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Definitions

Recall the main definition

O G
Λ := { AdgΛ := gΛg−1 , g ∈ G } = G

StabΛ
, (1)

where G is a compact simple Lie group. We are interested in SU(n), SO(n), Sp(n).

We assume Λ ∈ t, where t ⊂ g is a Cartan subalgebra.

The Kirillov-Kostant-Souriau symplectic form:

ωx(ξ, ζ) := ⟨x , [ξ, ζ]⟩, (2)

where ⟨•, •⟩ := Tr (• · •) is a Killing form on g; x ∈ O G
Λ ; ξ, ζ ∈ TxO G

Λ .

The moment map µ : O G
Λ 7→ g∗ is given by

µ(x) = ⟨x , •⟩ . (3)
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Special embedding

Assume the following decomposition of Λ ∈ t

Λ =
r∑

i=0

CiΛi , (4)

where Ci ∈ R and Λi ∈ t such that
∑r

i=0 Λi = 0.

Consider the map

M : O G
Λ ↪→

r∏
i=0

O G
Λi , (5)

which is defined by

AdgΛ 7→ {AdgΛi}r
i=0 . (6)

We assume StabΛ =
⋂r

i=0 StabΛi .
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Properties ofM

The moment map for the diagonal G-action on
r∏

i=0
O G

Λi
:

µ̃(x) =
r∑

i=0

⟨xi , •⟩ , (7)

where xi ∈ O G
Λi
.

Clearly,

M
(
O G

Λ

)
⊂ µ̃−1(0) . (8)

Then

ιξ ιζ Ωprod
∣∣
O G

Λ

= ∇ξ µ̃[ζ]
∣∣
O G

Λ

= 0 , (9)

where ξ, ζ ∈ g.
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M is isotropic!

Proposition

Under the conditions described above, O G
Λ is an isotropic submanifold of

r∏
i=0
O G

Λi
.

O G
Λ is a Lagrangian submanifold of

r∏
i=0
O G

Λi
iff

2 dim
(
O G

Λ

)
=

r∑
i=0

dim
(
O G

Λi

)
. (10)

Corollary

The embedding O G
Λ ↪→ O G

Λ ×O G
−Λ is Lagrangian.
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b Examples: flag manifolds — SU(n)-orbits

Cartan subalgebra:

Λ =


λ0 · 1n0

λ1 · 1n1

. . .
λr · 1nr

 , (11)

where n0 + · · ·+ nr = n and Tr (Λ) = 0.
The element Λ generates

Fn0,n1,...,nr := O
SU(n)
Λ =

SU(n)
S (U(n0)× · · · ×U(nr ))

. (12)
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b Examples: Lagrangian embeddings of flag manifolds

We construct an embedding via {Λi}r
i=0

Λi :=

−ni · 1di−1

(n − ni) · 1ni

−ni · 1n−di

 , (13)

where di =
∑i

k=0 nk

Every Λi generates a Grassmannian manifold

Gr(ni , n) := O SU(n)
Λi

=
SU(n)

S (U(ni)×U(n − ni))
(14)

We get the Lagrangian embedding (Bykov’13)

Fn0,n1,...,nr ↪→ Gr(n0, n)×Gr(n1, n)× · · · ×Gr(nr , n) . (15)
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Examples: SO(2n)-orbits

Cartan subalgebra:

Λ =


λ0 · 1n0

λ1 · 1n1

. . .
λr · 1nr

⊗ J2 , (16)

J2 :=

(
0 1
−1 0

)
,

where n0 + · · ·+ nr = n.

Suppose λ0 = 0. Then, Λ generates

O SO(2n)
Λ =

SO(2n)
SO(2n0)×U(n1)× · · · ×U(nr )

. (17)

Define

OGrm :=
SO(2n)

SO(2n − 2m)×U(m)
. (18)
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Examples: SO(2n) embeddings

We choose Λi ’s as follows

Λ0 =

(
0 · 1n0

−1 · 1n−n0

)
⊗ J2 ,

Λi =

0 · 1di−1

1 · 1ni

0 · 1n−di

⊗ J2 , where i = 1, 2, . . . , r . (19)

Then, the isotropic embedding is

O SO(2n)
Λ ↪→ OGrn−n0 ×

r∏
i=1

OGrni . (20)
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Examples: SO(2n) Lagrangian embeddings

One can construct the embedding

SO(6)
U(1)3 ↪→

(
SO(6)
U(3)

)×4

. (21)

The corresponding orbits are defined by the matrices

Λ1 =

1 0 0
0 1 0
0 0 1

⊗ J2 , Λ2 =

1 0 0
0 −1 0
0 0 −1

⊗ J2 ,

Λ3 =

−1 0 0
0 1 0
0 0 −1

⊗ J2 , Λ4 =

−1 0 0
0 −1 0
0 0 1

⊗ J2 . (22)
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Examples: SO(2n) series

The Lagrangian embedding:

SO(2n)
U(1)×U(n − 1)

↪→ SO(2n)
U(n)

× SO(2n)
U(n)

× SO(2n)
SO(2n − 2)×U(1)

. (23)

The orbits are defined via

Λ1 =


1

1
. . .

