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spaces of dimension 3:
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B There exist three types of homogeneous and isotropic simple connected
spaces of dimension 3:

o sphere S® (of constant positive sectional curvature),
o flat space R® (of curvature equal 0),
o hyperbolic space H? (of constant negative sectional cutvature).

B Generic metric in these spaces is of the form (Friedmann-Robertson-
Walker metric (FRW)):

ds? = —d® + &(t) ( + rPd6® + r?sin® 0d¢2> , ke {-1,0,1}, (1)

1 — kr2

where a(t) is a cosmic scale factor which describes the evolution (in

time) of Universe and parameter k which describes the curvature of the
space.
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

- F.' 27 .
S‘/ TerGor TLm) Vg d'x

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A is cosmological constant and £, is Lagrangian of matter.
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

B R 2A .
s_/ o GCA+£m)\/ ox

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A is cosmological constant and £, is Lagrangian of matter.

B The variation of the action S we obtain equations of motion:
RW—%RQW+/\QN,,:87rG7],,U, c=1 (2)

where T, is the energy momentum tensor, g,.. is metric tensor, R, is
Ricci tensor and R is scalar curvature.
B The energy momentum tensor for ideal fluid (matter in cosmology) is

T = diag(—p goo, 911P, g2, gs3p), (3)

where p is energy density and p is pressure.
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General theory of relativity

@ Now, Einstein equation implies Friedmann equations
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@ Problem of Bing Bang singularity.
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» Despite to the great success of GRT, observational discoveries of 20th
century imply that they could not be explained by GTR without additional
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Problem of Bing Bang singularity.

@ It means that GRT should be modified. There are two approaches:

@
()

(A1) Dark matter and energy
(A2) Modification of GTR, i.e. modification of its Lagrangian £

R—2A
o= 167 G

‘f‘»Cm7 C:1.
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Dark matter and energy
@ Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.

@ If Einstein theory of gravity can be applied to the whole Universe then
about 5% of ordinary matter, 27% of dark matter
and 68% of dark energy.

@ It means that 95% of total matter, or energy, represents dark side of the
Universe, which nature is unknown.

Motivation for modification of Einstein theory of gravity
@ The validity of General Relativity on cosmological scale is not confirmed.

@ Dark matter and dark energy are not yet detected in the laboratory
experiments.
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6(aa+ & + k)
a2
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@ For calculating variation of the action, 6S = ﬁé&) + 6S;, we need

the following

A
Lemma 1. For any two scalar functions G and H hold

/ Ho(y/—g) d*x = —% / 9uHIg™ \/—g d*x,

M M

/ HSR\/—g d*x = / Rt — Ko H) 6" /=9 d'x,
M

[«
| HoFOOV=a'x = [ (Ru— Ku) (G FOH) 59 /=g o'
M M
- fn = I n—1—/ v 4
4 — S (OH, O G)og'”\/—g dx.
22, v

where

K;w =VuVy — 9wl
Su(A,B) = g, V*AV 4B — 2V, AV, B + g,., AUB,
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® The action Sy is Einstein-Hilbert action without matter its variation is
5% = [ Guy/=80" d'x+ A [ g.r/~G0g" d'x 5)
M M

where G, = R, — $Rg,. is Einstein tensor.

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Equations of motion 7

® The action Sy is Einstein-Hilbert action without matter its variation is
5So = / Guv/—90g"" d*x + A / 9w /—90g"" d*x, ()
M M
where G, = R, — $Rg,. is Einstein tensor.

@® Using previous Lemma 1. we find the variation of S;,
581 =3 / G H(R)F(D)G(R)SG" /=g d*x

+ / (RW W— K., W+ %QW) 89" \/—g d*x. (6)
M
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® The action Sy is Einstein-Hilbert action without matter its variation is
5% = [ Guy/=80" d'x+ A [ g.r/~G0g" d'x 5)
M M

where G, = R, — $Rg,. is Einstein tensor.

®

Using previous Lemma 1. we find the variation of Sy,
0S5 = 3 / 9, H(R)F(O)G(R)Sg" \/—g d*x

+ / (RW W— K., W+ %QW) 89" \/—g d*x. (6)
M

® Since, S = 6 16:.G So + Si, finally we get equations of motion (EOM).
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A
Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (7)
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Theorem 2 (EOM) The equations of motion for system given by S

é,u,u = 07 (7)
where

e _ G[Ll/ + /\Q;w 1 1
G = 167G ZQWH(R)]:(D)Q(R) + R W — K., W+ 2Qul~

o) n—1
Qe =315 Sun (AT G(R))

n=1 1=0
Ko =V, V. — g0,
S.w(A B) = 9., V*AV.B -2V ,AV,B + 9,,A0B,
W = #/(R)F(D)G(R) + G (R)F(O)H(R).
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Theorem 2 (EOM) The equations of motion for system given by S
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where
~ _ G[Ll/ aF /\Q;w 1 _ 1
Gy = 225 — S HRIFD)G(R) + R W = K W+ 5,

o) n—1
Qe =315 Sun (AT G(R))
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W = #/(R)F(D)G(R) + G (R)F(O)H(R).

® Let us note that V*G,, = 0.
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Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (7)
where
~ _ G[Ll/ aF /\Q;w _ 1 _ 1
Gy = 225 — S HRIFD)G(R) + R W = K W+ 5,

o) n—1
Qe =315 Sun (AT G(R))

n=1 1=0
Ko =V, V. — g0,
S.w(A B) = 9., V*AV.B -2V ,AV,B + 9,,A0B,
W = #/(R)F(D)G(R) + G (R)F(O)H(R).

® Let us note that V*G,, = 0.

