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On notations

o I consider purely classical theory everywhere. Space-time is d-dimensional
with signature (—,4,...,4).

@ Space-time indices are denoted throughout by lowercase Latin letters
a,b,c,..., and internal color indices are denoted by lowercase Greek
letters «, 8,7, . . .

o I do not use bases or component notation anywhere, so indices should be
understood as abstract throughout. But if this is unusual, they can be
understood simply as components with respect to some basis.

e When moving to abbreviated indexless notation, we will use the sign =2,
for example, @ =2 .

o Of course, all the same can be written in other notations (using tetrads,
differential forms, etc.). But do not ask me to rewrite something during
the report in the notations that you like — I will explain my definitions in
detail.
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Motivation

Similarities Differences
Vap = (0, —ieAq)p DoFsin A,
YM | where ¢ = ¢*, A, = A,,°, 1 / y b
Sym=—- [ d°z/gtr (F,F*).
Fup = 00 Ay = O Aq — ic [A, As]. Wy Vg (FuF)

EG

Voo? = 040" + Lpelo®
Rabc = aarbc - ab]-—‘acd
+ Fahdrbch — thdrach~

DoF's not in I‘acb, but in gup,

M2
SHE = Tp/ddz\/gﬁ’.

@ The Levi-Civita connection is defined by the torsion-free and covariant
constancy of metric conditions:

Tap® =0,

Vagbc =0

= Facb = Lg% (aagcd + a:gad

- 8dgac) .

o If we want to make the two theories even more similar, we should treat
the connection V, and the metric g, as two independent variables, i.e.
Vagbe # 0. This approach is well and long known — metric-affine gravity
(MAG).

o But we are now interested in a simpler case: how to construct a
“metric-affine-like” generalization of YM? Who is the “partner” of the
potential A, in this case?
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Who is the “partner” of the potential A,7

Let V be the internal color space (or typical fiber of the bundle) on which the
fundamental representation of the group acts.

For definiteness, we will consider U(n) throughout (the generalization to other
groups is straightforward). Then V is a complex n-dimensional space.

A subtle point:

The complex conjugation cannot map V' — V. Instead, it is an antilinear
bijection into the complex conjugate space V. Let us construct a tensor
algebra from the spaces V and V: V is assigned to the unprimed indices
a,B,7,..., and V is assigned to the primed indices o/, 8’,v/,.... These are
different types of indices, so:
e they cannot be contracted,
e they can be rearranged,
@ complex conjugation changes unprimed indices into primed ones and vice
. T U v G I
versa: Ha...ﬁ’... =H) g

(This is a direct analogue of the undotted and dotted indices in 2-spinors.)
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How to construct a real action from ¢?

Hermitian form

For this, we need not only the conjugate scalar 95‘1/, but also the form gqgsr,
which is:

o Hermitian gop = gap’ (analogous to the symmetry of the metric),

o non-degenerate gog gﬁﬁ, = 62 (allows us to raise and lower indices, with
primed ones becoming unprimed and vice versa, e.g., @, = gag/gb'g/).

Lagrangian of a charged scalar:

012 = gap @,
1 .
Lo =—59059"Vap* V" = P(lo]*),

where P(|¢[?) is a self-interaction potential.
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Summary of main claims and results

@ In the standard Yang-Mills theory, it is always implicitly assumed that
the structure in the fibers is covariantly constant V,g.g = 0.

@ Accordingly, the “metric-affine-like” generalization of YM consists in
dropping this condition V,g,5 # 0. Then the connection V, and the
Hermitian form g,g act as two independent variables.

o Any geometrically defined theory always has a general GL(n,C) gauge
symmetry. The Hermitian form g,/ plays the role of a “Higgs field”,
spontaneously breaking this symmetry to U(n).

o If the connection respects the structure in fibers, the potential and the
curvature take values in the corresponding Lie algebra. In our case this is
not so, then along with the usual Yang-Mills fields A, and F;, they have
new Hermitian parts B, and Ggp.

o The fields A, and B, interact non-trivially. The field A, is massless, and

the field B, can be given a mass M. The limit M — oo restores the usual
YM.
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Outline

o Motivation and summary of results

o Connection V, (without g,z yet)

o + Hermitian form g,z

o Gauge symmetry and Noether identities
o Action and equations of motion

o Problems with propagators and gauge fixing
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Connection

Definitions of potentials and curvatures
Let us define Ay[V — V] 2 7,07 and Fup[V] = Fape” as
(Va = Va)§* = Hag®¥®, [Va, Velp® = Furp*[VIVP.

