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N = 2 supersymmetry, harmonic superspace and NV = 2 higher spins

@ Harmonic superspace [Galperin, lvanov, Kalitsyn, Ogievetsky, Sokatchev 1984] is the
universal method to deal with off-shell " = 2 supersymmetry theories:

HR4+2|8 R4|8 % G2 — {X 90“ 0041 :t}

o N = 2 higher-spin theories (see talk by E.lvanov) have natural geometric formulation in
terms of unconstrained analytical prepotentials [Buchbinder, Ivanov, N.Z. 2021]:

{h++a(sfl)d(571) ptals—1)a(s=2)+ pt+ta(s—2)a(s—1)+ h++a(572)d(572)}.

@ These prepotentials are the higher-spin generalization of linearized (over flat N’ = 2
harmonic superspace) A/ =2 “minimal” Einstein supergravity (obtained using N/ = 2 vector
and non-linear N/ = 2 tensor compensators).

@ These higher-spin prepotentials naturally couple to the hypermultiplet:

pt+ 5 ptt + K h++a(s 2)a(s— 2)M8M3 (J)P(s

a(s—2)a(s—2)
© Gravitational interaction of massless higher-spin fields exists in the first nontrivial order on
AdS background [Fradkin, Vasiliev 1987].

How to construct A/ = 2 AdS harmonic superspace, N' = 2 AdS supergravity and N/ = 2
AdS higher-spins?

-~
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AdS (super)space

@ AdS (super)space is a special solution of the equation of motion of (super)gravity with a
cosmological term:

1
N =0: e,"(x) = m&f,
o, [Hmn.0) = 7 000 + 22PNy
' o(x,0) = e 31+ 6°7].
N=2: ?2?

o Flat and AdS (super)space are only ones that posses maximall (super)symmetry:
50(3,2) ~ sp(4), osp(N]4).

o Superfield formulation of 0sp(1]4) supersymmetry [lvanov, Sorin 1979].
o N =1 higher-superspin superfields on the AdS superspace [Kuzenko, Sibiryakov 1994].
° AdSI{V superspace is superconformally flat [Bandos, Ivanov, Lukierski, Sorokin 2002].
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Structure of osp(2|4)

o N = 2 AdS superalgebra 0sp(2|4) can be considered as the subalgebra of N = 2
superconformal su(2, 2|2) superalgebra:

{Q, Qak} = 20,004 Pm ,  {Saks S} = 264075 Kim ,
{QL, $P%} = € (6™)8 Mmn + 2i™ 65 (D + iR) — 4i65 TR |
[Km, Q4] = (0m)ac 5%, [Pm, Sail = (om)aa @f

. i 1 i
[Mmm Ps] = l("?nst - nmsPn) 3 [an: Qa] = *E(O'mn)gQg s
[T9, 7% = —i(" T + Ty .

o N =2 AdS supersymmetry generators

Vi, = QL + *Sya, Vs = Vi, = Qai + cucSE,

C‘ =cCc, C7 = Cijk = E,'/eijU
satisfy
(W, W = —ac DM gy + dieasel Ty
ar ¥ B (ap) af
U(I)GSU(Z)conr'

O So, (i) break SU(2) conf to U(1). ¢k T4y is an analogue of the central charge Z = 85 in the
flat V' = 2 supersymmetry.
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Structure of osp(2|4)

@ AdS supersymmetry generators give AdS translations:
(WL, Waj} = 46/ Pas + 4 ¥ cij Kaa = 40] (Paa + |c[ Kaa) -
SN—— —
5ic|? Raa
J
@ The commutator of AdS translations gives:
[Rm, R"] = _4i|c‘2L[mn]-
o AdS translations have the non-trivial commutator with AdS supersymmetry:
[Rm, Vol = (0m) o €V
© This relation implies, that field masses in AdS supermultiplets are different in contrast to
Poincaré supersymmetry.
o If fix c(¥) = 0, we restore N = 2 Poincaré superalgebra (without central charge).

? How to construct superfield background with V' = 2 AdS supersymmetry in A" = 2 harmonic
superspace?
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Toy example: Weyl-invariant gravity formulation

@ In the conformal formulation of Einstein gravity [Deser 1970], in addition to the metric gmn a
scalar field ¢ is added. We consider the action for a scalar field conformally interacting with
gravity

1 2
S[¢, gmn] = —3 / d'xv/=g (g'""am¢6n¢ + g R - ?;54) :
@ The action is invariant under diffeomorphisms
XM — XM = x'M(x),

axk oax!
Ox!m §x'n’

gmn(x) = gmn(x') = gui(x)
B(x) = &' (x') = ¢(x)
and Weyl transformations:

gmn(X) = Ema(x) = e2w(x)gmn(x):