@ EOM are invariant on the replacement of functions G and H in S.
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Equations of motion (EOM)

@ If we suppose that the manifold M is endowed with FRW metric, then we
have just linearly independent equations (trace and 00-equation):

1. R—4N .,
—2HF(Q)G + AW +30W + 50 = Z—=. Q=g""Qu,

1 1 Go—A
EH}'(D)Q+HOOW*K00W+ EQoof* 16:G

® If we take
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have just linearly independent equations (trace and 00-equation):

1. R—4N .,
—2HF(Q)G + AW +30W + 50 = Z—=. Q=g""Qu,

1 1 Go—A
EH}'(D)Q+HOOW*K00W+ EQoof* 16:G

® If we take
® H(R)=G(R) and

® G(R) be an eigenfunction of the corresponding d’Alembert-Beltrami O
operator: JG(R) = g G(R), and consequently 7(O)G(R) = F(q)G(R) ,
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Equations of motion (EOM)

@ If we suppose that the manifold M is endowed with FRW metric, then we
have just linearly independent equations (trace and 00-equation):

1. R—4N .,
—2HF(Q)G + AW +30W + 50 = Z—=. Q=g""Qu,

1 1 Go—A
EH}'(D)Q+HOOW*K00W+ EQoof* 16:G

® If we take
® H(R)=G(R) and

® G(R) be an eigenfunction of the corresponding d’Alembert-Beltrami O
operator: JG(R) = g G(R), and consequently 7(O)G(R) = F(q)G(R) ,

G + A — B F(Q)G? + 2F(@)(Frs — K )T (8)

+57(@)5..(6.9) =
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Models of Nonlocal gravity

@ Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J
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for the following cases:
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3. #(R) = AP, G(R) = RY
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Models of Nonlocal gravity

@ Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:

1. H(R)=R,6(R) =R
2. H(R) =R ', G(R) =
3. H(R)=RP,G(R) = RY

4. H(R) = (R+ Ro)", G(R) = (R+ Ro)",
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Models of Nonlocal gravity

@ Earlier, we considered models of nonlocal gravity without matter which
are described by the action,

s= [ (org + MAFO)ER) v=a d'x, J

for the following cases:
1. #(R) =R, G(R) = R

2. H(R)=R ', G(R) =
3. H(R) = RP,G(R) = R?
4. H(R) = (R+ Ro)", G(R) = (R+ Ro)",

5. R = const.

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Special cosmological models

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Special cosmological models

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Special cosmological models

@® Recently, we have considered classes of nonlocal gravity models with
cosmological constant A and without matter, given by

(M4)  S=

1616/(R-2/\+(R-4/\)f(D)(R—4/\))\/ng4x,
w M

(MS) SZL/(R—z/w VR_2AF(O)VR - 20),/—g d'x,
167G [y

where P(R) and Q(R) are some differentiable functions of R, while

FO) =20+ < f,0"0= V.V = = 0. (v/—99"" )
isd’ AIembert-BeItraml operator and A is cosmologlcalconstant.
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@® Recently, we have considered classes of nonlocal gravity models with
cosmological constant A and without matter, given by

(M4)  S=

1616/(R-2/\+(R-4/\)f(D)(R—4/\))\/ng4x,
w M

(MS) SZL/(R—z/w VR_2AF(O)VR - 20),/—g d'x,
167G [y

where P(R) and Q(R) are some differentiable functions of R, while

FO) =20+ < f,0"0= V.V = = 0. (v/—99"" )
isd’ AIembert-BeItraml operator and A is cosmologlcalconstant.

® The action (M4) is limit case od the action (MS) since: the expansion of

VR —2N=+v=2A\/1— f where |R| < |2L].
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Special cosmological models

@® Recently, we have considered classes of nonlocal gravity models with
cosmological constant A and without matter, given by

(M4)  S=

1616/(R-2/\+(R-4/\)f(D)(R—4/\))\/ng4x,
w M

(MS) SZL/(R—z/w VR_2AF(O)VR - 20),/—g d'x,
167G [y

where P(R) and Q(R) are some differentiable functions of R, while
F(O) =225 h0"+ 3,5 07", 0= V.V = -0, (vV=99" 8,)
isd’ AIembert-BeItraml operator and A is cosmologlcalconstant.

® The action (M4) is limit case od the action (MS) since: the expansion of
VR —2N=+v=2A\/1— f where |R| < |2L].

@ Linear approximation in R/2 A gives VR —2A = -2\ (1 — %),
then the nonlocal term in (MS) becomes

VR FO)VR-2 ~77 (R—4A)F(O) (R - 4N),
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@ where factor —g can be included in nonlocal operator F(OJ) by its

redefinition, and at the same time, R —2A = vR - 2AVR —-2A
remains unchanged in the linear approximation.
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Special cosmological models

® where factor —5 can be included in nonlocal operator F(OJ) by its

redefinition, and at the same time, R —2A = vR - 2AVR —-2A
remains unchanged in the linear approximation.

@ The further significantly simplification of EOM could be obtained if P(R)
is an eigenfunction of the corresponding d’Alembert operator [J, and
consequently also of its inverse 0", i.e. if hold

OP(R) = qP(R), O"'P(R) = g~' P(R), F(O)P(R) = F(q) P(R), (9)

where g = (A and g~ = ¢~ 'A~" (¢ dimensionless parameter) are
eigenvalues, respectively, then
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@ where factor —g can be included in nonlocal operator F(OJ) by its

redefinition, and at the same time, R —2A = vR - 2AVR —-2A
remains unchanged in the linear approximation.

