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Hyperbolic systems

(−i
∂

∂t
)mu = A(t , x ,−i

∂

∂t
,−i

∂

∂x
)u,

x ∈ Rn, u ∈ Cl , A(t , x ,p0,p)− l × l matrix .

Matrix A(t , x ,p0,p) is polynomial of degree m in (p0,p), smooth
in (t , x) and does not depend on (x , t) outside a compact.
Hyperbolicity in Petrovsky sense: equation

det(pm
0 − Am) = 0

has ml real roots p0 = −Hk (t , x ,p), distinct if p 6= 0.
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Examples
1. One-dimensional systems

∂u
∂t

= A(t , x)
∂u
∂x
, x ∈ R, Hk = λk (t , x)p,

λk — eigenvalues of A.
2. Wave equation

∂2u
∂t2 = c2(t , x)∆u, x ∈ Rn, H1,2 = ±c(t , x)|p|.
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3. Linearized shallow-water equations

∂u
∂t

+ (V (t , x),∇)u + (u,∇)V (t , x) +∇η = 0,

∂η

∂t
+ (∇, ηV (t , x)) + (∇, c2(t , x)u) = 0, x ∈ R2,

H1 = (V ,p), H2,3 = (V (t , x),p)± c(t , x)|p|

4. Massless (2 + 1)- Dirac equations

i
∂u
∂t

=

(
0 −i ∂

∂x1
+ ∂

∂x2

−i ∂
∂x1
− ∂

∂x2
0

)
u + V (t , x)u, H1,2 = ±|p|
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Short-wave initial conditions

u|t=0 = ϕ0(x)e
iS0(x)

h , (
∂

∂t
)ju|t=0 = 0, j = 1, . . .m−1, h→ 0.

S0 ∈ C∞(Rn), ϕ0 ∈ C∞0 (Rn). Two cases
S0 — real-valued (rapidly oscillating wave packet);
S0 — complex-valued, =S0 ≥ 0, =S0 = 0⇔ x ∈W0, W0
— smooth k -dimensional surface, d2=S0|NW > 0
(squeezed state).
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Figure: Wave packet
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Figure: Squeezed state
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Construction of asymptotics. Small times — without focal points
(Λt

k : p = ∂Sk (t ,x)
∂x ) — WKB-formulae

u ∼
ml∑

k=1

e
iSk (t,x)

h (
∞∑

s=0

hsϕk ,s(t , x)),

∂Sk

∂t
+ Hk (t , x

∂Sk

∂x
) = 0, Sk |t=0 = S0(x).
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Arbitrary finite time. Phase space R2n
(x ,p); initial Lagrangian

surface Λ0 : p = ∂S0
∂x .

Hamiltonan systems

ẋ =
∂Hk

∂p
, ṗ = −∂Hk

∂x
.

Lagrangian surfaces Λt
k = gt

k Λ0.
Volume forms σ0 = dx on Λ0, σt = (gt

k )∗dx on Λt
k .
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Figure: Lagrangian surface
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Theorem
(V.P. Maslov, ∼ 1965). Under certain technical conditions the
solution u(x , t ,h) can be represented as asymptotic series

u ∼
ml∑

k=1

KΛt
k ,σ

t
k
(
∞∑

s=0

hsϕk ,s),

K : C∞0 (Λt
k )→ C∞(Rn

x ) is the Maslov canonical operator, ϕk ,s
are smooth functions on Λt

t , computed recurrently in terms of
Hamiltonian trajectories; ϕk ,0 are eigenvectors of
Am(t , x ,−Hk ,p).
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Sqeezed states. Simplest case:

S0 = (p0, x−x0)+
1
2

(x−x0,Q0(x−x0))), p0 ∈ Rn,Qt = Q,=Q > 0.

W0 is the point x0, ρ0 : ξp = Q0ξx .

u(x , t ,h) ∼
ml∑

k=1

e
iSk (x,t)

h

∞∑
s=0

(hsϕk ,s(x , t)).