B(x) = ¢/ (x) = e “Mg(x).
o Using Weyl transformations, one can fix gauge ¢ = % After that we restore ordinary
Einstein-Hilbert action with cosmological term:

2
Sen :/d4X\/—7g (—LR—F i) .

22 K4
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Toy example: Weyl-invariant gravity formulation

@ Thus, the gravitational background in the conformal formalism is fixed by specifying a metric
and conformal compensator:

gmn(x), o(x) = kL.

o However, using the Weyl transformations the gravitational background can be equivalently
described by the configuration

M gmn(x),  d(x) =k Le ¥,
This method is well-suited for conformally flat spaces.
@ In this approach, the (A)dS space is described by

1

-1
mn = Tlmn, = 5 h = .
gonl) = ton, G0) =k 7Na(),  where () = 1

o ¢(x) is the solution of e.o.m. of A\¢* theory.

@ This background is invariant with respect to coordinate transformations:

X = XM x™ 4 a™ 4+ m? (2(ax)x™ — a™x?) + wl™ X"
accompanied by Weyl transformations with parameter
w(x) =~ 2(kx).

o These transformations form sp(4) ~ so(3, 2) algebra.
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N = 2 Einstein supergravity: principal version

o N = 2 Einstein supergravity in harmonic superspace [Galperin, Ivanov, Ogievetsky,
Sokatchev 1987]:

1 1
Snrmp = 5/dg(*“) qtot gl — ypes / d*xd®0du E HOH ™5,

@ Harmonic derivative:

©++ — 8++ + 9+&8§ + H++adaad 4 H++d+ag + H(+4)877 +H++565,

N'=2Weyl multiplet (24g+24F d.o.f.)

o N = 2 Maxwell compensator (8g + 8¢ d.o.f.) is described by the analytic prepotential 5.
o Hypermultiplet compensator (cog + oo d.o.f.) is described by the doublet

) _a+)7 q+a = q; = Eabq; = (a+7 q+)7

coordinate as:

qt(¢,x%) = exp (—%XS) q7(<).

which depends on x®

© Nontrivial £ # 0 case corresponds to the cosmological constant.
@ Harmonic zero curvature equation:

@+t - D~ D ] =D° = Wl g —aE g5,
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N = 2 Einstein supergravity: gauge transformations

o N = 2 Einstein supergravity action
Sn—a = %/dg(*“) qHottgf — 4—; / d*xd®0du E H O H 5.
is invariant under the analyticity-preserved superdiffeomorphisms:
XAV Ly xOE = oy /\ad(C),
gre g/t — gta 4zt
67% 50 " =07 L ATV, 07),

u+i - u/+i — u+i + >\++(O“7

)
vl sl = uf'-,
X X=X+ 2%
and prepotential transformations:

DY) = D) =DFH() - AT,

1
9 2
af (€)= a5 () = (Ber| 35 ]) " af %),
o Full N' = 2 superspace measure E transforms as
- - a(¢,07) -
E(C,07) = E'(¢,0'") = Ber 3¢, o) E(¢,07),

and can be constructed only in terms of A/ = 2 Weyl supermultiplet prepotentials.
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N = 2 flat harmonic superspace: Weyl multiplet

o Flat N =2, D = 4 harmonic superspace corresponds to background values of Weyl
prepotentials:

+tad _ _gigtagta +at _ (+4) _
Hﬂataa —4i0T0T, Hf/ata 0, Hpe =0

and covariant harmonic derivative is reduced to
DT — DIt =80T — 40704 + 670

o Flat background of Weyl supergravity is invariant under the rigid N' = 2 superconformal
symmetry su(2,2|2), which is given by:

A& = 0% l(ﬁ)xﬁa + 7@ ) — 4 (0TS + 9Ty 4 xVPk, pxPY
+ax@d — ajgragra i)y u —A4i (xap'ﬁ;ﬁ*d + 9+an;,xpd) u”,
A= eyt 4 0P+ 307 (a+ ib) +xa5k550+5 + x@aqi uf
+ote ( (U)ul.*uj* + 40Py, f) ,
M= et + 7@)5*3 + l0_+°-“( — ib) +x°‘5k 9+ﬁ + x4l ut
9‘*’“( P\ )u+u 7419*"’7) u; ),
M= Mo uJr + 419“"9*"1( o+ 4i (0Fenl, + 7l 01 uf
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N = 2 flat harmonic superspace: Vector compensator

The analytical prepotential of the N' = 2 vector multiplet is transformed as

SYHFTE = HEHB(C) — HITE(C) = DTHAS — A5,
e Using Abelian gauge freedom (parameter \%), one can impose the Wess-Zumino-type gauge:
HiE = i(07)20 — i(01)2¢ — 4i0T0T% A,
+ (070 kLu + (07)0 R um + (01 D u
o Using Weyl supergravity gauge freedom,
5(x) = [a(x) + ib(x)] $(x)

one can fix value of the scalar ¢ = 1 and break the dilatation and U(1)r gauge freedom.

