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Multiplicative (determinant) anomaly for elliptic operators Oy, O
(012 = 0,0,) [Wodzicki (1984); Bytsenko et al (2003); Kontsevich, Vishik
(1994)]

A(O1,0;) = log Det 015 — log Det O; — log Det Q5. (1)

Relation to surface terms

Determinant (order-preserving) deformation

§log Det [015] = §[ Tr log O12] = Tr [075 6012]

2
= Tr [0510;1 (50102 F 01502)] . ( )

Cyclic permutations under Tr involve integration by parts

0log Det [0105] = dlog Det O + dlog Det Oz + / d?zo,l... 1" (3)
M

= expect only surface terms in A(O1, Os).
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For ord F(z) =2, ordﬁ'(4) =4
div

d—2,4 .
Az 4 w- d/2

/ d4z g'/? tr [2EF12 EFI EFQ} , w—d/2-0, (4)

where E;f) and E;T(,f) are Gilkey—Seeley coeflicients.

Minimal operators

F =01+ A.V* +0Q, y =01+ P, (5)

div 1 d*z g/ -
AR = Sfr Vo tr A%, (6)

d—apdiv 1 d*zg lisan A L e + oB
A" = 5 [ Harr Ve — 3 (AP +@) - @R+ AR

o R D PN
— —OA* + §VBV‘”A5 + EA‘*VBA‘? (7)

_ 1 (v afi Y AN Y WL
5(v APAs + VgA®A )+ﬂ(A AgA )}.

A. Kalugin Det anomalies and Wres PMMP’25



Nonminimal operators

«@ a A (e et a a e a

d—2div
Ais | =0,

asa|™ 1 d*z g'/? TA=2) (A= 2)A +2(A — 1) log(1 — X))
Az T w—2 / 1672 V"{ 24X — 1)A
+ BA=((A - 2)A1+2§§A —1)log(1 =) VX0
L D=2 -li—Zi(z)\ — Dlog(1 = X)) ca
A+ (A =2)A+2(A —1)log(1 — X)) “
- 1201 — 1)A2 20
A = 1D(A=2)A+2A — 1) log(1 — ) wa
B 12(A — 1)A2 v Y}'

(10)

Only total-derivative terms, as expected.
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Kontsevich-Vishik formula

Alternative approach: explicit formula for determinant anomaly via the
Wodzicki (non-commutative) residue

1 log [At] 10g [AtB]
'A(A’B)_/O dtWres{logn( ord A _ordA+ordB)}7 (11)

nEABfg:?ig, ordn =0,
ord A (12)
ord B’

o ord A
Ay =n'BordB | ord Ay =

The rest of the talk: what is Wres and how to compute it.

Pseudodifferential operator (PDO)
F is ¥DO of order ord F' if

d .
Fo(z) = / 4 / Pyt Va(z g o), (13)

@m)i

ord F+|S]|
a(z,y, &) e S o IO 8?85@(3:,5)’ < Cap (\/1 +§2) " . (14)
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Total symbol

Equivalently, a WDO via total symbol sp(z,&) € SO

d ) ) )
Fo@) = [ g [0V sn(e, 0, sr(e€) = R

sroG(7,€) = Z i 358F(95 §) Ok sa(x,€).

Classical total symbol has a decomposition into homogeneous components

x é-)NZFordF—j(xag)? |$|*>OO

(15)

(16)

Wodzicki (or noncommutative) residue

Wres FF < ord T lies1 {% Tr (T +uF) 7]

u%O}’

where T is an arbitrary elliptic test operator of ord T' > ord F’
[Wodzicki (1984, 1987)].
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Other relations

As a log-coefficient in early time expansion

(o)
2j—d
Tr [Fe™| = =3 Ay rordt " - Wres I
j=0

I I .
dT og T+ O(7logT)
Via the total symbol

d
WresF:/ ddacgl/2/ ¢
M €

i e )

(20)

= we need to compute homogeneous components of total symbol on M.

Covariant total symbol (CTS)

sr(z,8) = " Fe ®" & sp(a’,¢) = F; i€’ (@ —2)

hence the manifestly covariant total symbol (CTS) should read

F(V;C) eiga/ o (z,2')

)
z—x’/

(22)
Oor = VZ,0(z, '), where o(z,2') = 1[dist(z, 2')]? is a Synge world function.
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Operator map (“quantization”)
d’¢

F(Va)p(z) = / A | det g (z, @) sr(x, €) €772 @ (5",

@m)i

where oo (z,2") = Vo Vgo(z,2').