We assume everywhere that the space is flat:
Tacb = 07 Rabcd =0 (and Gab = 77ab)~

Curvatures transformations and Bianchi identities

Fav[V] — Fap[V] = Vo Ay — ViAo + [Ag, Ab), ViaFbg = 0.

Important!

Except the anti-symmetry in the first pair of indices and the Bianchi
identities, no additional conditions are imposed on the curvature Fu,[V], this
is an arbitrary tensor. In particular, it is not an anti-Hermitian matrix
(without gap it is impossible to even define this concept!)

v
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General GL(n,C) gauge symmetry

Let u = ug and U = Ug be two arbitrary mutually inverse matrices: uU = Uu = 1.

Consider invertible linear transformations of the internal color space:
B1...8 ;7B81---Ba _ 1B B Y1--Yq , & s
Hoy Vo = Hay oy = UL - Uy Hal...5: Ugly *+ Ual,-

In particular, for a matrix M we will have M = UMu.
This transformation preserves contractions (e.g. Xa¥%® = Xat¥®).
Hence, this is a symmetry of of any action.
But in order for Vg9 to transform in the same way as 1%, we must also transform the
connection Vg +— Vg: _

Aq[V —=V]=UV,u.
It is easy to show that such a transformation is self-consistent. In particular,

Fap[V] = UFgp[V]u.

Infinitesimal form:

u=1+e¢e, U=1-—¢,
AoV —V]=Vse, 6M=M-M =[M,eé.
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+ Hermitian form g,s

The connection V, is real in the following sense:

Vap® = Va@“/ = (Va-— va)‘ﬁa/ = VQZZB’Q,¢6,~

Hermitian conjugation

We call the “matrix” M = Mg the map V' — V. The matrix product = contraction
MN =~ MENJ.

— ! — —
Note that the complex conjugate of Mf, is a mapping V' — V, it is not a “matrix” in this
sense.
To define an operation from matrices to matrices, we must, along with the complex
conjugate, use the “transposition”, i.e. the contractions with the Hermitian form g,g::

M~ ]\7[é3 = gaa/gﬁﬂ,]\zg/l.

Split into Hermitian and anti-Hermitian parts:

. .
M =b—ia, b=Hrm M = —(M + M"), a:aHrmM:%(M—MT),

Au=Ba—iAs, B, =HmA, = %(Aa FAD, g =aHm A, = 2 (A - AD),

. 1 %
Fab = Gap — iFup, Gab:HrmFabzg(Fab+FJb)v Fab:aHrmFabzi(Fab_Flb)'

A
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Y M-deviation vector N,

Definition

1 ,
N, = Nag = _Egﬁﬁ vaga/i’-

This is a Hermitian vector — the analogue of non-metricity in MAG.

Hermiticity and derivatives

If N, # 0, then the operations of raising/lowering indices and covariant derivative no longer
commute with each other, e.g., Vathor # gaar Vath®.
It is especially important that derivative does not commute with the Hermitian conjugation:

Va (MT) = (VM)t +2 [Na,MT] .

The key relation

The Hermitian part of the curvature of G is completely expressed in terms of the
YM-deviation vector Ng:

Gab = vaNb - Vb-l\]-a - Q[Nava] °

_ ’
Proof: [Va,Vb]gaﬂf = — abgg,yﬁl — ,?abg,ga,yz = _2Gaba5’ = —Q(VQNbaﬁ/ — VbNaaﬁ/).

v
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Hermitian form transformations

‘We know how to describe the transformation Vg — @a. But how to describe the
transformation g,/ = Gag’?

