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Generating systems

Within unfolded formalism Fronsdal equations on AdS4 background can be equivalently
rewritten as Central on-mass-shell theorem (M. Vasiliev 1989)

dz +Qaqs *w +w* Qags = T(Qaas, Qaas,C),

dzC + Qags *C — C*xQaas =0,

where Qags = {wap, @4 4,€,4} — is background connection and w(Y|z) and C(Y|z) are
generating functions for HS potentials and curvatures

wl,z) = Z AT W . m by, (VYL OGOl GO M4 = 2(s — 1),

n,m

C) = 32 Corm o (@7 -y 9575 =] = 2.

This unfolded form suggest to look for nonlinear corrections in the following way
dew +wsrw =T(w,w,C) + V(w,w,C,C) + ...,
deCHw*xC—-—Cxw="T(w,C,C)+....

Concept of generating systems

wyle) = W(Z,Y|z) C(Y|z)= B(Z,Y|z) dzW =... dzB=...

On consistency of the interacting (ant 14 feb. 2025 2 /15



Vasiliev generating system
Vasiliev generating system in d = 4 [M. Vasiliev 1992]

dLW+WsW =0, (1)

dzS +[W,S]. =0,

deB+ [W,Bl. =0, (2

S%S =i, +nBxy+7Bx*7),
[S,B]« =0.

(fx9)(2Y) = L/dUde(Z+U,Y+U)g(Z, VY +V)elUav?,
(2m)*

(1) = dpw+wrw=T"w,w,C)+ YN w,w,C)+...
(2) <= duC + [0, Cls = Y (w, C, C) + Y(w,C, C) + ...
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(Anti)holomorphic generating system

Generating system for (anti)holomorphic sector proposed by Vyacheslav Didenko (2022)
looks as follows

dzW+WsxW =0,
d. W+ {W,A}x +dzA =0,
dA=Cxr,
deC v =d{W, A},
1 : @
W e, AlC]:= Gﬂ‘za/ dr7etT*e Y C(—712|x) € Ct,
0
where product is given by [A. Sharapov, E.Skvortsov 2022]

(f*9)(z,y) = / dudv dP dQ eV ~tPav® +iua Q% £(5 4y y 4 PYg(z + v,y + Q).

and d, := 9‘18%. Product can be understood as limit of the following S-product [V.
Didenko, O. Gelfond, AK, M. Vasiliev 2019] which comes from reordering and stretching

- (1-p8)* i(1 - B)? o (1= p)2 N
(f*,Bg)(Z,y)—/dudvdeQWeXp{Muav D Pe
i(1—5)2 o 7 o 1-3 1-8
_ B(Z_ﬂ)an +B(2_5)PaQ }f(l_IB(Z-FU)::U"!‘U>g<1_B(z—‘rv),y—l-\/>7
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Classes of functions and troubles
Generating function for functional classes C" for r = 0, 1, 2 is defined as follows
1
/@p/ AT (1= TY" " T exp{iTzaly — B)® +i(1 — T)y® Aa — iTBaA®Y,.
0

Here A and B might depend on various ps and derivarives over full (anti)holomorphic
spinorial arguments of fields w and C' which are denoted as
Ie] 1o}
Do = —t—, tq:i=—1—.

8}’0 8Yw

So the exponent should be understood as follows
exp{iTza(y — B(t,p1,p2,--.))* +i(1 = T)y* A(¢,p1,p2, - Ja—
—iTB(t,p1,p2, - )aAlt, p1,p2,. .. ) w(yw|z)Clyc, [2)C(yc, @) - - .
Yo=0,yc; =0, yc,=0,...
Troubles with multiplication

ClxCl=0ox0, COxCZ=00x0.

Hence no Leibniz rule for

d: (WxA)= d. WA — WxdA .
N—— N——

undefined wundefined
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Extracting the vertices and consistency

One-form sector is similiar to Vasiliev theory

AW+ {W, A} +daA=0 = W(z,ylz) =w(ylz) + Wuc + Wuce + - ..

Plugging to zero-curvature condition

dsW+WsxW =0 = dpwHwrw=—-dWyc—wWyo—Wyc*Wuo+...