3

®

The further significantly simplification of EOM could be obtained if P(R)
is an eigenfunction of the corresponding d’Alembert operator [J, and
consequently also of its inverse 0", i.e. if hold

OP(R) = qP(R), O"'P(R) = g~' P(R), F(O)P(R) = F(q) P(R), (9)

where g = (A and g~ = ¢~ 'A~" (¢ dimensionless parameter) are
eigenvalues, respectively, then

W =2F(q)P'P, F(q)= anq +anq Qv = F'(q)Suw (P, P), (10)
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Special cosmological models 13

14 / / 1 !
Gy + NGy — L F(Q)P° + 2F(9)Rou PP — 2F (@)K, PP’ + 5 F/(9)S,(P, P) = 0. (11)
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Special cosmological models 13

v / / 1 !
Guv + NG — gg F(q)P® + 2F(q) Ry PP — 2F(q)K, PP’ + 5 F'(q) S, (P, P) = 0. (11)

@ The last equation transforms to
(Gue +1gus) (1 +27(@PP) + F(@gus (~ 3P + PP(R - 20))
“2F(@)KuwPP + 3 F(@Su(P.P)=0.  (12)
® Letnow P = R — 4A, then PP’ = P = R — 4A and EOM simplify to
(GW + Agu + F(q) (GW +AgLy ggw = ZKW) P)

2 F(@)Su(P,P) =0,

(13)
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Special cosmological models 13

v / / 1 !
Guv + NG — gg F(q)P® + 2F(q) Ry PP — 2F(q)K, PP’ + 5 F'(q) S, (P, P) = 0. (11)

@ The last equation transforms to
(Gue +1gus) (1 +27(@PP) + F(@gus (~ 3P + PP(R - 20))
“2F(@)KuwPP + 3 F(@Su(P.P)=0.  (12)
® Letnow P = R — 4A, then PP’ = P = R — 4A and EOM simplify to
(GW + Agu + F(q) (GW +AgLy ggw = ZKW) P)

2 F(@)Su(P,P) =0,

(13)

®

v It is evident that EOM are satisfied if
F'(p) =0, and (14)

R
Guv + N9 + F(Q) (GW +AGuw + > Ouv — 2KW) P=0. (15)
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® Let us note that EOM can be rewritten in the form

Gy = Guv + NGy — 87GT, =0, (16)
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Special cosmological models

® Let us note that EOM can be rewritten in the form

Gy = Guv + NGy — 87GT, =0, (16)

@® The corresponding Friedmann equations are

éi_47TG(_+3_)+A é2+k787TG_+A
a_ 3 PTePIT3 2 3 ""3
where p and p play a role of the energy density and pressure of the dark
side of the universe, respectively.

(17)
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Special cosmological models

® Let us note that EOM can be rewritten in the form

Gy = Guv + NGy — 87GT, =0, (16)

@® The corresponding Friedmann equations are

éi_47TG(_+3_)+A é2+k787TG_+A
a3 WPTePItT3, 2 3 F°T3

(17)

where p and p play a role of the energy density and pressure of the dark
side of the universe, respectively.
® The related equation of state is

p(t) = w(t) p(t). (18)
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® 1. Cosmological solution for a(f) = AVies" , k=0
@ For this solution we have

ay=a(ty (7 +A1),  an=ay(RE+an-5),  (19)
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Model #(R) = G(R) = R — 4A - old solutions

® 1. Cosmological solution for a(f) = AVies" , k=0
@ For this solution we have
21 = an (1 200 = a(h) (A2 _ 1
a(t) _a(t)2<t +/\t), a(t) = a(t)4(/\ £+ 4n t2>’ (19)

@ and scalar curvature becomes
R(t) = 3A(AF + 3). (20)
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1. Cosmological solution for a(f) = Avtes" | k=0

()

For this solution we have

ay=a(ty (7 +A1),  an=ay(RE+an-5),  (19)

@ and scalar curvature becomes
R(t) = 3A(AF + 3). (20)

@ The Hubble parameter

1

H(z‘):é(%+/\t). (21)
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1. Cosmological solution for a(f) = Avtes" | k=0

()

For this solution we have

ay=a(ty (7 +A1),  an=ay(RE+an-5),  (19)

@ and scalar curvature becomes
R(t) = 3A(AF + 3). (20)

@ The Hubble parameter

H(z‘):%(%+/\t). (21)

The eigenvalue problem for operator OJ gives
O(R—4A) = —3A(R—4A) (22)
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Model #(R) = G(R) = R — 4A - old solutions

1. Cosmological solution for a(f) = Avtes" | k=0

()

For this solution we have

ay=a(ty (7 +A1),  an=ay(RE+an-5),  (19)

@ and scalar curvature becomes

R(t) = 3A(AF + 3). (20)
@ The Hubble parameter
1.1
H(t) = 5 (3 +A1). (21)
@ The eigenvalue problem for operator OJ gives
O(R—4A) = —3A(R—4A) (22)
@ which implies
F(O) (R—4A) = F(—3A) (R—4NA). (23)
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:

Roo = §(1 —4N—NF), G =

(7 L a2 (24)

t

NI
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:

3 1 2.2 3 1 2
,‘?00:2(1‘—2—4/\—/\t)7 GOOZZ(? /\t) . (24)
@ EOM are satisfied under conditions
F(=8M) = —zx,  F(-30)=0, A%0, (25)
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:
3

Roo = Z(tlz —4N-NF), Go= %(1? +Ab)2. (24)
@ EOM are satisfied under conditions
f(—BA):—ﬁ, F'(=38N) =0, A#0, (25)
which are satisfied by nonlocal operator
F(O) = 35\2 exp <3|:/|\ + 1) (26)
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:

Roo = %(tlz —4N-NF), Go= %(1? +Ab)2. (24)
@ EOM are satisfied under conditions
f(—BA):—ﬁ, F'(=38N) =0, A#0, (25)
which are satisfied by nonlocal operator
F(O) = 35\2 exp <3|:/|\ + 1) (26)
@ Friedman equations imply
oty = SLINEXEN gy LZBNE 0N gy,

where p and p are analogs of the energy density and pressure.