1

⊗ J2 , Λ2 =


1
−1

. . .
−1

⊗ J2 ,

Λ3 =


−2

0
. . .

0

⊗ J2 . (24)
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b Again about flag manifolds

Consider the embedding

Fn0,n1,...,nr ↪→ Gr(n0, n)×Gr(n1, n)× · · · ×Gr(nr , n) . (25)

The Grassmannian Gr(nk , n) is parameterized by

Zk =
(
z1 z2 . . . znk

)
and Z†

k Zk = pk1nk , (26)

where zi ∈ CPn−1 and Zk is defined up to an U(nk ) transformation.
The standard Fubini-Study form on Gr(nk , n) is

ΩGr(nk ,n) = i Tr
(

dZ†
k ∧ dZk

)
. (27)

Define a matrix

Z =
(
Z0 Z1 . . . Zr

)
. (28)

The symplectic form on the product of Grassmannians is

ΩM = i Tr
(

dZ† ∧ dZ
)
. (29)
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b Magnetic symplectic form

For generic Z ∈ X = {det (Z) ̸= 0 }, use polar-decomposition theorem Z = UH,
where U = Z

(
Z†Z

)−1/2 and H =
(
Z†Z

)1/2.
Define K := H2, then

ΩM = i Tr
(

P dU† ∧ dU
)
+ i d

∑
j ̸=k

Kjk ūj duk

 , (30)

where P =


p01n0

p11n1

. . .
pr1nr

 . (31)

Proposition

X ⊂
(∏r

i=0 Gr(ni , n),ΩM
)
is symplectomorphic to an open subset of

(
T∗Fn0,...,nr ,Ω

0
M

)
.

The numbers qi := pi − pi−1 for i = 1, . . . , r turn to be magnetic charges.
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b Magnetic geodesic flow

The complete flag manifold:

Fn := F1,1,...,1 =
SU(n)

S (U(1)×n)
, (32)

The action for a dynamical system on
∏r

i=0 Gr(1, n) =
(
CPn−1)×n

S =

∫ τ

0
dt

i Tr
(

Z†Ż
)
−

∑
i<j

αij |z̄izj |2
 , (33)

where zi ’s are columns of the matrix Z and z̄izi := pi .
Using polar decomposition Z = UH we get

S =

∫ τ

0
dt

i Tr
(

PU†U̇
)
+

∑
j ̸=k

Kjk ūj u̇k −
∑
i<j

αijKijKji

 . (34)

Or

S =

∫ τ

0
dt

i Tr
(

PU†U̇
)
+

∑
i<j

1
αij

˙̄uiuj ūj u̇i

 . (35)
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b Examples

• F2 = CP1 = S2

The metric:

ds2 =
1
α

dū1u2ū2du1 . (36)

Magnetic geodesics (Bolsinov, Jovanovic’2006):

U(t) = U(0)× exp

[
−i α

(
p1 a
ā p2

)
t
]
.

• F3

The metric:

ds2 =
1
α

dū1u2ū2du1 +
1
β
(dū2u3ū3du2 + dū1u3ū3du1) . (37)

Magnetic geodesics (Arvanitoyeorgos, N. Souris’2020):

U(t) = U(0) exp

−iβ

p1 a0 b0

ā0 p2 c0

b̄0 c̄0 p3

 t

exp

[
i (β − α)

(
p1 a0

ā0 p2

)
t
]

1

 .
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b The last example

Consider Fn equipped with the metric

ds2 =
n∑

k=2

1
αk

dūk

k−1∑
j=1

uj ūj duk . (38)

Consider the Hermitian matrix A such that

(A)ii := pi . (39)

The geodesics have the following form

U(t) = U(0)×

←−
n∏

k=2

exp
[
i (αk+1 − αk ) t Prk

(
A0

)]
,

where αn+1 := 0, A0 := A(0), Prk is a projector on a (k × k) block in the upper left
corner of the matrix and the arrow means that we multiply the matrices from right
to left.
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cConclusion and outlook c

• We have found a remarkable class of isotropic embeddings.

• We have found magnetic geodesics for SU(n) flag manifolds equipped with
metrics from a special class.

• SUSY extension?

• Infinite-dimensional Lie groups?

• Non-compact groups?

• Geodesics and the Laplace-Beltrami operator in SO, Sp cases?

• Two-dimensional sigma models on flag manifolds?
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