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Problem statement

Consider system
ug(x, 1) = augy(z, )—i—bu(:r t—h), ze(0,1),t>0,
u(0, t) =wu(l, t) =0, t>0, (1)
u(z, 0) = ¢(z, 0), 6¢€[-h,0], xel0,],

where ¢ is an initial function.
The solution can be presented as a series

z:gZ sin (mix) (2)

where g; satisfy the system
Gi(t) = —pigi(t) + bgi(t — h),
91(9) = 301'(9)7 0 € [_h’ 0]7

where ¢;(6) are coefficients of the Fourier series expansion of the function ¢,
pi = —a(mi)? are coefficient.
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Fourier method
[ ]

Solution of the differential-difference equation

Theorem (Cauchy formula)

By the initial functions @; we construgt the solutions of the system (3):

gi(t) = Ki(t)pi(0) + b / Ki(t — h— 60)pi(6)d6, t>0,

(4)

where the explicit form of the coefficients of the Fourier series expansion for the

function ¢ s as follows

1
2/5111 miz)p(z,0)dx, €N, 6¢€][-h,0],
0

K;(t) is the fundamental solution and it satisfies the equation:
dEi(t) _
da

and K;(t) =0 for all t € [—h,0), K;(0) = 1.

—,uiKi(t) aF bKZ(t — h), t 2 0,

()
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Solution of the origin.
[ ]

Solution of the original system

Turn back to system (1)

ut(x, t) = augy(z, t) +bu(z,t —h), x€(0,1), t >0,
u(0, t) =wu(l, t) =0, t>0,
U(:L‘, 0) = SO(:I:7 0)7 NS [_h70]7 T € [07 1]
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Solution of the origin.
[ ]

Solution of the original system

Turn back to system (1)

ut(x, t) = augy(z, t) +bu(z,t —h), x€(0,1), t >0,
u(0, t) =wu(l, t) =0, t>0,
u(z, 0) = ¢(z, 0), 6¢c[—h,0], xel0,1].

The solution can be represented as

0

u(z, t, @) = Zsm (miz { )@Z(O)—i—b/Ki(t—h—G)goi(H)dH . (7)
“h

We consider a function u(-,t,¢) as an element of the Lebesgue space L3((0,1)).
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Construction of functional
[ Je]

Construction of functional v

Theorem

Let system (1) be exponentially stable. If a non-positive quadratic derivative along
the solutions of the system (1) is given

d 2
Z00(p) ==l 0z, . (8)
then the functional has the form
1 1
vo(%) —/so y2,0) /U (0, y1, y2)(y1, 0)dy1dy:
0

1 0
©(y1,0 //U(—h — 0,91, y2)0(y2, 0)dOdy2dy, (9)
0 —h

0 10
/80 y1,01) //U(91 — 02,91, Y2)¢(y2, 02)dO2dy2dO:1 dy; .
“h 0 Zh
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Construction of functional

oce

The Lyapunov matrix in this functional can be represented as a series
o
U(r,y1,y2) = QZsm (miyy ) sin (miye /KZ i(t+T1)dt, (10)
=1 0
TeR, ye[0,1], ye01]

The idea of the proof. We want to choose a functional with a given non-positive

derivative of the form

Donle) =~ el 0) I, (1)
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Construction of functional

oce

The Lyapunov matrix in this functional can be represented as a series
o
U(r,y1,y2) = QZsm (miyy ) sin (miye /KZ i(t+T1)dt, (10)
=1 0
TeR, ye[0,1], ye01]

The idea of the proof. We want to choose a functional with a given non-positive

derivative of the form

Donle) =~ el 0) I, (1)

The functional can be defined by the formula

| [(sot0) =
0 0

where u(z,t, ) is the solution of the original system(1).
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Lyapunov matrix
000000

Lyapunov matrix

Computation of the Lyapunov matrix using series:

oo
U(r,y1,y2) = QZsm miy1) sin (miya /Kl + 7)dt, (13)
i=1 0

TE Ra (S [07 1]7 Y2 € [07 1]
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Lyapunov matrix
(o] lelelele)

Lyapunov matrix

An alternative method for computing the Lyapunov matrix:

The Lyapunov matriz (13) is represented as absolutely and uniformly convergent on
the set {T € [-1,1], y1,y2 € [0,1]} series

(o0}
U(T,y1,92) = »_ sin (wiyn) sin (wiys) us(|7)). (14)
i=1
Here each of the functions u;(t), T € [0,1], i € N, is defined by the corresponding
formula from Theorem 2 in article [1] . In particular, for sufficiently large i

_ bsinh A\j(1 — 7) + p;sinh A\;7 — A; cosh \;7

ui(T) T € 0,1],

Ai(bcosh \; — py;) ’
where \; = (/2 — b2, w; = —a(mi)?.

[1] Egorov A. V., Mondie S. A stability criterion for the single delay equation in terms of the
Lyapunov matrix // V. of St. Petersburg Univ., S. 10., App. math. Comp. science. Control proc.,
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Lyapunov matrix
[e]e] lelele)

Lyapunov matrix

The idea of the proof.

(e o]
2 [ KKt + ) dt = () (15)
0
It remains to prove the uniform absolute convergence of series (14)
(1) =0(i?). 16
Jnax ui(7) = O(™) (16)
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Lyapunov matrix
[e]e] lelele)

Lyapunov matrix

The idea of the proof.

(e o]
2 [ KKt + ) dt = () (15)
0
It remains to prove the uniform absolute convergence of series (14)
max u;(7) = O(i72). (16)
Te[0,1]

It is necessary to prove that the expression is uniform in 7 and in 4
_ bsinh A\j(1 — 7) + p sinh A\;7 — A; cosh \j7
N bcosh A\; — p;

H;(T) , (17)

where H; determined from the formula u; = %
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Lyapunov matrix
[e]e] lelele)

Lyapunov matrix

The idea of the proof.

(e o]
2 [ KKt + ) dt = () (15)
0
It remains to prove the uniform absolute convergence of series (14)
max u;(7) = O(i72). (16)
Te[0,1]

It is necessary to prove that the expression is uniform in 7 and in 4
_ bsinh A\j(1 — 7) + p sinh A\;7 — A; cosh \j7

H;
(7) bcosh A\; — p;

; (17)

where H; determined from the formula u; = %
For sufficiently large values of ¢ the following estimate is valid:

|H;(1)] < 8.
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Lyapunov matrix

[e]e]e] lele]

Lyapunov matrix

System parameters: a = 1,b = 3, N = 50.

N 00

sup U(r,y1,y2)— Y _ sin (wiys) sin (wiyz) wi(|7])| < /
y1792€[071]77—e[_1?1} =1 N+1 ar

dt ~ 0.0065.

t2
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Lyapunov matrix
[e]e]e]e] o)

Conclusion

© This paper presents a method of constructing functional for a delay equation
with distributed parameters.

@ In the case of exponential stability of the system, an explicit form of this
functional based on the Lyapunov matrix is presented.

© An approximate formula is obtained for Lyapunov matrix for a > 0; the case
a < 0 requires further investigation.
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Lyapunov matrix
[e]e]e]e]e] )
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