Sk = qk (t) + (Pk (t), x −Xk (t)) +
1
2

(x −Xk (t),Qk (t)(x −Xk (t))),

Ẋk =
∂Hk

∂p
, Ṗk = −∂Hk

∂x
,

Q can be expressed explicitly in terms of solutions of the
linearized system.
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Solutions, corresponding to complex vector bundles

Solutions, corresponding to complex vector bundles
Localized (”squeezed”) initial state S0(x) is complex, =S0 ≥ 0,
=S0 = 0 on the smooth k -dimensional surface W0,
d2=S0|NL0 > 0. Consider k -dimensional isotropic surface
Λ0 ⊂ R2n: x ∈W0,p = ∂S0

∂x and n-dimensional complex vector
bundle ρ0 over Λ0 (Maslov complex germ): fiber ρ(x ,p) is the
plane in CTx ,pR2n, ξp = ∂2S0

∂x2 ξx . Shifted bundle Λt
k = gt

k Λ0,
ρt

k = dgt
kρ0.
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Theorem (V.P. Maslov)

Under certain technical conditions the solution u(x , t ,h) can be
represented as asymptotic series

u ∼
ml∑

k=1

K̂Λt
k ,ρ

t
k
(
∑
s=0

hsϕk ,s),

K̂ : C∞0 (Λt
k )→ C∞(Rn

x ) is the Maslov canonical operator on the
complex germ, ϕk ,s are smooth functions on Λt

k .
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Reflection and transmission of Lagrangian manifolds. Ramifying Hamiltonian billiards and Petrovsky surfaces.
Amplitudes of transmitted and reflected waves. Discontinuous coefficients.
Smoothed discontinuity. Model equation.

(−i
∂

∂t
)mu = A(t , x ,−i

∂

∂t
,−i

∂

∂x
)u,

x ∈ Rn, u ∈ Cl , A(t , x ,p0,p)− l × l matrix .

We consider two situations.
1 A is discontinuous on an orientable hypersurface

Mn−1 ⊂ Rn
x and smooth outside M, A = A±(t , x ,p0,p) at

the positive (negative) side of M.
2 A is rapidly varying near M:

A = A( Φ(x)
h , t , x ,p0,p), A(y , t , x ,p0,p) = A±(t , x ,p0,p) as

y /∈ [y−, y+], where M is defined by the equation Φ(x) = 0.
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For each side of M we have Hamiltonians H±k and
corresponding trajectories. We assume that suppϕ0 is small and

Φ|suppϕ0 < 0.
For sufficiently small t (until trajectories of Hamiltonan systems
reach M) solution is the same as for smooth coefficients.

The main problem: what happens with Lagrangian surfaces
and amplitudes ϕk ,s near M?



Strictly hyperbolic systems with smooth coefficients
Strictly hyperbolic systems with singular coefficients

Reflection and transmission of Lagrangian manifolds. Ramifying Hamiltonian billiards and Petrovsky surfaces.
Amplitudes of transmitted and reflected waves. Discontinuous coefficients.
Smoothed discontinuity. Model equation.

Figure: Scattering
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Main effects

1. Many reflected and transmitted waves, defined by different
Lagrangian surfaces.

2. Total reflection. Transmitted wave can dissapear.
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Figure: Total reflection
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Lagrangian surfaces, corresponding to incident waves
Extended phase space. Λ0

k ⊂ R2n+2, p = ∂S0
∂x , t = 0,

p0 + H−k (t , x ,p) = 0,
Hamiltonian systems

ẋ =
∂H−k
∂p

, ṗ = −
∂H−k
∂x

, ṫ = 1, ṗ0 = −
∂H−k
∂t

,

Λk = ∪sgs
±Λ0

k
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Consider small interval of time, when trajectories of the
Hamiltonian H−1 intersect M (for others Hamiltonians
trajectories still stay it the domain Φ < 0).
Surface M̂ ⊂ R2n+2: x ∈ M, t ,p0,p — arbitrary (the lifting of M
to the phase space),
N = Λ1

⋂
M̂.