(23)

Covariant total symbol of composition

Expanding into covariant Taylor series

] o’ i 1 ’ r o
Ay p(x)ete’® = Z yvaa . .V%cp(ac/) Ay 01 .. g% ¢’

z—x’

—k ,

= Z ! V off @o0 Veh) p(a’) Bt ca(a, ).
k=0

’ ’ ’
:Az eiﬁa/aa efiéa/ao‘ Bz eifa/o'o‘

z—z’

saop(z', &) = Ay By e™a'”

i k ! ’
= Z k! \Ij(a ak)(mlagl)aglm kgA(xlvél)v
k=0

Ulor0n)(£,8) = V(ay ... Vayy e %" Byee’?

z/ =z

z—z!

(24)
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Wres f(A) can be found from total symbol of the resolvent

A} 6) = —— [ AN F s {(A— N} (.6), (27)

C omi

= need symbols of inverse operators.

Covariant total symbol of the inverse operator.

Schematically we have
<k
fAloA}=1=)" %ag“%l N7 (28)
— k!

Since k = 0 term is just ¢4-164, we can use this to iteratively solve for ¢4-1

a1 =D Qm Qo=— Qm=3 Fr-%Qm-xVi. (29)
m=0 k=1

o

Let us use this to calculate Wres 1/00 at d = 4, which requires the knowledge
of ¢_4 {D_l} (z,€). Power counting tells that we only need @,, up to m = 2.
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Using the fact that for B = B(V,)

. o X o
US  0 (2,6) =Va, ... Vo, e 4’7 B, et

) z/ >z (30)
=Vai . -V, B(Va +i€uot )1

z’%z’
we find ¥’s in terms of coincidence limits of covariant derivatives of the Synge world
function [aaﬁ.““l”'”*'] =V,Vs...V¥V" . oM ()

z—x’

O o_ . ’ O . 7 ' V!
g = —&, Ug =i, [aai“ ] » Yiap) = 6y [%«5)?“} — &b [Waﬁ)“ Y+ oep® } ;

(31)
whence
Q@=-¢7 Q-gS2rt, Q--52riio(5). @
- 2 £abp pa 1 [g'?d!
oa {071} (z,8) 3€£§BR . WresO ™' = 6/%3, (33)

which is in agreement with literature [Kalau, Waltze (1995),
Ackermann (1996)].
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sg(z,€) is not enough for U7

) o . o
o= Val...an e €10 B. eilaro .
T’

Can we close the covariant symbol algebra? Yes [Widom (1978, 1979, 1980)].

Algebra of total symbols

©  k—¢ k
= ; 7 t
e OAS@ T = 3 Y V@
2,k=0 mo+~~~+m1€>=1€ T ’ (34)
mi,...,mg

x V™ o(z) ...V p(z) 8§ sa(z,§)

fo—t00p(z)

apply to calculating \IIE1

e ™

ik—'no—Z?:l (nj +m]-)

o0
1
! / _ —
SCHIED DD I TS B ey R

k=0 my,..mp>2
ng,ny...n >0

X o VI 0% (0,01) .. 6oy, VI 0% (2,0) (33)

% a§1+...+nkgA(x/’€/) V;Lo |:3:7n1+"'+mk§3(93,77) , :|
Na—€qr 08 (2,27)

>z’
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All of the above is for scalar operators. Generalization to vector bundles:

Operators on vector bundles

Delta function contains parallel displacement propagator
ao(z,z') = P(x,2’) : 0*V4P(z,2") = 0 [Barvinsky, Wachowski (2022)]

S(z,2') = 6 (2, 2) :/ ((2175 e'a 10 (@0 )'PB/(:L’ z'), (36)

So the covariant total symbol should read

er(a, &) € Fye'ta 7= (i) P(z,z) ) (37)
r—xT
All formulas modify slightly, now containing 75(x, 2') derivatives:
1 ikf'”*z;‘c:()("j“"'mj)
Sioa(® Z - Z;WH Kl n! nol .. ngl mo! ... !
nmg,no, nE>0
X o V™M 0% (2,01) . gq VIO (0,0 )OI (') (BB)

% V [8M1+ +mk§3($ 77) }v;noanoﬁ(m’x/)

’
Na—€yr 08 (2,27)
z—xz’
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Summa‘ry
e Shown, that the determinant anomaly is proportional to a total-derivative
term.

e Verified by explicit calculations using the heat kernel method for minimal
and nonminimal anomalies.

e Manifestly covariant total symbol calculus used to calculate Wres %

@ Apply covariant total symbol calculus to traces of square roots of
operators.

e Employ Kontsevich-Vishik formula to anomaly calculations in physically
relevant examples.
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Thank you for your attention!
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