Matrices w and €2
Let us define
~ ’ ~ ’ ~
wEwg :gag/g'gﬁ s QEQ@ :gaﬁlgﬁﬂ s Jap’ :w{igﬁg,.
It is easy to show that these matrices are Hermitian and mutually inverse
wT:w, ﬂf:ﬂ, w=Qw=1.

We can expand them in terms of small perturbations

w=1+h, Q=(1+h)" Z(h

YM-deviation vector transformation

- 1 1
Na[V,§] = @Na[V, glw = SQVaw + - (Aa + QAlw),

1
6gNa=—5Vah+[Na,hl,  85Na=Ba, 6aNa=0.
= = = e
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General field transformations of F,;, and G

Transformations with Hermitian form

The total curvature Fu;[V] does not depend on g, at all, and for its Hermitian
conjugation the transformation is simple:

F1IV, 5 = QF}, 1V, glw.

Transformations with connection:

Gab[ﬁ] - Gab[v] = Dab + ikab - Kab — Cap,
Fab[ﬁ] - Fab[v] = Dab + ikab + Kab + Cab - éab~

Where we introduce auxiliary quantities:

Doy, = VaBp, — VyBa, Kgap = i[Na, By] — i[Ny, Ba],
D,y = VoA, — VyAq, Ko, = i[Ng, Ap] — i[Np, Ad],
Cup = i[Ba, Bs), Cop = i[Aq, Ap], Cap = i[Aq, By] — i[Ap, Ba).
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GL(n,C) — U(n) spontaneous symmetry breaking

Gauge transformations of the Hermitian form
GL(n,C) gauge transformations, generally speaking, change the Hermitian form:
’
Jaa! = Jaa! = ugﬁglgﬁ,é” = w= uTuv Q=vU'.

Hence, g,/ does not change if the transformations are unitary U = ut.
In infinitesimal form:

e=pB—-ia, B=Hrme, a=aHme = h=20.

Therefore, g5/ is a “Higgs field”, breaking GL(n,C) to U(n).

o
Infinitesimal transformations:
Aq =Vaea — [Ng,a] +i[Na, 8], Ba=Vaf —[Na,B] —i[Na, .
In this case, all matrices are transformed simply by similarity transformations:
5Na:[Naa€]a JFab: [Fabve]a é‘C‘:ab: [Gab1€]~
Note that if N, # 0 or Gp # 0 they cannot be removed by gauge transformations.
v
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Field sources and Noether identities

Field sources:

08
a_ _9 — AC i JY
'.7 5./4(1 7 El
o_ 08 Jo_ 08 _ %8
6B,’ SA,’ oh

Charged scalar

1 ’ ’
L, = —Egaﬁzvatpava¢ﬁ —P(¢>) = E=ES=g,5VapPVG’ +2P 5oy’

i 1
Jo & Joa® = 59 (<pﬁva¢5' - gZ?'BIVagaﬂ) L A 2 AP = §gaﬂ,va(¢ﬂ'¢5).

)

Noether identities (pure mal-YM without matter):

If the theory has a gauge symmetry, the sources are not independent, but are related by
Noether identities.

Vod® — [Ng,J% 4 i[Ng, A% = 0,
VaA® — [No, A% —i[N,,J% = E.

= i = =
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The action we will consider

L1[V] = fé tr (FapF® + FupF™), Lp2 = *i tr (Fp F*) = (52 — L),

1 1
L[V, g) = — te(FL,F), L2 =~ (GuG™) = (,c2 +Ly).