@ So, we fix the non-trivial background value for superfield H+5:

‘H**S — i [0 — ()] ‘

flat

This leads to the additional constraints on the rigid symmetries of the background.
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N = 2 flat harmonic superspace: Vector compensator

@ The condition of background invariance is

SNH® =DA% —2iaT401 =0,

o We substitute A% and obtain the harmonic equation:
DAY = 2i07 % uf +i(07)(a+ ib) + i(0F)°x ko

— 2ix*%9L 7k ut + (0+)Q>\(U)u;*'uj_ + tilde conj.

o This equation has the analytic solution A3(¢) only if |[a= b= kas =73 =0 |

i — 1 = o
> = 2je 0fu” + 5 [(9+)2 —+ (9+)2} /\(-’)ui ui.

@ So, the background value of H}ES breaks rigid background N = 2 superconformal symmetry

to N = 2 supersymmetry and SU(2)conf:

su(2,22) —  siso(1,3]2) P su(2).
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N = 2 flat harmonic superspace: hypermultiplet compensator

o Weyl transformation of hypermultiplet in infinitesimal form is

1 .
oady = =545 = Aaj - NosqT

o If we fix background value
+ _ b+, —1
(9 ) e = up

invariance condition gives:

" _ — 2 . 1., . ”
)\’Jufru;rgbub :)\’Ju;ruj f;’u;r = gfab Lufrzgf;b wut = .

@ In such a way we break SU(2) background invariance.

We conclude that the flat harmonic superspace is parametrized by

++ad _ _piptapta ++a+ _ (+4) _
Hipe = =400, Hee =0 Hpae =0,

Hy® =i [(67)2 = (67)%],
(03) o = RPup ™1

o How to generalize these results to N’ = 2 AdS superspace?
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Linearized version of A/ = 2 principal supergravity

o We consider the linearization on the flat background (for simplicity f? = §2):

+ _— ,,t + ++M _ 4++M ++M
Qafua +q37 H 7,Hflat +h )

QT = —%QQ: -AQF, = 4l = %Quj — Aty
o Covariant superfields:
Grrad — prad | gipttatg—c 4 gig=apttat _ gip(+H)g-ag-d
GH5 — ptt5 2ih++&+§57 + ih(+4)6*‘3‘0(§,
GtHot+ — _pttat | h(+4)9*‘5‘7

G = p+),
o Linearized action:
Stiat :/d4xd80du {G*Jr‘m G;; +4GTH5 G**5}

N 1
+/ d¢t= {q“D“q: +q e 4t gl 4 §(q“u;*)z] '
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N = 2 superalgebra of flat covariant derivatives

@ Harmonic derivatives:
DT = gt — 4igTaTY, 4 + 9+6¢6g +i [(9+)2 _ (§+)2] s,
D" =977 — 4070 Y0 + 0740, +i [(67) — (07)%] 85,
DY =0+ 0%, — 049,

@ Spinor derivatives:

Df =of,
Dy = —05 +4i07%0as — 207 35,
D = -0, — 400 — 2i0 5.
@ Vector derivative:
Das = Oaa
o Covariant derivative satisfy relations:
[D*, D7) =1D°, [D°, DFE] = 42D+,

{D}, Dy} = 2ieapds, {ﬁg,ﬁﬂ.—} = 2ie, 305,

{Df,D;} = —4iDos = —{D},D; }.
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Superconformally flat harmonic superspace

o In Weyl-invariant gravity formulation:
gmn(X) = gmn(x) = eZW(X)gmn(X):
B(x) = ¢ (x) = e “g(x)
conformally-flat spaces are described by
gmn(x), 3(x),
which posses a gauge fixing:
Nmn, ¢(x) — unspecified.

@ So we define superconformally flat harmonic superspace as a superspace, specified by values
of Weyl prepotentials and compensators:

{H**O‘d‘, H++d+,7_t(+4)} ’ HHS, g
which allow gauge with

ad & _ ad & (+4)
{prros vt q L = {agted qupas p (s
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How to specify AdS harmonic superspace?

O We fix the flat gauge for Weyl supermultiplet prepotentials:
ttad qtat q(+4) ] _ +tad qt+a+ q/(+4)
{H aa’,H “ ’H( )} - {Hﬂataa’Hﬂata ’Hflat

This background is invariant under the superconformal su(2,2|4) transformations.

