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AdS; space

The AdS; gravity can be formulated in terms of s/(2,R) gauge connections
A = A(p, z) with the zero curvature condition F = dA+ AA A= 0. The zero
curvature condition can be realized dynaimcally via the BF action

SerlA, B] = % /M Tr BF
2

Introducing the s/(2,R) commutation relations
[Jn, Im]l = (n — m)dpym with n,m=-1,0,1
the solution of the zero-curvature condition F = 0 can be cast into the form
A= e PhJidzeP + Jydp  (Banades 1995)
The associated metric of the AdS; spacetime is given by

ds? = e?Pdz® + dp?



Wilson lines and intertwiners

@ Gravitational Wilson line: i
Wh[L] = Pe~ JuA

» [ is a path from x; to xo.
P The index h — the connection A takes values in the s/(2, R) module R, of weight
—h.

Useful property:
P Wilson line associated with a flat connection depends only on the xi, x.

Direct calculation using A shows that
Wi[x1, xo] = e P2l eZa 1 gr1ho where  z; = z; — z;
@ Intertwiners are defined as invariant tensors from Inv(’R;1 ® ’ha ® ’Rh3), i.e
Ih1h2h3 : ha ® Rh3 — Rhl
with the invariance property
Iny hyhy Uny Uy = Uny Iy by

where U, are SL(2,R) operators of the corresponding representations.



Wilson line networks

Wilson line network operator:
Tk hy o L o . :
Wi (ey) = (W Dl i, Wi 2 0 iy - Wi, Din2.vomslly, i)

X (Wh2 2, y1] -« Wh,_; [Xn—1, Yn—2] Wh, [Xn,yn—2])

AdS vertex function is matrix element of the Wilson line network operator with the
cap states taken as Ishibashi states |ay) (1shibashi 1989)

Vi) = (aa| W (x,y)|a2) @ [as) @ @ [an)

» Ishibashi states — AdS, spacetime invariance of the AdS vertex function.
> The AdS vertex function is independent of positions of the vertices y;

(Bhatta, et al. 2016; Besken, et al. 2016; Alkalaev, et al. 2020).



AdS vertex function parametrization, global conformal blocks and
extrapolate dictionary relation

® The AdS vertex functions can be parameterized as
Vi (X) = Vyp(c12, s €a—1n, €13, o5 Co—21n)
where we introduced the AdS invariant variables:
cj = ePiTPi + ePiTPi + (z; — zj)2em+pj -2

® The conformal n-point correlators can be expanded into the conformal blocks as

(O1(21) - On(z0)) = > CoopyCh_y n1n Fris(2)
h

where Cjy are model-dependent structure constant and F,;(z) are conformal
blocks. The ¢ — oo asymptotic of the block depends on the asymptotics of h, h:

,h = O(c!) : heavy operators

,h = 0(c?) : light operators
Global conformal block — all operators are light.

® The extrapolate dictionary relation (Alkalaev, Kanoda, Khiteev 2024)

pIme e? X hi V), (x)]

= Gy Fii(2)

pP1=p2=---=Pn=p

where F,;(z) is the global conformal block in the CFT;.



Matrix elements of the Wilson lines and n-point AdS vertex function

Proposition 1: The holographic reconstruction of the Wilson matrix elements

(2| Wa[0, x]|h, m) = Kh?{ du K(x, ulh) (alWH0, (u, p)] |, m)

w,w)

(h, m|Wh]x,0]|a) = th dv K(x,v|h) (h, m|W,[(v, p),0]|a)
Plw,w]
where
> (a|W4[0, y1]lh, m) 5 — boundary asymptotics of Wilson matrix elements,
»> K(x,ulh) — smearing function,
> P[w, w] — Pochhammer contour around points w = z + je”” and w = z — je~”.

Proposition 2: The holographic reconstruction formula for the n-point AdS vertex
functions is given by

Vh;,(x) = Chﬂ H th f; duk K(Xk, uk\hk)}'h;](u)
k=1

[wi, W]

where F,:(u) is n-point global conformal block.



2-point AdS vertex function

The 2-point AdS vertex function:

5 x1, %)\ ™M hm oh 1 1
Vi (x1,x2) = ke T (f( 12 2)) 2F1 (31, ?1 + 35 h+ §|€(X1,X2)2)
(—2/71 + 1)2

= Ohyhy Chy by Gob (X1, X2]h1)

where where the AdS invariant distance is defined as

2e—P—p
e—2p 4 e—2p’ + (Z _ Z/)2

£(x,x') =

and Gpp(x1, x2|h1) is the bulk-to-bulk propagator of free scalar fields in AdS;

P Similar results were obtained earlier (castro, et al. 2018), but the construction
considered there is defined only in the case n = 2.



3-point AdS vertex functions

22

Z3

Proposition 3: In the case of two points on the boundary the AdS vertex function is
proportional to the geodesic Witten diagram

/ dAGpp(x(N), x1|h1) Gpa (x(N), 22| h2) Gpa (x(N), Z3|h3) o< Vhyhyny (x1, 22, 23)
Y23

where Gpp(x(X), x1|h1) is bulk-to-bulk propagator and Gpy(x(A), z2|h2) is
bulk-to-boundary propagator.

Proposition 4: In case of one point on the boundary the 3-point Witten diagram can
be expressed as a linear combination of the 3-point AdS vertex functions.

/d B G(x, x1|h1) G (x, x2 h2) G (x, X3 13) ~ Viy oy (x15 X2, X3)
AdS,

oo oo
+ E Chyhyhy Vhy+ha+2n hohy (X1, X2, X3) + § Bhihohy Vi by+hs+2n hy (X1, X2, X3)
n=0 n=0
oo

+ E Vhyhahs Vhihy by +hyt2n(X15 X2, X3) «
n=0



Conclusion and outlooks

» Formulated the one-to-one holographic correspondence between the
global conformal block and the AdS vertex function.

> |shibashi states as cap states —» AdS» spacetime invariance of the AdS vertex
function.

» The 3-point Witten diagram expressed as a linear combination of the 3-point AdS
vertex functions.

Further developments:

» n-point Witten diagram = linear combination of the n-point AdS vertex function?

> Correspondence between scalar field theory in AdS, and theory of the s/(2,R) flat
connections.



HKLL formalism (Hamilton, et al. 2006)

HKLL representation of a scalar field in AdSj:

P(x) = du K(x, ulh)Op(u)
/U e—(1=h)p

K(X7 u|h) = (e_zp + (Z _ u)2)1—h

Op(u) is a primary operator of conformal weight h.
Mass of the scalar field related with conformal weight as m? = h(1 — h).
K(x, ulh) is smearing function.

Integration contour U lies on the conformal boundary of AdS,.

vVvyVvyVvyy

AdS, spacetime has two conformal boundaries but we consider only one.