In addition, we would also like to introduce a term that would allow us to

restore the usual YM in some limit (i.e. N, = 0). It is natural to do this as

follows: 1
L3[V,g] =Ln2 = —3 tr (NaNa).
As a result, we will have the following total Lagrangian of mal-YM:

M2
Lonaiym = c1L1 + coLo + c3L3 = ['FQ —|— EGQ =+ E 2

)

1 1 Cg

2
—5 = C2 — (1, 722014-62, M* = .
e e c1+ ¢co

Of course, other terms can be introduced into the action (for example,
tr(F, G), tr(F,[N®, N, etc.). We will not do this for the sake of
simplicity, in order not to clutter the presentation.
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Equations of Motion (EoMs)
EoMs for background fields

AV Fop + caVOF], + c3Na = — T,
c3VaN® +ica[Gap, F) = —E°Xt,
It is easy to verify that, as it should be, the second equation is not independent, but is a

differential consequence of the first. If we split the first equation into a Hermitian and
anti-Hermitian part, we get:

2
€
VbFab - [szFab] - i?[Nbraab] = 62JZXt7

=2
@ o
VGap — [N?, Gup] + ze—Q[Nb,Fub] + M2N, = —&2AS*".

Linearized equations for small perturbations

For simplicity, we write them on a trivial background N = 0, G4 = Fyp = 0 (here
O=—g*V,V):

(8504 V°Va)A, =0,

1
(680 + VV,4)By + M?(B, — 5vah) =0,

Oh +2V,B® = 0.
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Analysis of EoMs

@ Consequences of gauge symmetry:

» The gauge transformations h = 23, A, = V,a and B, = V,0 are
solutions (for a nontrivial background this is also true).

» The third equation is a differential consequence.

» The wave operator is degenerate, which requires a gauge fixing procedure.

@ If we consider only the term L2, then we have
VPF,, = ie? S, [N®, Fup) = ie? AS.
That is, the field G, will not be dynamic, but only modifies the interaction with
external fields. If we consider only the term L2, it will be the opposite.

@ If we consider both terms L2 and L2, then we have two interacting massless gauge
fields. If we add the third term L2, then the second field B, acquires the mass M.

@ If we seek solutions of pure mal-YM with N, = 0 (so G4 = 0), then we obtain
Vb F,;, = 0. Thus, any solution of pure YM is also a solution of pure mal-YM.

@ However, if ASX" #£ 0, then also Ng # 0.

@ Finally, in the limit M — oo we obtain N, = 0, i.e. we restore the usual YM.
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Absorption of Goldstone bosons — h = 0 gauge

If the Hermitian form g,/ is a Higgs field, then its small perturbation h is a Goldstone
boson. However, it is well known that one can always use spontaneously broken gauge
symmetry to completely eliminate Goldstone bosons by redefining all other fields.

The same can be done in our case: for an arbitrary transformation of the Hermitian form w,
one must extract its Hermitian square root w = uu!. Then the gauge transformation given
by the matrix u will exactly reproduce the variation of g,g/, and the transformations of all
other fields must be subtracted from their variations. The action will then depend only on
these differences, not on h.

In the infinitesimal case, this simply amounts to redefining B, — Bq — Voh /M, which
leads to the equations

(680 + VbV,)A, =0, (68(0+ M?) +V°V,)B, =0,

i.e. to the massless field A, + the massive Proca field B,.

The problem with the non-decreasing propagator

However, there is a well-known problem with the Proca field — its propagator is
non-decreasing as k2 — co:

1 ko kb
b _ b a
Gotk) = g (%4 )

This leads to the fact that the Proca field has no renormalizable interactions. But this can
be circumvented using the Higgs mechanism. Perhaps our case is the same?
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Feynman-like gauge — solution to the problem?

Let us introduce the following gauge-fixing term:
1
Lor=—5tr ((vaAa)2 + (VaB®)? + m2h2).
Then we obtain the following equations of motion:
0A, =0, (O+ M*)B, — MV,h =0, (O+m?)h 4+ MV,B® = 0.
After moving to the momentum representation we get:

(" ) (3) o

Matrix inversion yields the following propagator:

. 1 82 (k4 4m? (k24 M?)) + M2 ko kP Mk
= —— K2 M2 a
ket +m?(k? 4+ M?) —iMEb k2 4+ M2
S kA M2k k® .
— (e MR |
m—0 k4 —iMkb k2 4+ M2
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