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #(R) = G(R) = R — 4A - old solutions

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #(R) = G(R) = R — 4A - old solutions

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #(R) = G(R) = R — 4A - old solutions

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

w =

2 — 3A212 — BA -1, t = oo,
32+ 3N {2\ 5 o0
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Model #(R) = G(R) = R — 4A - old solutions

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

_ 2 _3A%2 _BA -1, t = oo,
Y= arzraneron 5 (-0

@ The expressions (28) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,
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Model #(R) = G(R) = R — 4A - old solutions

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

72 — 3A22 — BA =1, t > oo,
W:

32+ 3N {2\ 5 o0

@ The expressions (28) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,

@ and w(t) — 1/3 when t — 0, what corresponds to early times as for the
case of radiation.
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Model #(R) = G(R) = R — 4A - old solutions

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

72 — 3A22 — BA =1, t > oo,
W:

32+ 3N {2\ % t=0.

@ The expressions (28) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,

@ and w(t) — 1/3 when t — 0, what corresponds to early times as for the
case of radiation.

@ From expression for Hubble parameter, (21), follows:
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@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

72 — 3A22 — BA =1, t > oo,
W:

32+ 3N {2\ 5 o0

@ The expressions (28) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,

@ and w(t) — 1/3 when t — 0, what corresponds to early times as for the
case of radiation.

@ From expression for Hubble parameter, (21), follows:

@ the first term (%) is the same as for the radiation dominance in Einstein’s
gravity, while the second term (%) can be related to the dark energy
generated by cosmological constant A.
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Model #(R) = G(R) = R — 4A - old solutions

@ At the present cosmic time f = 13.801 - 10° yrand A = 0.98 - 1073 572,
both terms in (21) are of the same order of magnitude.
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Model #(R) = G(R) = R — 4A - old solutions

@ At the present cosmic time f = 13.801 - 10° yrand A = 0.98 - 1073 572,
both terms in (21) are of the same order of magnitude.

@ Since, the value for the Hubble parameter, and H(f) = 100.2 km/s/Mpc,
is larger than current Planck mission result Hy = 67.40 + 0.50km/s/
Mpc, this cosmological solution may be of interest for the early universe
with radiation dominance and for far-future accelerated expansion.
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@® 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (28)
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@® 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (28)

@ and scalar curvature becomes
R(t) = 12A(4AF + 1). (29)
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@® 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (28)

@ and scalar curvature becomes
R(t) = 12A(4AF + 1). (29)

@ The Hubble parameter
H(t) =2At. (30)
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@® 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (28)

@ and scalar curvature becomes

R(t) = 12A(4AF + 1). (29)

@ The Hubble parameter
H(t) =2At. (30)

@ There is useful equality
O(R — 4A) = —12A(R — 4A), (31)
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@® 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (28)

@ and scalar curvature becomes

R(t) = 12A(4AF + 1). (29)
@ The Hubble parameter
H(t) =2At. (30)
@ There is useful equality
O(R — 4A) = —12A(R — 4A), (31)
@ which implies
F(O)(R - 4A) = F(—12A)(R — 4A). (32)
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (33)
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (33)

@ EOM are satisfied under conditions
1

F(-12A) = g5

F'(=12A) =0, A#0, (34)
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@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (33)

@ EOM are satisfied under conditions
1

]—‘(—12/\):—64—/\, F'(=12A) =0, A#0, (34)
which are satisfied by nonlocal operator
O O

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (33)

@ EOM are satisfied under conditions
1

]—‘(—12/\):—64—/\, F'(=12A) =0, A#0, (34)
which are satisfied by nonlocal operator
O O

@ Friedman equations give

_ A12AZ —1) = BA(4AP+ 1)
t)_W’ P(t)——T- (36)
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Model #(R) = G(R) = R — 4A - old solutions

@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (33)

@ EOM are satisfied under conditions
1

]—‘(—12/\):—64—/\, F'(=12A) =0, A#0, (34)
which are satisfied by nonlocal operator
O O

@ Friedman equations give

AA2AE —1) BA(4NEP + 1)
=g p(t) = T &G (36)
@ It follows
—12A2 - 3 —1, t = 0
T — I 7
Y= Toae —1 {3, t— 0. 37)
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Model #(R) = G(R) = R — 4A - old solutions
Old results.

® The solutions a; (t) = Av/ei” and ax(t) = Ae’’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).
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Model #(R) = G(R) = R — 4A - old solutions
Old results.

® The solutions a; (t) = Av/ei” and ax(t) = Ae’’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).

@® The solution ax(t) is a nonsingular bounce one and an even function of

cosmic time. An exact cosmological solution of the type a(t) = Ae““z,
where o € R, appears also at least in the following two models:
(1) P(R) = Q(R) = R,and (2) P(R) = Q(R) = VR — 2A.
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Model #(R) = G(R) = R — 4A - old solutions
Old results.

® The solutions a; (t) = Av/ei” and ax(t) = Ae’’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).

@® The solution ax(t) is a nonsingular bounce one and an even function of

cosmic time. An exact cosmological solution of the type a(t) = Ae““z,
where o € R, appears also at least in the following two models:
(1) P(R) = Q(R) = R,and (2) P(R) = Q(R) = VR — 2A.

@® The nonlocal analytic operator F([J) that takes into account both solu-
tions a; () and a(t) have the form F(O) = a¥ exp(bu® + cu® + du),
where a, b, ¢, d, are constants and u = [J/A is dimensionless operator.
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® The solutions a; (t) = Av/ei” and ax(t) = Ae’’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).

@® The solution ax(t) is a nonsingular bounce one and an even function of

cosmic time. An exact cosmological solution of the type a(t) = Ae““z,
where o € R, appears also at least in the following two models:
(1) P(R) = Q(R) = R,and (2) P(R) = Q(R) = VR — 2A.

@® The nonlocal analytic operator F([J) that takes into account both solu-
tions a; () and a(t) have the form F(O) = a¥ exp(bu® + cu® + du),
where a, b, ¢, d, are constants and u = [J/A is dimensionless operator.
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Old results.