We assume that on the surface N, for some δ > 0,
∂H−1
∂pn
≥ δ. (pn — normal to M component of the vector p) —

trajectories are transversal to M.
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In order to describe reflected and transmitted waves, we have
to consider roots of the following equations

1 Reflecting roots

H−k (t , x ,p0,pτ ,κ) = H−1 (t , x ,p0,pτ ,pn),
∂H−k
∂pn

< 0

or
2 Transmitting roots

H+
k (t , x ,p0,pτ ,κ) = H−1 (t , x ,p0,pτ ,pn),

∂H+
k

∂pn
> 0
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Figure: Ramifying billiard
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Lemma
(A.I. Allilueva, A.S.) There exists at least one either reflecting or
transmitting root

Consider also complex roots; in the first case we choose
=κ < 0, in the second — =κ > 0.

Lemma
(A.I. Allilueva, A.S.) # (complex reflecting roots)+# (complex
transmitting roots)=ml.
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Proof is based on the study of intersections of a certain line in
RPn with the Petrovsky surfaces

Γ : det(pm
0 − A±m) = 0

Theorem

(I.G. Petrovskii, 1945) Γ =
⋃ml/2

j Γj , if ml is even,

Γ =
⋃[ml/2]

j Γj
⋃

Γ0, if ml is odd.
Γj
∼= Sn−1, Γ0 ∼= RPn−1.
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Amplitudes of transmitted and reflected waves. Discontinuous coefficients.
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Figure: Petrovsky surface
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Reflected and transmitted Lagrangian surfaces
Mappings Q±k : M̂ → M̂:
Q±k (t , x ,p0,pτ ,pn) = (t , x ,p0,pτ ,κk (t , x ,p)), κk — real
(transmitting or reflecting) roots.
N±k = Q±k (N). We shift N±k along the trajectories of the
Hamiltonian systems with Hamiltonians H±k .

Λ±k =
⋃
s∈R

g±s,kN±

For complex roots let

Λ±k = N ⊂ T ∗(Mx × Rt )
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WKB-case (no focal points). Construction of phases for
reflected and transmitted waves.

∂S±k
∂t

+ H±k (t , x ,
∂S±k
∂x

) = 0,

S±k |M = S1|M ,
∂S±k
∂ν
|M = κ±k (t , x ,

∂S1

∂t
,
∂S1

∂x
)|M

ν — unit normal to M.
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Let A be discontinuous.

Theorem
(A.I. Allilueva, A.S.) During certain time interval

u ∼
ml∑

k=1

KΛk (
∞∑

s=0

hsϕk ,s)+

+
∑
k ′

KΛ−
k′

(
∞∑

s=0

hsϕ−k ′,s) +
∑
k ′′

KΛ−
k′′

(e
iκ−k Φ

h

∞∑
s=0

hsϕ−k ′′,s),

on the negative part of M,

u ∼
∑
k ′

KΛ+
k′

(
∞∑

s=0

hsϕ+
k ′,s) +

∑
k ′′

KΛ+
k′′

(e
iκ+

k Φ

h

∞∑
s=0

hsϕ+
k ′′,s)

on the positive part of M.



Strictly hyperbolic systems with smooth coefficients
Strictly hyperbolic systems with singular coefficients

Reflection and transmission of Lagrangian manifolds. Ramifying Hamiltonian billiards and Petrovsky surfaces.
Amplitudes of transmitted and reflected waves. Discontinuous coefficients.
Smoothed discontinuity. Model equation.

Here indexes k ′ correspond to real and k ′′ — to complex
reflecting and transmitting roots; amplitudes ϕ±k ′,s are computed
explicitly in terms of corresponding Hamiltonian trajectories,
ϕ±k ′′,s are computed algebraically. On the surface M̂ the leading
amplitudes have the following form

ϕ+
k ,0 = σ1τke+

k , ϕ−k ,0 = σ1rke−k ,

where ϕ1 = σ1e−1 , τk , rk are defined by the system of ml linear
equations∑

k

τk (κ+
k )je+

k −
∑

k

rk (κ−k )je−k = pj
ne1, j = 0, . . . ,m − 1,

e±k are eigenvectors of the matrix A±m, corresponding to
eigenvalues (−H±k )m.



