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Classical chaos

@ Deterministic Hamiltonian evolution
¢' =0H/dp;,  pj=—0H/O¢

@ Poincare sections

e Ergodicity and mixing
1 [T
lim —/ dt i [(T*A) N B] = p(A)u(B)
-7
o Lyapunov exponent (2! = (¢, p;))

lim lim z(t; § z(t; ~ e, A>0
i im0+ 0m) — sz ~ e
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Quantum Lyapunov exponent

@ Response matrix

021 (t;
@IJ(t; 20) = gz ) ( }ZO), tr(<I>T<I>) ~ 2N
0z
@ In terms of canonical variables
021 (t; 20)
ol = 2 2 t Z
Bz()] { ) }

@ Canonical quantization

(1t 20), oY, —%[il(t),iK(O)]

=> tr(plar(t),25(0)] [2s(0), 21 (1))
I,J

e OTOC

@ “Definition” of quantum chaos

2N — YES chaos
t — NO chaos
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Matrix models

@ Energy level statistics
Hpr) = exltr),
Sk = €k+1 — €k

@ Distribution for complex (chaotic) systems [wigner; Dyson]

@ This can be obtained in large N limit of Gaussian matrix distribution

Zs :/dNQX e trX? oc/dNe\A(el,...eN)yﬁe—EEi
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OPRL and Krylov space

e Unitary evolution (£ = £)

win) = ey =3 O )

n=0

e Gram-Schmidt orthogonalization gives Krylov basis {|¥,,)}°° .
£|‘Ijn> = bnl\I’nJrl) + an|‘I] ) + by— 1’\1171 1 an ’

o Coefficients 1), (t) satisfy Schroedinger-type equation

7:atwn(t) = bn¢n+1 (t) + an¢n (t) + bn—lwn—l(t)
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Ergodic classification

o Krylov entropy S and complexity K

S(t) ==Y [n(®)log[bn(D), K1) =) nlva®).
n=0 n=0

@ Typical asymptotic behavior [Rabinovici,Barbon,Sonner'21-22]

K(t), eSO~ DV t>tp  K(t), 50 ~eM t <t

e v=1, A > 0 for chaotic systems
e 7 < 1 for integrable systems
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Distributions for tridiagonal form

@ Gaussian matrix distribution in tridiagonal form [Dumitriu,Edelman’99]
Zg = /dNZX e X /dNadN—lb [Hbf(’f“)—l]e—i -3 S8
k

o Distribution for tridiagonal form

N(07 2) X(n—1)p
| Xe-vs N(0,2) X(n-2)s
Hao ~ — . . )
B \@ . . .
x25  N(0,2)  xp
@ Quantum chaotic systems exhibit such behavior!

[Balasubramian’22]
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First attempt: Szego polynomials

o Try to orthogonalize {U™|®)}° , for UT = U™,
@ Gram-Schmidt orthogonalization leads to [Szegs'67]

() = (o ) (o) on = V=T

n+1 Pn

@ However, this is not 3-term relation
Qn—1Pn |(I)n+1> = (an + dnflu) |q)n> — QpppU "I)n,1>
@ Hessenberg matrix
—oia I i<j+1
(@U1D;) = { py s Pi=j+1
0 1>j5+1
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Success: CMV polynomials

o Try orthogonalize {|®), U|®), U~!|®),U?|D), U~2|D),...},

_ 71—k F®H* _ 7 —k+1
| Xog) =UTT|D3), [ Xop—1) =UTT | Pop1),
o It satisfies 5-term relation [Cantero,Moral,Velazquez'03]
ap Qaipo  P1PO 0 0
PO —Q1g —pP1oQ 0 0
Cu = (XU X)) = 0 @zp1 —aga1 azp2 p3p2 ..
ki < k| ’ l> 0 p2p1 —p2a1 —azas —p3ag ...
0 0 0 ayp3 —ayqQag ...

o CMV matrix C can be obtained as C = L M

L=1960,0035®--- o _(0_% pk>
M=0g®0,PH0,--- R Pk —Og

@ Matrix distribution counterpart [Killip,Nenciu'04]

n-2 o\ 5 (k1)1 )
Zo = [[Ushaar < T (1 l?) dPag - daysdo
k=0
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Classification suggestion

@ Conjecture for classification based on [Killip,Nenciu'06]
(i) Degenerate case: (|, |?) < A/(d —n)'te,
(ii) Chaotic case: {|an|?) ~ A/ [B(d—n)/2 +1],
(iii) Integrable case: {|a,|?) > A/(d —n)t~¢,

@ Representative distributions
) [(d—n)(1+e) 1]

P () ~ (1~ ||
(1 o |an|2)[5(d*n)/2*1]

pgi)(an) ~
iii d—n)(1=<)—1
p7(1 )(an)w(l—]an|2)[( ) ]

)
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Numerical tests
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Application: Kicked Top

@ Instructive example:

) exp|—ib(n - J)]

K K
Utop = exp(—zﬁ.fg) exp(—zﬁJZ2
e Krylov entropy
103? ® Chaotic
1 @A - |Integrable
1024 e 2
o 3 ]
) e
* [
- (] : o *® AA
1]
10 .;x : AAA A
]
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Statistics of Verblunsky coefficients

@ Distribution of Verblunsky coefficients for Kicked top
1.0 A

---- Integrable
— — Chaotic
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Kicked Ising

@ Evolution operator

L-1 L-1 T
Ui = exp | —iJ E OLOf. 1 | exp [—i (b- o)
k=0 k=0 J
(a) 1.0 1 — Integrable (b) ®  Integrable ;@ o
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CMV integrability: Ablowitz-Ladik system

@ Like OPRL, OPUC also admit integrable measure modifications.
Consider the following one

dv(z) — dVT(z):eT(Z+Z_1)dV(z)

@ Then, Verblunsky coefficients satisfy Ablowitz-Ladik equation
[Killip,Nenciu’05]

L an() = (1= an(r)P) (@n1(r) — ana(7)

which can be rewritten in Lax form C' = [4, C].

@ In terms of operators, this measure modification corresponds to
O +— 0O,=¢Y0,

whose physical meaning and importance for spectrum investigation is
still not clear.
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Time evolution and small-time limit |

@ It would be interesting to examine the reduction of OPUC case to
OPRL one in the following sense. Consider U; = e~ for some
time-independent Hermitian £

o Knowing Lanczos coefficients a,,, b,, constructed by £, can we
reconstruct Verblunsky coefficients v, (t)?

@ This problem reduces to the following problem, namely, one should
reduce the exponential of Jacobi matrix

b1 aq 0
A ap by a

_ o atd _
U(t) =€ , J = 0 a9 b3

and reduce to the CMV form C' = QUQ' by uniqely defined unitary
matrix . Then, recover Verblunsky coefficients from C.
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Time evolution and small-time limit 1l

@ We can solve problem perturbatively in powers of ¢
1
an(t) = (—)"(1 —ital) — 5t2 aly + .. )
The result reads

n
ol =Y an Al =6+ (@)
k=0

The calculation of next coefficients is technically extremely hard.
@ Such defined CMV matrix obey the equation

0,.C =[B,C|+tClogC

which is not of the Lax form.

@ For particular OPRL the problem can be solved explicitly, e.g. Hermite
OPRL lead to Szego-Rogers OPUC with g = e**/2,
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Conclusions and future directions

Done:
@ Probes of chaos for Floquet systems

e Quantum entropy and complexity
o Statistics of Verblunski coefficients

Not done:

@ Application to mixed phase-space systems and time crystals
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