® The solutions a; (t) = Av/ei” and ax(t) = Ae’’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-

nergy ax(t).
@® The solution ax(t) is a nonsingular bounce one and an even function of

cosmic time. An exact cosmological solution of the type a(t) = Ae““z,
where o € R, appears also at least in the following two models:
(1) P(R) = Q(R) = R, and (2) P(R) = Q(R) = VR — 2A.

@® The nonlocal analytic operator F([J) that takes into account both solu-
tions a; () and a(t) have the form F(O) = a¥ exp(bu® + cu® + du),
where a, b, ¢, d, are constants and u = [J/A is dimensionless operator.

® According to our solutions a(t) = Av/te:” and a(t) = Ati et it follows

that effects of the dark radiation (v/1), the dark matter (t%) and the dark

energy (e“"’z) at the cosmic scale can be generated by suitable nonlocal
gravity models.
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@® Let us consider the scale factor

a(t) = (ce™ + g™, (38)
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@® Let us consider the scale factor

a(t) = (ce™ + g™, (38)

@ and the corresponding eigenvalue problem
O(R — 4A) = p(R — 4A), (39)

for some constant p.
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@® Let us consider the scale factor

a(t) = (ae™ + ge™™)7,

@ and the corresponding eigenvalue problem
O(R — 4A) = p(R — 4N),
for some constant p.
@® Solving the eigenvalue problem (39) we found that it is satisfied in
the following two cases:
Q@ =1,p=22%A=3) ke {0,-1,1}
Q@ =5A=32 k=0
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@® Let us consider the scale factor
a(t) = (ce™ + g™, (38)

@ and the corresponding eigenvalue problem
O(R — 4A) = p(R — 4A), (39)

for some constant p.
@ Solving the eigenvalue problem (39) we found that it is satisfied in

the following two cases:
@ ' =1,p=2"°A=3)° kec{0,-1,1}

Q=1 A=3xk=0.

® Let us consider the scale factor
a(t) = (acos At + Bsin At)7, (40)

and same eigenvalue problem
O(R — 4A) = g(R — 4A). (41)

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ It has solutions in the following two cases:
Q@ y=1,9g=-2X A=-3)% ke {0,-1,1}
Q=3 A=-3X k=0
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ It has solutions in the following two cases:
Q@ y=1,9g=-2X A=-3)% ke {0,-1,1}
Q=3 A=-3X k=0

® We found that this nonlocal gravity model has the following new
cosmological soulutions.

(i1) for A > 0, and scaling factors of the form

as(t) = e %M-s—ﬂe_\/gt, (42)
1
ay(t) = (ae A +,8e_\/§t) 5 (43)

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ It has solutions in the following two cases:
Q@ y=1,9g=-2X A=-3)% ke {0,-1,1}
Q=3 A=-3X k=0

® We found that this nonlocal gravity model has the following new
cosmological soulutions.

(i1) for A > 0, and scaling factors of the form

as(t) = e %M-s—ﬂe_\/gt, (42)
1
ay(t) = (ae A +,8e_\/§t) 5 (43)

(i2) for A < 0, and the trigonometric scaling factors of the form

as(t) =« cos@t—o—ﬁsin 1/_%/\7 (44)
2 . 2 :
as(t) = A | acos gl\t-i-ﬁsm gAt . (45)
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@® 3. Cosmological solution for a(t) = oze\/g ‘4 /Be_\/gt
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@® 3. Cosmological solution for a(t) = ae\/g ‘4 /Be_\/gt

@ For this solution we have

a(t) = \/é(ae@f _ ﬁe—@’), a(t) = %a(t), (46)

R(t) = 4A + (6k — 8Aa3) a(t) 2, (47)
H(t) = % (1-28e VA ta()™), (48)
Roo = —A,  Goo = A+ (3k — 4Aaf) a(t) 2. (49)
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@® 3. Cosmological solution for a(t) = oze\/g ‘4 /Be_\/gt

@ For this solution we have

a(t) = \/é(ae@f _ ﬁe—@’), a(t) = %a(t), (46)

R(t) = 4A + (6k — 8Aa3) a(t) 2, (47)
H(t) = % (1-28e VA ta()™), (48)
Roo = —A,  Goo = A+ (3k — 4Aaf) a(t) 2. (49)

@ The corresponding eigenvalue problem has the solutions,

D(R—4/\):§/\(R—4/\), ]—"(I])(R—4/\):]—'(§/\)(R—4/\). (50)
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following 3 nontrivial cases:

3.1 ap =3k,
82 af=0,F(3A) = o5, F'(BN) = 52 kK #0,
3.3 af = —£, F(EN) = 2. F'(3N) = 0.
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following 3 nontrivial cases:

3.1 ap =3k,
82 af=0,F(3A) = o5, F'(BN) = 52 kK #0,

3.3 af = —£, F(EN) = 2. F'(3N) = 0.
Case 3.1 aff =0, R(t) = 4A.
3.1.1 Fork:Owehavea(t)Nei\/gt

312 A>0,k=+1,gives a(t)=/3cosh,/2 t

A 3
313 A>0,k=—1,gves a(t)=/3sinh,/4t
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following 3 nontrivial cases:
31 af = 3%,
32 af =0, F(5M) = 5. F '(3M) = 525, k #£0,
33 aB = -2, F(3N) = ox. F (3N =0.
Case 3.1 aff =0, R(t) = 4A.
3.1.1 For k = 0 we have a(t) ~ etvs!
312 A>0,k=+1,gives a(t) = \/?cosh \ft
313 A>0,k=—1,gives a(t) = ﬁs.nh \ft
Case 3.2 a =0o0r 8 =0and R(t) = 6ka(t) "2 + 4A,
~J/5¢
3.2.1 Fora =0 we have a(t) =pe V3,
Vit
3.2.2 For B = 0 we have a(t) = aeV 3 ".
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@ Equations of motion are satisfied in the following 3 nontrivial cases:
31 af = 4/\’
32 af =0, F(5M) = 5. F '(3M) = 525, k #£0,
33 aB = -2, F(3N) = ox. F (3N =0.
Case 3.1 a3 =0, R(t) = 4A.
3.1.1 For k = 0 we have a(t) ~ etvs!
312 A>0,k=+1,gives a(t) = \/?cosh \ft

