Tyurin parameters and commuting difference operators
of rank 2

Andrey E. Mironov

Sobolev Institute of Mathematics, Novosibirsk

International workshop "Problems of the Modern Mathematical Physics —
PMMP’25",
February 10-14, 2025



Ly = 0"+ 1 ()02 . tug(x), Ly = 0" 40, 1(2)0" .. 4wp(2)

Lemma (Burchnall, Chaundy)

If L,,L,, = L,,L,, then there exist a non—trivial polynomial Q(z,w) of two
commuting variables such that Q(Ly,, L,,) = 0.
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Spectral curve

I = {(z,w) € C*: Q(z,w) = 0}.
Ecwm Ly = 29, Lyt = wip, 10 (2,w) € T

Rank

| =dim{t : Lpth = 20, Lpth = wib}.

Example

Ly= (85 + 23 + ax? + aqz + a0)2 +9(g+ 1Dz, Ligio

I: ’LU2 = 22g+1 +6292’29 +... +Co.



Baker — Akhiezer function

Spectral data
{F7q7 k_17’717 e ’Y{]}

There is a unique function ¢ (z, P), P € T with properties
Ly=c=(1+8 4 )

2. On I'\{¢} ¢ has simple poles at the points 71, ...7,.

f(P), g(P) are meromorphic functions on T" with poles of order n and m in q.
Then
Ly = f(P)¢ Ly = Q(PW,

L,L,, =Ly, L,.



Example

I'=C/{2wZ +2uw'Z}, q=0,

’l/) — e—zC(z) U(Z + ‘T)

o(z)o(z)’
(ai - 2@(95))1#(337 Z) = @(2)¢($7 z)?

(08— 30(x)0. — 26/ (2))(x,2) = 3¢/ (bl 2).



Rank [ > 1
Spectral data (I.M. Krichever, S.P. Novikov)

{F7Q7k_1a717"',’ylg7a1a---7alg}'

o = (Oqi, ey ail—l) is vector

(v, ) — Tyurin parameters define a semistable vector bundle of rank [ of degree
lg on T" with holomorphic sections 71,...,m

-1
mvi) =Y aimi(vi).
j=1



Baker-Akhiezer function
¢($7P) = (wo(xvp)v cee 7¢l—1($ap))3
1 Qp(I,P) = (Z:(;O fs(x)kis) \Ifo(m,P), 60 = (1707 cee 7O)a %\IJO = A\IJ()v

0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
E+wuo(z) wi(z) wa(z) ... w_1(z) O

2. OnT' — {¢} ¢ is a meromorphic with simple poles at 71, ...,
3. ReS‘Yi’l/Jj = aineswwl,l.

If f(P) is a meromorphic function with a pole at ¢ of order n, then there exist
L(f) such that

L(f)Y(z, P) = f(P)y(x, P), ordL(f) = In.



Tyurin parameter deformation method (Krichever—Novikov
method)

dl dlfl
@%‘ = qum% + 0+ X0y

Xs is meromorphic on I', x has lg simple poles P;(z),...,Pg4(z). Ina
neighborhood of ¢ the functions x have the form

Xo(, P) =k + go(x) + O(k™1),

xj(z, P) = gj(z) + ok™), j<i-1,
Xi—1(z, P) = O(k™1).



At point P;(x)

X _Gi@) +dij(w) + O(k — vi(z)).

k= y(x)
Theorem
Parameters ~;(z), o (z) = % and d;;(2),0 < j <1—2,1<i <lg satisfy

the equation
cii-1(z) = —v(z),

dio(2) = cio(z)vi 1—2(x) + cvio(2)di -1 (x) — ajy (),

dij(x) = () aii—o(x) — i jo1(x) + () dig -1 (x) — aj;(x),5 > 1.



I.M. Krichever, S.P. Novikov: g =1, [ =2
[:p?=P3(\) =4\3 + g\ + g3

Licw = (02 + 1) *+2e0 (p(12) = 9(71)) 0+ (2 (9(72) — 0(11)))a— 9(72) —0(11),

71(2) =70 + ¢(2), 12() =70 — c(z),

1 12 c
u(z) = r +§ﬂ+2¢’(%,%) — o+ (@e(r0+6% =) =2 (1, 72)),

D(y1,72) = C(v2 = 71) +¢(n) — C(72).

The sixth order operator Lk, which commutes with Lxn can be found from
the equation L% = P3(Lkn).

J. Dixmier: g =1, [ =2



Theorem (P.G. Grinevich)

The commuting operators L and Lx n, corresponding to an elliptic curve
have rational coefficients if and only if

> dt
@) = /qm Pot)’

where ¢(t) is a rational function.

If Y0 = On q(x) =, then Lign = Lp.

O.l. Mokhov: g =1, [ =3



[ =2, g > 1: self-adjoint case
Let L be a fourth order operator of rank 2, then

T:w?=F(2) =22 450279 + - + ¢,
q = oo is a branch point,
o:T'=T, o(zw)=(z,—w).

We have
Ly = 21), Lagiop = wip,
P’ = xo + x19,
where 1) = (1,12) is the Baker—Akhiezer function.



Theorem (M.)

