhiezer function.



Theorem (M.)
If L4 is a self-adjoint operator

L4 = (∂2x + V (x))2 +W (x),

then

χ0 = −1

2

Qxx

Q
+
w

Q
− V, χ1 =

Qx

Q
,

where
Q = zg + αg−1(x)z

g−1 + · · ·+ α0(x).

The function Q satis�es the equation

4Fg(z) = 4(z −W )Q2 − 4V (Qx)
2 + (Qxx)

2 − 2QxQxxx+

2Q(2VxQx + 4V Qxx +Q(4)).

Corollary
The function Q satis�es the linear equation

∂5xQ+ 4V Qxxx + 6VxQxx + 2(2z − 2W + Vxx)Qx − 2WxQ = 0.



Examples

1. L♯
4 = (∂2x + α3x

3 + α2x
2 + α1x+ α0)

2 + g(g + 1)α3x,

2. L✓
4 = (∂2x + α1 cos(x) + α0)

2 − α1g(g + 1) cos(x),



Commuting discrete operators

Lk =

N+∑
j=−N−

uj(n)T
j , Lm =

M+∑
j=−M−

vj(n)T
j ,

T f(n) = f(n+ 1), f : Z → C.



Any commutative ring of discrete operators is isomorphic to a ring of
meromorphic functions on a spectral curve with m poles. Such operators are
said to be m�point operators.



Spectral data for two�point operators of rank 1 were found by I. M. Krichever
and D. Mumford. Eigenfunctions of two�point operators of rank 1
(Baker�Akhiezer functions) can be found explicitly in terms of the theta
function of the spectral curves. Spectral data for one�point operators of rank
l > 1 were obtained by I. M. Krichever and S. P Novikov.



One point operators of rank two
Let

w2 = Fg(z) = z2g+1 + c2gz
2g + c2g−1z

2g−1 + . . .+ c0,

L4 =

2∑
i=−2

ui(n)T
i, L4g+2 =

2g+1∑
i=−(2g+1)

vi(n)T
i, u2 = v2g+1 = 1,

herewith

L4ψ = zψ, L4g+2ψ = wψ, ψ = ψ(n, P ), P = (z, w) ∈ Γ,

ψ(n+ 1, P ) = χ1(n, P )ψ(n− 1, P ) + χ2(n, P )ψ(n, P ).



Theorem (I.M. Krichever, S.P. Novikov)
The matrix function χ(n, P ) has simple poles on Γ at points γj(n). There are
relations for the residues of matrix elements

αj
sResγs(n)χi(n, P ) = αi

sResγs(n)χj(n, P ).

The points γs(n+1) are the zeros of the determinant of the matrix χ(n, P ), i.e.

detχ(n, γs(n+ 1)) = 0.

The vector αj(n+ 1) satis�es the equation

αj(n+ 1)χ(n, γj(n+ 1)) = 0.



Example

L = L2
2 − ℘(γn)− ℘(γn−1),

where L2 is the Schrodinger di�erence operator

L2 = T + vn + cnT
−1

with coe�cients

cn =
1

4
(s2n−1 − 1)F (γn, γn−1)F (γn−2, γn−1),

vn =
1

2
(sn−1F (γn, γn−1)− snF (γn−1, γn)) ,

F (u, v) = ζ(u+ v)− ζ(u− v)− 2ζ(v).

Here ℘(u), ζ(u) are Weierstrass functions, sn, γn are functional parameters.



χ1(n, P ) = χ1(n, σ(P )), L4 =
(
T + Un + VnT

−1
)2

+Wn.

Theorem (Mauleshova, M.)
A factorization takes place

L4 − z =
(
T +An +BnT

−1
)(
T − χ2(n)− χ1(n)T

−1
)
,

where

An = Un + Un+1 + χ2(n+ 1), Bn = − VnVn−1

χ1(n− 1)
,

χ1(n) = −VnQn+1

Qn
, χ2(n) =

Sn

Qn
+

w

Qn
,

Qn = − Sn−1 + Sn

Un−1 + Un
, Sn(z) = −Unz

g + δg−1(n)z
g−1 + . . .+ δ0(n),

δj(n) are some functions. The functions Un, Vn,Wn, Sn(z) satisfy the equation

Fg(z) = S2
n+VnQn−1Qn+1+Vn+1QnQn+2+(z−U2

n−Vn−Vn+1−Wn)QnQn+1.



Example 6
Operator

L4 = (T + a+ (r3n
3 + r2n

2 + r1n+ r0)T
−1)2 + g(g + 1)r3n, r3 ̸= 0

commutes with some di�erence operator L4g+2.



Theorem (Mauleshova, M.)
Di�erence operator

L♭
4 =

(Tε
ε2

+ U(x, ε) + ε2V (x, ε)T−1
ε

)2
+W (x, ε),

where

U(x, ε) = −ν(x, ε) + ν(x+ ε, ε)

γ(x, ε)− γ(x+ ε, ε)
, W (x, ε) = −c2 − γ(x, ε)− γ(x+ ε, ε),

V (x, ε) =
ν2(x, ε)− F1(γ(x, ε))

(γ(x, ε)− γ(x− ε, ε))(γ(x+ ε, ε)− γ(x, ε))
,

γ(x), ν(x) be an arbitrary functional parameters, commutes with the operator

L♭
6 = L♭

4

(Tε
ε2

+ U(x, ε) + ε2V (x, ε)T−1
ε )−

γ(x+ 2ε, ε)
Tε
ε2

− (ν(x, ε) + U(x, ε)γ(x, ε))− ε2V (x, ε)γ(x− ε, ε)T−1
ε .

The spectral curve of the operators L♭
4, L

♭
6 is given by the equation

w2 = F1(z) = z3 + c2z
2 + c1z + c0.



Let

γ(x, ε) = −1

2
(c2 +W(x)), ν(x, ε) =

Wx

2ε
.

Then the expansions take place

L♭
4 = L4 +O(ε), L♭

6 = L6 +O(ε),

where
L4 = (∂2x + U(x))2 +W(x),

L6 = (∂2x + U)3 + 1

2
(c2 + 3W)(∂2x + U) + 3

2
Wx∂x +

5

4
Wxx,

U(x) = −16F1(−(c2 +W)/2) +W2
xx − 2WxWxxx

4W2
x

.

Herewith, the spectral curves of the pairs L♭
4, L

♭
6 and L4, L6 coincide.