313 A>0,k=—1,gives a(t) = ﬁs.nh\ft

Case 3.2 a =0o0r 8 =0and R(t) = 6ka(t) "2 + 4A,
3.2.1 For o = 0 we have a(t) = 667@ !
Vit
3.2.2 For B = 0 we have a(t) = aeV 3 ".
Case 3.3 R(t) = 4N + 8ka(t) 2,
3.3.1 For k = 1 we have a(t) = if sinh (,0—&-\/72‘

3.2.2 For k = —1 we have a(t) = \17\ cosh(y + \/;t)_
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Effective density and pressure are given by:

4

__ 3 4 I S B W -2
P=g-glk—zhaBlalt)”, p=—-g slk—gzhaf)at)™. (51)
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Effective density and pressure are given by:

f/\aﬁ) a(t)™2.  (51)

(k-3

__ 3 4 2 - 1
P—%(k—g/\aﬁ)a(t) v P="g.G

® For k # 2o the corresponding w parameter is w = — 3.
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= G(R) = R — 4/ - New Cosmological Solutions

@ Effective density and pressure are given by:

4

_ 3 oo 1 . 4
P=g.glk—zghaBlalt)™, p=—g =k

—2
5/\(15) a(t)y"=. (51)

® For k # 2o the corresponding w parameter is w = — 3.

3

1
® 4. Cosmological solution for a(t) = (aezf’—kﬁe’zf )2
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= G(R) = R — 4/ - New Cosmological Solutions

@ Effective density and pressure are given by:

4

S-Sk 2 = R
P=g.glk—zghaBlalt)™, p=—g =k

-2
shaB)a(n > (51)

® For k # 2o the corresponding w parameter is w = — 3.

1
® 4. Cosmological solution for a(t) = (aezf’—kﬁe’zf )2

@ From the related eigenvalue problem follows: kK = 0 and R = 4A.
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= G(R) = R — 4/ - New Cosmological Solutions

@ Effective density and pressure are given by:

_ 3 4

S N 2 g 1 g =
P=g.glk—zghaBlalt)™, p=—g =k

-2
shaB)a(n > (51)

® For k # 2o the corresponding w parameter is w = — 3.

1
® 4. Cosmological solution for a(t) = (aezf’—kﬁe’zf )2

@ From the related eigenvalue problem follows: kK = 0 and R = 4A.
@ The EOM yield the condition

aB=0. (52)

Hence, we only have solutions with a(t) ~ ei\/g ! which we already
have in in the Einstein theory of gravity.
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® 5. Cosmological solution for a(t) = avcos /—5 t+ Bsiny/—5 t
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

® 5. Cosmological solution for a(t) = avcos /—5 t+ Bsiny/—5 t

@ In this case we have

a(t) \/7 ﬂCOS\/it—asm\/i a(t) = 7 a(t), (53)

Ft’(t):4/\-|—6(k—(a + 82 )ga(t)‘ ) (54)

H(t) = H(ﬁcos@ t— asin H t)a(t)q, (55)
Roo = —A, Goo = 3(/( - %(Bcos \/g t— asin \/g t)z)a(l‘)72
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

® 5. Cosmological solution for a(t) = avcos /—5 t+ Bsiny/—5 t

@ In this case we have

alt) = fﬂcosft—asmf s =Dat), (9

Ft’(t):4/\-|—6(k—(a + 82 )ga(t)‘ ) (54)

H(t) = H(ﬁcos@ t— asin H t)a(t)q, (55)
Roo = —A, Goo = 3(/( - %(Bcos \/g t— asin \/g t)2>a(l‘)72

@ The corresponding eigenvalue problem has the same solution as in the
previous case (50),

IZI(F?—4/\):§/\(R—4/\), ]—"(D)(F?—4/\):]-‘(§/\)(R—4/\), (56)

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following two nontrivial cases:
51 o? + g2 = 3k,
52 F(2N) = 135, F'(3N) = 0,02 + g2 = - K.
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following two nontrivial cases:

51 o? +p2 =3k

52 F(2N) = 135, F'(3N) = 0,02 + g2 = - K.

Case 5.1 In this case we have R(t) = 4A.
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following two nontrivial cases:
51 o? + g2 = 3k,
52 F(2N) = 135, F'(3N) = 0,02 + g2 = - K.

Case 5.1 In this case we have R(t) = 4A.

Case 5.2 In this case, we have R(t) = 8 k a(t) 2 + 4A,

5.2.1 For k = 1 we can transform scale factor a(t) = a:cos \/— 4 t+ Bsin/—5 t
into form:
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following two nontrivial cases:

51 o? +p2 =3k

52 F(2N) = 135, F'(3N) = 0,02 + g2 = - K.
Case 5.1 In this case we have R(t) = 4A.

Case 5.2 In this case, we have R(t) = 8 k a(t) 2 + 4A,

5.2.1 For k = 1 we can transform scale factor a(t) = a:cos \/— 4 t+ Bsin/—5 t

into form:
a(t) = \/%Tsin (@t - go).