Strictly hyperbolic systems with smooth coefficients
Strictly hyperbolic systems with singular coefficients

Reflection and transmission of Lagrangian manifolds. Ramifying Hamiltonian billiards and Petrovsky surfaces.
Amplitudes of transmitted and reflected waves. Discontinuous coefficients.
Smoothed discontinuity. Model equation.

Outline

1 Strictly hyperbolic systems with smooth coefficients

2 Strictly hyperbolic systems with singular coefficients
Reflection and transmission of Lagrangian manifolds.
Ramifying Hamiltonian billiards and Petrovsky surfaces.
Amplitudes of transmitted and reflected waves.
Discontinuous coefficients.
Smoothed discontinuity. Model equation.



Strictly hyperbolic systems with smooth coefficients
Strictly hyperbolic systems with singular coefficients

Reflection and transmission of Lagrangian manifolds. Ramifying Hamiltonian billiards and Petrovsky surfaces.
Amplitudes of transmitted and reflected waves. Discontinuous coefficients.
Smoothed discontinuity. Model equation.

Let A = A( Φ(x)
h , t , x ,p0,p). In order to compute amplitudes

consider at points of N scattering problem for the model
equation

(Am(y , t , x ,p0,pτ ,−i
d
dy

)− pm
0 )w = 0.

If y /∈ [y−, y+] we have equations with constant coefficients A±m;
let L± are spaces of their solutions and B : L+ → L− — the
monodromy operator (ml ×ml-matrix). Transmitting and
reflecting roots correspond to subspaces O± ⊂ L±,
dimO− + dimO+ = ml . We assume that the following condition
of general position hold on N

B(O+)⊕O− = L−.
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We have to consider Lagrangian manifolds, corresponding to
real reflecting and transmitting roots only.

Theorem
(A.I. Allilueva, A.S.) During certain time interval

u ∼
ml∑

k=2

KΛk (
∞∑

s=0

hsϕk ,s) + KΛ1(
∞∑

s=0

hsf1,s(
Φ(x)

h
, ·))

+
∑

k

KΛ−k
(
∞∑

s=0

hsf−k ,s(
Φ(x)

h
, ·))+

+
∑

k

KΛ+
k

(
∞∑

s=0

hsf +
k ,s(

Φ(x)

h
, ·))
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Functions f±k ,s are expressed in terms of the model equation.
Leading term.
The incident wave KΛ1(ϕ1,0) defines at the points of the surface
N vector ϕ1,0eipny = σ1ξ ∈ L−; ξ = e−1 eipny , e1 — eigenvector of
A−m. Let w+ = B−1Π(ξ), Π — projection to B(O+) along O− and
w− = (Π− 1)ξ. We fix the solution w of the model equation by
the conditions

w = ξ + w−, y < y−, w = w+, y > y+.
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Asymptotics of w:

w → ξ +
∑

k

rke−k eiκ−k y , y → −∞,

w →
∑

k

τke+
k eiκ+

k y , y → +∞,

κ±k — real reflecting and transmitting roots. We shift σ1rke−k
and σ1τke+

k along corresponding Hamiltonian trajectories,
obtaining ϕ±k ,0.
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Let η(y) = 1
2(1 + tanh y). We construct f±k ,0, f1,0 as follows

f +
k ,0 = η(y)ϕ+

k ,0, f−k ,0 = (1− η(y))ϕ−k ,0,

f1,0 = ϕ1,0(1− η) + e−ip1y (w −
∑

k

f−k ,0eiκ−k y −
∑

k

f +
k ,0eiκ+

k y ).
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Reflection and transmission of vector bundles. Complex
Lagrangian planes correspond to quadratic forms — matrices
Q±: ρ : p = Qx . Rules of reflection:

Q−|TM = Q+|TM + 2pnb,

b is the second fundamental form of M.
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