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Historical background
Quantum field theory (standard) + FQFT (in recent years)

Perturbative methods + "functional integration"

Divergences

Regularization + renormalization

Standard QFT: 
Bogoliubov, Shirkov (1959) 
Faddeev, Slavnov (1978) 
Itzykson, Zuber (1980) 
Peskin, Schroeder (1995)

Renormalization: 
Faddeev, Slavnov (1978) 
Collins (1984) 
Zavialov (1990) 
Kazakov (2009)

FQFT: 
Atiyah (1988) 
Segal (2004) 
Reshetikhin (2010) 
Stolz, Teichner (2011) 
Cattaneo, Mnev, Reshetikhin (2018) 
Kandel, Mnev, Wernli (2021)

Cutoff regularization: 
Oleszczuk (1994) 
Liao (1997) 
Bagaev (2008) 
Cynolter, Lendvai (2015) 
Ivanov, Kharuk (2019—н.в.)

Regularization: 
Brizola, Battistel,  
Sampaio, Nemes (1999) 
Cherchiglia and other (2021) 
Pauli, Villars (1949) 
Bollini, Giambiagi (1972) 
't Hooft, Veltman (1972) 
Bakeyev, Slavnov (1996) 
Stepanyantz (2020)

Why are there so many regularizations?  
How do we choose the appropriate one?



Manifolds

nΣ,l−−→
nr−−→

nΣ,r←−−
nl←−− Ml,Λ Mr,Λ

Ml Mr

MΛ

M = Ml ∪Σ Mr

Σ



Scalar theory

S0[ϕ; ℳ] =
1
2 ∑

α∈I
∫Vα

dnx g1/2
α (x)(gμν

α (x)(∂xμϕα(x))(∂xνϕα(x)) + m2ϕ2
α(x))χα(φ−1

α (x))

Sint[ϕ; ℳ] =
+∞

∑
k=3

∑
α∈I

∫Vα

dnx tkg1/2
α (x)ϕk

α(x)χα(φ−1
α (x))

Scl[ ⋅ ; ℳ] = S0[ ⋅ ,ℳ] + Sint[ ⋅ ; ℳ] is classical action

𝒜 = {(Uα, φα)}α∈I

φα(Uα) = Vα ⊂ ℝn

∑
α∈I

χα(p) = 1
Examples: 
Cubic k=3, n=1,…,6 
Quartic k=3,4, n=1,…,4 
Sextic k=3,…,6, n=1,…,3



Quadratic forms

S0[ϕ + ϕηl+ηr, ℳ] = S0[ϕ, ℳ] + S0[ϕηl, ℳ] + S0[ϕηr, ℳ] − Sl,r(ηl, ηr; ℳ)

S0[ϕi + ϕηi+ηΣ
i , ℳi] = S0[ϕi, ℳi] + S0[ϕ

ηi
i , ℳi] + S0[ϕ

ηΣ
i , ℳi] − Si,Σ(ηi, ηΣ; ℳi)

Sl,r(ηl, ηr; ℳ) = ∫Yl

dn−1q1 ∫Yr

dn−1q2 ηl(q1)(Nl(q1)Nr(q2)G(q1, q2))ηr(q2) = Sr,l(ηr, ηl; ℳ)

Si,Σ(ηi, ηΣ; ℳi) = ∫Yi

dn−1q1 ∫Σ
dn−1q2 ηi(q1)(Ni(q1)NΣ,i(q2)Gi(q1, q2))ηΣ(q2) = SΣ,i(ηΣ, ηi; ℳi)

i ∈ {l, r}
ηi ∈ C∞(Yi, ℝ)
ηΣ ∈ C∞(Σ, ℝ)

ηi → ϕηi, ϕηi
i

ηΣ → ϕηΣ
i



e−Weff[ ℏη;ℳ]/ℏ = e−S0[ϕη;ℳ](S(δψ + ϕη; ℳ)eg(ψ;ℳ))
ψ=0

Effective action

e−Weff[ ℏη;ℳ]/ℏ = 𝒩−1(ℳ) ∫
ℋ( ℏη;ℳ)

𝒟ϕ e−Scl[ϕ;ℳ]/ℏ

ϕ → ℏϕη + ℏϕ

Weff[0; ℳ]
{tk=0}+∞

k=3

= 0

S(ϕ + ϕη; ℳ) = exp( − Sint[ ℏϕ + ℏϕη; ℳ]/ℏ) = 1 + ∑
k⩾3

ℏk/2−1(
k

∏
i=1

∫ℳ
dnpi)Sk(p1, …, pk)(ϕ + ϕη)(p1)…(ϕ + ϕη)(pk)

g(ψ; ℳ) =
1
2 ∫ℳ

dnp1 ∫ℳ
dnp1ψ(p1)G(p1, p2)ψ(p2), where

normalization

shift



Questions
Effective actions contain divergences!

What type of regularization should we use?

We have three effective actions!