@ Effective density and pressure are given by:

_ 3k —N(o®+ 57 A(o? + %) — 3k

8rGa(t)e P="%4G a(t)2 (57)
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ Equations of motion are satisfied in the following two nontrivial cases:

51 o? +p2 =3k

52 F(2N) = 135, F'(3N) = 0,02 + g2 = - K.
Case 5.1 In this case we have R(t) = 4A.

Case 5.2 In this case, we have R(t) = 8 k a(t) 2 + 4A,

5.2.1 For k = 1 we can transform scale factor a(t) = a:cos \/— 4 t+ Bsin/—5 t

into form:
a(t) = \/%Tsin (@t - go).

@ Effective density and pressure are given by:
3k — N(® + B?) _ AN?+ p%) -3k
T erGalt P="2a:Gap

® For k # 4(o® + B?) the corresponding w parameter is w = —3.
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1
@® 6. Cosmological solution for a(t) = (a cosy/—%5 t+ Bsiny/—% t) °
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1
2

® 6. Cosmological solution for a(t) = (a cosy/—% t+ Bsiny/—% t) :

@ In this case, k = 0 and R = 4A.
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

1
@® 6. Cosmological solution for a(t) = (a cosy/—%5 t+ Bsiny/—% t) °

@ In this case, k = 0 and R = 4A.

@ From the EOM follows
A+ =0 (58)

Hence, there are no nontrivial solutions of the form

at) = (acosy/—% H—Bsin\/—% 1‘)%.

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@

1
® 6. Cosmological solution for a(t) = (a cosy/—% t+ Bsiny/—% t) ;

@ In this case, k = 0 and R = 4A.
@ From the EOM follows
A+ =0 (58)

Hence, there are no nontrivial solutions of the form

at) = (acosy/—% H—Bsin\/—% 1‘)%.

On new cosmological solutions. In the previous considerations, rela-
ted to the finding of new cosmological solutions of nonlocal gravity mo-
del, in a class of possible scale factors of the form

2
)

a(t) = (a€ + ge )

we found four new solutions when v = 1 and no nontrivial solutions if
~v # 1. The new solutions are:
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ The new solutions are:

6k

— VB AN, k=—1,41, A>0,

w1, at)=AetVEL R()
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ The new solutions are:

— AetV/E 1 R(t):%‘e*zﬁwmx, k=-1,41, A>0,

® 2. a(t) f—cosh(\/>t) R(t KA +4A, k=-1, A>0,

cosh2 \[t
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Model #H(R) = G(R) = R — 4\ - New Cosmological Solutions

@ The new solutions are:

—aeVEL Ry =8KemVEtLun k=141, A>o,

A2
® 2. a(t) cosh(\/>t) R(t)= —SKN _ Lan k=—1, A>o,
cosh? %t
® 3. a(t):#sinh(\/gt), R(t)= —SKN L 4n k=11, A>o0,

sinh? \/gt
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= G(R) = R — 4/ - New Cosmological Solutions

@ The new solutions are:

® 1. a(l‘):Aei\/gt, R(t):i\—l;e?2\/§t+4/\, k=-1,+1, A>0,

® 2. a(t):—cosh(\/>t) R() = —SKN  Lun k=—1, A>o0,

1 A 8kA
® 3. = ——sinh(/31), R(f)= ——— +4A, k=+1, A
» 3. a(t) 7R S (\gt), (® sinhz\/§t+ : +1, A>0,

1 /=N —8kA
®4. a(t) = —=sin(4/ =-1), R(t) = ———— + 4N\, k=+1, A<O.
V—A 3 sinzw/%’\t
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= G(R) = R — 4/ - New Cosmological Solutions

@ The new solutions are:

® 4.

— AetV/E 1 R(t):%‘e*z@wm k=-1,41, A>0,
.a(t):—cosh(\/>t) R(t)= —SKN _ Lan k=—1, A>o,
cosh?® %t

1 A 8kA
a(l‘):—sinh(\/jl‘)7 R(t)= ————+4A, k=+1, A>0,
VA 3 sinh? \/gt

1 —A —8kA
a(t) = sin(\/ —=-1), R(t) = ——=— +4A, k=+1, A<O.
V=N 3 sin2 /—Sl\t

Recall that in the de Sitter (anti-de Sitter) case, analogous solutions are:
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De Sitter (anti-de Sitter) Solutions

©1. at)=Ae*V3L R(t)—=4A k=0, A>0,

Zoran Raki¢ New Cosmological Solutions of a Nonlocal Gravity Model



De Sitter (anti-de Sitter) Solutions

©1. at)=Ae*V3L R(t)—=4A k=0, A>0,

®2. a(t) = \/%cosh(\/gt), R(t)=4A, k=1, A >0,
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De Sitter (anti-de Sitter) Solutions

® 1 —Ae*V3L R(t)—4A, k=0, A>0,

® 2. a(t):\/%cosh(\/gt), R(t)=4A, k=1, A >0,
® 3. a(t) \/jsmh(\/7 =4\, k=-1, A>0,
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De Sitter (anti-de Sitter) Solutions

©1. at)=Ae*V3L R(t)—=4A k=0, A>0,

® 2. a(t) = \/gcosh(\/gt), R(t)=4A, k=1, A >0,
) 3 . A

® 3. a(t) = KS'"h( 52‘)7 R(t)=4A, k=-1, A>0,
) -3 . —A
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De Sitter (anti-de Sitter) Solutions

©1. at)=Ae*V3L R(t)—=4A k=0, A>0,

®2. a(t) = \/%cosh(\/gt), R(t)=4A, k=1, A >0,

i 3 . A

® 3. a(t) = Ksmh( 52‘)7 R(t)=4A, k=-1, A>0,
: -3 . —A

@ Change of topology. If we compare solutions of de Sitter (anti-de Sitter)
and new nonlocal solutions, we can note that for the same cosmological
constant A, there are analogous scale factors with the same time depen-
dence, but with different curvature constant k.
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De Sitter (anti-de Sitter) Solutions

® 1.

® 2.

® 3.