@ We looking for the solutions of the superfield equation of motion for N' = 2 vector and
hypermultiplet compensators:

gt -
{D Tads — HAdés qus’
(D¥)" Hags” = =55 GhasTias-
Generally, these solutions fully break su(2,2[4).
© We require that solutions q:IrdS and 7—[;?;55 are invariant under osp(2|4) transformations.

After that, one can consider linearization

define linearized gauge transformation laws, construct invariant action for linearized N’ = 2 AdS
supergravity, generalize to higher spins, e.t.c.

© It is also possible to search for solutions with presented nontrivial Weyl multiplet superfields.
These solutions are gauge equivalent to solutions presented here. @
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Vector com pensator

@ Among the components of the vector multiplet, only scalar fields can take nontrivial vacuum
values, otherwise the background Lorentz invariance will be violated.

@ So, we obtain ansatz for the compensator superfield H++5:
Hjj; =i [(9"’)2 — (9_+)2] a(x) + A(9+)4c,-jul._ uj_a"(x),

where A and n are some unknown coefficients. This leads to the additional constraints on
the rigid symmetries of the background.

@ The condition of background invariance is

+45 _ 5__ A ++5 _
SAHIR =D N — AagsHER =

e We will denote:
dads = Nads-
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AdS translation

@ As in the purely bosonic case, we consider the combination of translations and special
conformal transformations:

)\ad — aadc +x°‘f’kpﬁ-,x”°-‘ — aao’c + 2Xad(kx) _ X2kad,
A XDl 70 (o) P 7,
Ate = xaﬂkpéafp = (kx)0T + x(apkpb)ﬁﬂ’,
AT = 4i0TPOtP K,
where we identify kog = magg.
@ a(x) has simple transformation law:

Sagsa”(x) = —2n(kx)a" = —2m?n(ax)a"(x).

@ We also note that the transformation of Grassmanian coordinates consists of two
contributions: weight and rotation leading to simple transformation laws:

Sads (07)2 = 2(kx) (67)7,  baas (BF)° = 2(kx) (6)>.

++5.

@ Using these equation we obtain for AdS translation of H ) 2:

6Ad57-qur;r55 = A(9+)4cijuf ujf [4 —2n]a".

So we fix n = 2 and parameter Aids = 0 in AdS translation sector.
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AdS supersymmetry

Parameters in the supersymmetry sector are:

AXE — _gje—agta _ 4i9+an;xpd7

AT = ¢t _ 2,'(9+)2,r]7a =t 4 4i(0+n7)0+o¢7
AHE = xxénd,

M = aigtant = ai(o+nt).

Using relations

Sads(07)? =2(etoM), Sags(07)? = —2x*%n 16,
Sags(07)F = 2(6%)*(et0F) — 2(67)°x* 167,

Sadsa(x) = A% y4a(x) = 4im? (e*"@*é‘xad + (0+n*)x2) a%(x),
we obtain for AdS supersymmetry variation:
6Ad57-lj£;r55 =2i (E_HIGZ + xo‘dn:ég) a(x)
— 4mP(07)2e 0 x4 a2 (x) 4+ 4m?(07)2 (0707 )x%a%(x)
- gA(e+)2c;'nake‘+dxadu; 2(x) + gA(9‘+)2(cLeko+)u,-az(x)

— 2A(07)2n 0 x s Ut

(kUi Uy a%(x) + 2A(9_+)2(ek6‘+)c"ju(i u;uy 2%(x).

i)
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AdS supersymmetry

@ We need represent this variation as the harmonic derivative of analytic parameter )‘SAdS'

@ One can resolve this equation as
Nags = (e—aeg + Xadn;§g> a(x)
—4m? [(67) - (67)3) <7]°‘k0_+‘5‘><w'l + eo‘kOX) cyu&uf ujgaz(x)

if identify parameters:

. 1 .
cik = |c|?5] = —9 |

A=6m? ’ nh, = mclek e, = —cink ‘, ck

g

In such a way, we reproduce identification of supersymmetry and S-supersymmetry
parameters in su(2,2|2) superalgebra.

o Final result for N = 2 vector compensator:

MHjad =i [(07)2 — (0%)] a(x) + 6m?(0*)*a(x) D u u.

@ Similarly, the AdS vacuum value of the hypermultiplet can also be determined.
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@ AdS covariant derivatives in harmonic superspace

Dynamical actions for linearized N' = 2 AdS supergravity

o N = 2 harmonic theories on supergravity background

o Dynamical actions for N' = 2 higher-spin AdS supermultiplets
o Structure of conserved N' = 2 AdS supercurrents

o N = 2 Fradkin-Vasiliev mechanism

Thank you for your attention!
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