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Definitions

Recall the main definition

OR ={AdgA:=gAg™', g€G} = M

G
Staba ’
where G is a compact simple Lie group. We are interested in SU(n), SO(n), Sp(n).
We assume A € t, where t C g is a Cartan subalgebra.
The Kirillov-Kostant-Souriau symplectic form:
wx(€,¢) = (X, [£,<]), )
where (e, 8) := Tr (e - ¢) is a Killing form on g; x € OF; £,¢ € TxOR.
The moment map u: OF — g* is given by

u(x) = (x,e). (3)



|
Special embedding

Assume the following decomposition of A € t
r
A= Z CiAi, (4)
i=0

where C; € Rand A; € tsuch that }_, A = 0.
Consider the map
r
M:Of = ][oR, (5)
i=0
which is defined by
AdgA — {AdgAi}i—o - (6)

We assume Staba = (i, Staba,.



-
Properties of M

r
The moment map for the diagonal G-action on [] O,%I,:
i=0

i(x) = (xi,9), 7
i=0
where x; € OF..
Clearly,
M (Oﬁ) c i '(0). ®)
Then
té te Qoroa| ¢ = Ve ilc]| ¢ =0, 9
where ¢, ¢ € g.



M is isotropic!

Proposition

.
Under the conditions described above, OF is an isotropic submanifold of T] © ,?I_.
i=0

r
Oy is a Lagrangian submanifold of [] O, iff
i=0

2dim (oﬁ) =Y dim (OAG,.) . (10)
i=0
Corollary
The embedding OF — OF x OS, is Lagrangian. J




-
M Examples: flag manifolds — SU(n)-orbits

Cartan subalgebra:

)\0 . ILnO
At - 1,
A= , (11)
Ar-1p,
whereny +---+n,=nand Tr (A) = 0.
The element A generates
— SUm) _ su(n)
Frounns.come 1= Op = S(U(no) x --- x U(ny)) (12)



M Examples: Lagrangian embeddings of flag manifolds

We construct an embedding via {A;}_,

—n; - ]ld,-_1
A= (n—ny) -1y ) (13)
—n;-1p_g

where d; = Zﬁ(:o Nk
Every A; generates a Grassmannian manifold

o) e oSUm _ Su(n)
Gr(m, 1) = O™ = 5 Gm) < U(n = ) o
We get the Lagrangian embedding (Bykov'13)
Frounsseonn, = Gr(ng, n) x Gr(ny,n) x --- x Gr(ny, n). (15)



|
Examples: SO(2n)-orbits

Cartan subalgebra:

Xo - I
)\1 . 1n1

A1,

where ng +---+n, = n.
Suppose Ao = 0. Then, A generates

©50@n) _ 50(2n)
A SO(2n) x U(ny) x -+ x U(ny)

Define

SO(2n)
SO(2n—2m) x U(m) °

OGry := (18)



|
Examples: SO(2n) embeddings

We choose A/'s as follows

_ (0-1p,
Ao = ( 1 ':ﬂ-n—no) ® Tz,

0- ﬂdi—1
A= 1.1, ® Jo, Wherei=1,2,...,r. (19)
0- ILnfd,-
Then, the isotropic embedding is
r
OB — OGry_p, x ] OGry, . (20)

i=1



Examples: SO(2n) Lagrangian embeddings

One can construct the embedding

S0O(6) sO(6)\ **
U(1)3‘><U<3>> ‘

The corresponding orbits are defined by the matrices
1.0 0 1 0 O
A=[0 1 0] ®%, NA2=|0 -1 0 | ®7%,
0 0 1 o 0 -1
-1 0 O -1 0 O
As=0 1 0 |®F, =0 -1 0|]®@7. (22)
0 0 -1 0 0 1
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Examples: SO(2n) series

The Lagrangian embedding:
S0O(2n) SO(2n) _ SO(2n) SO(2n)

UM =xUn-1)  Um ~ Un “S0@n—2)xu)’ (23)
The orbits are defined via
1 1
1 —1
/\1: . ®j27 A2: . ®-.727
1 —1
-2
0

As = e (24)

0



-
M Again about flag manifolds

Consider the embedding
,,,,,, n < Gr(ng, n) x Gr(ny, n) x --- x Gr(ny, n). (25)

The Grassmannian Gr(ng, n) is parameterized by
Zx=(z1 z ... zp) and ZjZx = pcl,,, (26)

where z € CP"~' and Z, is defined up to an U(ny) transformation.
The standard Fubini-Study form on Gr(nx, n) is

Qertn.n) = i Tr (dZ] A dZy) . 27)
Define a matrix
Z2=(20 21 ... Z)). (28)
The symplectic form on the product of Grassmannians is

Qu = iTr (dzT A dz) . 29)



|
M Magnetic symplectic form

For generic Z € X = {det(Z) # 0}, use polar-decomposition theorem Z = UH,
where U=2(Z'2)""?andH = (z12)"/%.
Define K := H?, then

Qu=iTr (P dut A du) +id (Z Ki u,-duk) : (30)
J#k
pO]an

p1IL"1

where P = (31)

pf]l”r

Proposition

X C (T1_, Gr(ni, n), Q) is symplectomorphic to an open subset of (T* Fr,.....n,, Uy)- J

The numbers q; := pi — pi—1 for i =1,...,r turn to be magnetic charges.
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|
M Magnetic geodesic flow

The complete flag manifold:

— __SU(n)
Fni=Fia,..0 = SUH)) (32)

The action for a dynamical system on [];_, Gr(1,n) = ((cpn—1) xn
S :/ dt (’Tf (z'2) - Zaﬂ@-lz) , (33)
0 i<j

where z/'s are columns of the matrix Z and z;z; := p;.
Using polar decomposition Z = UH we get

S = / " dt (iTr (PUTD) + 3 K Gk — Za,,K,-,-K,,-) . (34)
0

7k i<j

S = /OT dt (iTr (PU*U) +Y C:_&,-u,-a,-u,-) : (35)

i<j Y



M Examples
o 7, =CP'=&?
The metric:

ds® = &dm UsTpd Uy . (36)

Magnetic geodesics (Bolsinov, Jovanovic’2006):

U(t) = U(0) x exp [—ia (pa: a) t} .

() ]—'3
The metric:

d52 = %dl—h Usoduy + l (dDgUsEI3dU2 + dii U3L73dU1) . (37)

B

Magnetic geodesics (Arvanitoyeorgos, N. Souris’2020):
pr a bo N -
Ut)=U(O)exp |~if |@0 P2 oo | t| [P {I (5 =) (éo Pz) t} :
bo G ps 1



M The last example

Consider F, equipped with the metric
n 1 k—1
ds? =" —dik »  uyduy. (38)
k2 Yk j=1
Consider the Hermitian matrix .4 such that
(A), = pi. (39)

The geodesics have the following form

N
U(t) =U(0) x Hexp [i (ckr1 — ) tPry (Ao)} )
k=2

where an1 := 0, A° := A(0), Pry is a projector on a (k x k) block in the upper left
corner of the matrix and the arrow means that we multiply the matrices from right
to left.



& Conclusion and outlook 3

We have found a remarkable class of isotropic embeddings.

We have found magnetic geodesics for SU(n) flag manifolds equipped with
metrics from a special class.

° SUSY-extension?

Infinite-dimensional Lie groups?
* Non-compact groups?
® Geodesics and the Laplace-Beltrami operator in SO, Sp cases?

® Two-dimensional sigma models on flag manifolds?