® 4.

at) = AetVEL R()=4A, k=0, A>0,

a(t) = \/%cosh(\/gt), R(t) =4A, k=1, A>0,
a(t) = \/gsinh(\/ét), R(f) = 4A, k=—1, A>0,
a(t) = \/%SSin(q/%At), R() = 4A, k=1, A<O.

Change of topology. If we compare solutions of de Sitter (anti-de Sitter)
and new nonlocal solutions, we can note that for the same cosmological
constant A, there are analogous scale factors with the same time depen-
dence, but with different curvature constant k.

This fact can be interpreted as change in topology in de Sitter (anti-de
Sitter) space by the inclusion of the nonlocal term of the form
(R—4N)F(O)(R—4N)
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)

Four new exact cosmological solutions are obtained,

@ Effective energy density and effective pressure are computed for
all new solutions,

®

) Change of space topology by nonlocal gravity is noted,
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Conclusions

Conclusions.

Four new exact cosmological solutions are obtained,

)

» Effective energy density and effective pressure are computed for
all new solutions,

Change of space topology by nonlocal gravity is noted,

@®

@ A connection between nonlocal gravity models (M4) and (MS) is shown.
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Model #H(R) = G(R) = R — 4A - Scalar Field

® Let us start with the action

1
- /,/_g Rd*x+ o~ / V== L V,oV o — V(e))dx.

(59)
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Model #H(R) = G(R) = R — 4A - Scalar Field

® Let us start with the action

1
:ﬂgé/,hgﬁfx+——/x/ V.oV 0 — V(0))d*x.

(59)
@ By variation of the previous action with respect to metric g we obtain
1G+1<VV+ ()—1vv)—o
16 G 1214 8 G gll«l' PVopp ngV 2 uPVre) =U.
(60)
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Model #H(R) = G(R) = R — 4A - Scalar Field

® Let us start with the action

1
- /,/_g Rd*x+ o~ / V(1 V.oV o — V(0))dx.
(59)

@ By variation of the previous action with respect to metric g we obtain

1 1 1
Tor5 O + s (39 V9V o0 + 39w V(e) — 3V,6Vu) = 0.

(60)
® Variation over ¢ yields Ty = V'(¢). The corresponding EOM are:

Gu =87G Ty, Op = V'(p). (61)
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Model #H(R) = G(R) = R — 4A - Scalar Field

Let us start with the action

1
:ﬂgé/,hgﬁfx+——/x/ V.oV 0 — V(0))d*x.

®

(59)
@ By variation of the previous action with respect to metric g we obtain
1G+1<VV+ ()—1vv)—o
16 G 1214 8 G gll«l' PVopp ngV 2 uPVre) =U.
(60)
® Variation over ¢ yields Ty = V'(¢). The corresponding EOM are:
Gu =87G Ty, Op = V'(p). (61)
® Now, we obtain
1, 1,
87Gp = 54"+ V(¢), 87Gp = 54" — V(¢). (62)
Therefore we have
8rG(p + p) = ¢° 4nG(p - p) = V(p)- (63)
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® In the case of cosmological solution for a(f) = AvVie** , k=0
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Model #H(R) = G(R) = R — 4A - Scalar Field

® In the case of cosmological solution for a(f) = AvVie** , k=0
@ Corresponding effective density and pressure for this solution are:
_ AP (3AP+2) +3 _1-3AP (AP +2)
P= " B3mGE P="3zar

(64)
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Model #H(R) = G(R) = R — 4A - Scalar Field

In the case of cosmological solution for a(t) = Avies" , k =0
® Corresponding effective density and pressure for this solution are:

@®

=
©)

_ AP (3AP+2) +3 _1-3AP (AP +2)

p 325GE p 32:GP =

N\

@® Substituting the previous expressions into (63) we obtain

1 t\/garccot (\//\l‘2 — 1)
gp:it\/t—z—/\i +C, (65)

A2 —1
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FRW metric — Christoffel symbols

Non-trivial Christoffel symbols of Friedman— Robertson —Walker metric

a > a 3 _ 4@
M == ra, == s = —
01 a 02 a 03 a
aa 1 kr 2 1
rd, = M = M= —
Tk Tk 2y
1
s = =
3=
M =r’aa M3 =r(kr’—1) M35 = cotf
s =r*aasin®0 Fégzr(kr2—1)sin29 M35 = —sin0 cosf
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

aa r? & (& + k)
R == R =l 5\ v
0110 = 72 1221 T
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Ross():fzaé Sin2 0 Fl'2332:7l'432 Sin29(32+k)
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

.. > .
__aa P& (& +k)
R0110 — W R1221 — _W
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Rozzo = I'2 aa Sin2 0 Rozzo = 7/'4 32 sin2 0 (32 -+ k)
Ricci tensor
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

. > .
__aa P& (& +k)
ROHO — 1_kr2 R1221 — _W

. r?a sin?0 (& + k

Roz220 = rfaa Riaz1 = — 1|n_ k(r2 )

Rozzo = I'2 aa Sin2 0 Rozzo = 7/'4 32 sin2 0 (32 -+ k)

Ricci tensor

-& 0 o0 o0
0 u g1 0 0 u_aé+2(é2+k)
0 0 U Qoo 0 a2

0 0 0 U Qgs3
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FRW metric— Einstein tensor
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FRW metric— Einstein tensor

Scalar curvature
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FRW metric— Einstein tensor

Scalar curvature

6(aga+ & +k)

R= e
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FRW metric— Einstein tensor

Scalar curvature

6(aga+ & +k)

R= e

Einstein tensor
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FRW metric— Einstein tensor

Scalar curvature

S
Ao 6(aa+a +k)

aZ
Einstein tensor
Wr g 0 0
J— 3 - 2
G = 0 V g1 0 0 7 V:2aa+2a + k
0 0 —V Qg 0 a
0 0 0 —V Q33
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