How are they related to each other before and after the regularization process?

on ℳl, ℳr, and ℳ



Regularization in Euclidean case

G(x) =
|x |2−n

(n − 2)Sn−1
⟶ Gf,Λ(x) =

Λn−2

(n − 2)Sn−1
f( |x |2 Λ2) +

1
(n − 2)Sn−1 { Λn−2, |x | ⩽ 1/Λ

|x |2−n , |x | > 1/Λ

0 1/Λ

s2

|z|0

s1

|z|



Regularization in Euclidean case
HΛ

α (ϕ)(x) = ∫Sn−1

dn−1σ( ̂xk)
Sn−1

…∫Sn−1

dn−1σ( ̂x1)
Sn−1

ϕ(x + Λ−1
k

∑
i=1

̂xiαi)
HΛ

ω̃,α(G)(x) = ∫ℝn

dnxk
ωk( |x − xk |Λ/αk)

(αk /Λ)n
…∫ℝn

dnx1
ω1( |x2 − x1 |Λ/α1)

(α1/Λ)n
G(x1)

ϕΛ
ω(x) ≡ HΛ

ω(ϕ)(x) = ∫ℝn

dnx1 Λnω( |x − x1 |Λ)ϕ(x1)

ϕ(x1)ϕ(x2) ∼ G(x1 − x2) ϕΛ
ω(x1)ϕΛ

ω(x2) ∼ HΛ
ω(HΛ

ω(G))(x1 − x2)

ϕ(x)

Regularization by using the deformation!The smoothness is controlled  
by the choice of the operator kernel!Quasi-locality +



What should we deform?

Scl Weff

Black  
Boxes  
Matter

Rules:
1) Deform the classical action;
2) Do not deform the quadratic form.



Generalization

SΛ
cl[ ⋅ ,ℳ] = S0[ ⋅ ,ℳ] + Sint[H

Λ
ω( ⋅ ), ℳΛ]Scl[ ⋅ ,ℳ] = S0[ ⋅ ,ℳ] + Sint[ ⋅ ,ℳ]

Weff WΛ
eff

regularization

ϕΛ
ω(p) ≡ HΛ

ω(ϕ)(p) = ∫ℳ
dnp1 ω(p, p1; Λ)ϕ(p1)

The support is in a small ball and tends to zero,  
when the regularization is removed.

It is possible to take such kernels that

ω(p, p1; Λ) = ωi(p, p1; Λ) = 0,
i ∈ {l, r}, p ∈ ℳi,Λ, p1 ∈ ℳi .



= e−S0[ϕ
ηl
l ;ℳl]−S0[ϕηrr ;ℳr]eSl,Σ(ηl,δη;ℳl)+Sr,Σ(ηr,δη;ℳr)S(HΛ

ω(δψl
+ ϕδη

l + ϕηl
l ); ℳl,Λ) ×

Gluing
Z(η; ℳi,Λ) = e−Weff[ ℏη;ℳi]/ℏ = e−S0[ϕη

i ;ℳi](S(δψ + ϕη
i ; ℳi)egi(ψi;ℳi))

ψi=0

η = ηi + ηΣ

S0[ϕ
ηi+ηΣ
i , ℳi] = S0[ϕ

ηi
i , ℳi] + S0[ϕ

ηΣ
i , ℳi] − Si,Σ(ηi, ηΣ; ℳi)

∫ℋ0(Σ)
𝒟ηΣ Z(ηl + ηΣ; ℳl,Λ)Z(ηr + ηΣ; ℳr,Λ) =

× S(HΛ
ω(δψr

+ ϕδη
r + ϕηr

r ); ℳr,Λ)egl(ψl;ℳl)egr(ψr;ℳr)eg0(η;Σ)

ψl=0, ψr=0, η=0

i ∈ {l, r}

i = l i = r



nΣ,l−−→
nr−−→

nΣ,r←−−
nl←−− Ml,Λ Mr,Λ

Ml Mr

MΛ

M = Ml ∪Σ Mr

Σ

Gluing of partition functions
∫ℋ0(Σ)

𝒟ηΣ Z(ηl + ηΣ; ℳl,Λ)Z(ηr + ηΣ; ℳr,Λ) = Z(ηl + ηr; ℳl,Λ ∪ ℳr,Λ)

lim
ℳl,Λ∪ℳr,Λ→ℳΛ ∫ℋ0(Σ)

𝒟ηΣ Z(ηl + ηΣ; ℳl,Λ)Z(ηr + ηΣ; ℳr,Λ) = Z(ηl + ηr; ℳΛ)

It is valid for all dimensions! 

It works in the case of  
non-renormalizable models!

Ivanov (2024) 
arXiv: 2411.13857



Applications in scalar models
1) Three-loop calculation in sextic model for n=3 

2) Three-loop calculation in quartic model for n=4 

3) Three-loop calculation in cubic model for n=5

Ivanov (2024) 
arXiv: 2402:14549

Model: 
Kleinert, Schulte-Frohlinde (2001) 
Vasil’ev (2004)

Other regularizations 
Jack, Osborn (1982) 
Brizola, Battistel, Sampaio (1999)

Model: 
Lipatov (1976) 
Pisarski (1983) 
Bardeen, Moshe, Bander (1984) 
Gudmundsdottir, Rydnell, Salomonson (1984) 
Hager (2002) 
Gracey (2020)

Kharuk (2024) 
See «ZNS POMI»

Ivanov, Kharuk (2024) 
arXiv: 2404:07513

An example of the action density for the sextic model: t1ϕ +
1
2

ϕ(A0 + m2)ϕ +
6

∑
k=3

tk
k!

ϕk



Many thanks!