If Ly is a self-adjoint operator
Ly = (0; + V(@))* + W(x),

then .
xrr w xT
__7Q Z_v _762
X0 = 270 +Q s X1 =

where
Q=2"+a,1(2)29 " +- + ag(z).

The function @ satisfies the equation
4Fy(2) = 4(z = W)Q* — 4V(Q2)* + (Qua)® — 2Q2Quzat

2Q(2V,Q + 4V Qar + QM).

Corollary
The function @ satisfies the linear equation

05Q + 4V Quax + 6VoQup +2(22 — 2W + Vi) Qo — 2W,.Q = 0.



Examples

1. L} = (82 + asa® + asa? + aqz + ao)? + g(g + 1)asz,

2. LY = (0% + ay cos(x) + ap)? — a1g(g + 1) cos(x),



Commuting discrete operators



Any commutative ring of discrete operators is isomorphic to a ring of
meromorphic functions on a spectral curve with m poles. Such operators are
said to be m—point operators.



Spectral data for two—point operators of rank 1 were found by I. M. Krichever
and D. Mumford. Eigenfunctions of two—point operators of rank 1
(Baker—Akhiezer functions) can be found explicitly in terms of the theta
function of the spectral curves. Spectral data for one—point operators of rank
[ > 1 were obtained by I. M. Krichever and S. P Novikov.



One point operators of rank two

Let
w? = Fy(z) = 229+ 4 029229 + czg_122971 + ...+ co,
2 2g+1
Ly= Z u;(n) T, Ligio= Z vi(n)T?, Up = Uggy1 = 1,
i=—2 i=—(2g+1)
herewith

L4¢ = Zwa L4g+21/) = w% rl/} = 1//(7% P)v P= (Z,UJ) € Fa

Y(n+1,P) = x1(n, P)¢(n — 1, P) 4 x2(n, P)(n, P).



Theorem (I.M. Krichever, S.P. Novikov)

The matrix function x(n, P) has simple poles on I' at points y;(n). There are
relations for the residues of matrix elements

ol Res (n)Xi(n, P) = o Res, (n)x;(n, P).
The points y4(n + 1) are the zeros of the determinant of the matrix x(n, P), i.e.
detx(n,vs(n+ 1)) =0.
The vector a;(n + 1) satisfies the equation

aj(n+1)x(n,v;(n+1)) = 0.



Example

L= L% - p(fyn) - @('Vn—l)a

where Ly is the Schrodinger difference operator

Lo=T+ v, +cy,T"

with coefficients

(372171 - 1)F(7n’7n71)F<’7n727’Ynfl)y

Cp =

—_ I

Up = 5 (Snle(’Yna’Ynfl) - snF(’Ynflv'Yn))a

F(u,v) = ((u+v) = ((u—v) = 2((v).

Here p(u), ¢(u) are Weierstrass functions, s,, v, are functional parameters.



Xi1(n, P) = x1(n,0(P)), Ly = (T + U, +VuT™)* +W,.

Theorem (Mauleshova, M.)

A factorization takes place

Ly—2z= (T + A, + BnT_l) (T —x2(n) — Xl(n)T_l),

where V.V,
An:Un+Un+1+X2(n+l)7 Bn:_nim’
Xl(’l’b—l)
VnQn+1 Sn w
x1(n) = -2 n)=—-+—,
1) On e =5 "2,
Sn—1+Sn -
Qu=—g' g Snle) = —Una? +dga(m)2 !+ 4 do (),

d;(n) are some functions. The functions U, V,,, W,, S,,(2) satisfy the equation

Fg(z) = SEL"_VnanlQnJrl+Vn+1QnQn+2+(Z_Ug_vn_VnJrl_Wn)QnQn+1~



Example 6
Operator

Ly=(T+a+ (rsn® +ron® +rin+r0)T )2 +glg+ )rsn, r3#0

commutes with some difference operator Lsgo.



Theorem (Mauleshova, M.)

Difference operator

T,
L) = (;; +U(x,¢) + €2V($,5)Te_1>2 +Wi(z,e),

where

_ v(x,e) +u(rtee) o B
U('T7€) - "}/(513,6) *’Y(I"l’é‘,&‘)’ W(l‘7€) = —C2 ’y(l’,E) ’y($+578),
v¥(z,e) — Fi((z,¢))
(7(377 8) - ’7(1‘ -, 5))(’7(1‘ +e, 5) - 7(33’ E))’
~v(x), v(z) be an arbitrary functional parameters, commutes with the operator

Vx,e) =

T.
Ly = L5(55 + Ulw,) + V(@ )T ") -

T,
7(55 + 253 5):; - (V(Iv 5) + U(‘rﬂ 5)7(937 5)) - €2V(:C, 5)7(17 -5 s)Tsil'
The spectral curve of the operators L), L% is given by the equation

w? = Fi(z)= 23 4+ 922 4 12 + o



Let 1 W
1@,0) = —5(e+ W), v =55

Then the expansions take place

L =L4+0(), Li=Ls+0(),

where
L4= (02 +U)) + W(a),

. 1 3 5
Lo=(02+U)>+ 5(02 +3W) (D2 +U) + iw”’a” + Waa,

 —16F (—(ca + W) /2) + W2, — 2W Woro
= e .

U(x)

Herewith, the spectral curves of the pairs L, L% and L4, Lg coincide.