Zero-form is highly different. For W € CO° the following projection identity holds

dy (WeA) = — (/ "W (z,y+u)Cly + v))

1 )
* S 0afe'Y,

z=—y

1 )
* 59,100‘@”?’ .

z=—y

a: (e wen) = ([ e Cly+ W -y - v)

Plugging obtained W's

deCxy=d{W,A}x, = dIC*'y:C*w*’yfw*C*'y+O(C2)*’y+...

All verticies are known explicitly to all orderds [V. Didenko, M. Povarnin 2024|
Checking for consistency

A2C %y = dpd AW, A} = —dodg {W,A} = ... = dod (W « W)
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Absence of Leibniz rule and consequences

Consider the linear space of analytic functions in two variables  and z. One can pick up
the following basis

2"

Then we define "differential"in z as
dy : AD0 5 ALO 4, (2™a™) = dzfmn(2)2™,
d, : AOL 5 ALT dz(dxzmx"_l) =dz A dacfm,n(z)ae”_1 ,
while dg := dx(%. With such definition one can show that
(dzdz +d.dz)F(z,z) =0

for any analytic in « and z function F(z,z).
Or even more generally
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New (anti)holomorphic system

What if we modify the "differential"? d, — 9
dsW+Ws«W =0,
d. W+ {W,A}» +daA =0,
IN=Cx~,
deC *xy =0{W,A}s,

1 ) N
W e, AlC]:= Ho‘za/ drrefT*eY" C(—12|z) € CL,
0

d,C?

C2 Adat AdaV

dg da
dg da
d,C! or «Br «EZr 2> E
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New (anti)holomorphic system

Map from C! to C? is defined in the same way a|Cl =d,
1 ) o
v:cl=C? o {GO‘ZQ/ drre'mFeY C’(—Tz\x)} = C(y|x) x~.
0

To define the map between C! A dz# and C2 A dz# we split C! A dz# into subspaces (we
assume that there are no dg-chomologies)

C! A da* = exact forms @ C! A dz* /exact forms .

=d;, 0 := whatever

|cxact forms non-exact forms

Such system generates the same vertices for one-form as original system does. But for
zero-forms it can be schematically written as

daC vy =0{W,A} = D|6A(exact part of {W, A}s) + D!ne‘(non-exact part of {W, A}y)

deC xy =de F(w,C,...C) + whatever

First contribution is trivial since it can eliminated by field redefinitions. On the other hand
0da {W, A}y = 0d (W x W).
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Shifted homotopies

Operator of shifted homotopy [O. Gelfond, M. Vasiliev 2018] is defined as follows

0w O [lat
b Te0l0) 1= () 5o [ — (1= Dape).

where ¢ is arbitrary z-independent spinor which also can be an operator.
dz Ag + 2qdz=1—hg.
Here hgq is the projector to d.-cohomologies defined as
hqf(z,910) := f(—q,y[0) .
What makes shifted homotopies special are star-exchange relations [V. Didenko, O. Gelfond,
AK, M. Vasiliev 2018]. These relations were originally developed for Vasiliev star-product.

However for either one of the multiplied functions is z-independent both these products give
the same result. For y-independent shift ¢ the following relations holds (py := —iaa—y)

Ag—p; (FW) *T(2,9)) = Fy)* 8q T(2,9), 8q (D(2,9) * f(y) =0g+p, T(2,9) * f(v),

DNytq (f(y)*r(zv y)) = f(y)* Ay+tg F(Z’ y)7 A—y—Pf (f(y)*F(Z,y)) = f(y)* A—ZH‘Pf F(Z’ y)7

By—p; (C(2,9) * F(¥)) =Bytp; T(z,9) * F(y), Da—y (D(2,9) * f(y)) =0g—y T(z,9) * f(y) -
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Shifted homotopies

Immidiate application of the shifted homotopy formalism is projection identity

(f

gitav® Cly +u)W(z, —y — v)) = h,y,ﬁ{C(y) * w(W(z,y))}

z=—y
(/ d?;:;j” eV Wz, y 4+ u)C(y + v)) = hy,;;{W(z,y) * C(y)} ]
z=—y

Here p stands for derivative with respect to full spinorial argument of the C-field written
explicitly and automorphism 7 is defined as follows

W[W(Z, y)] =W(-z,-y).

d,.C = h_y_f,{C(y) * 7r(W(z7 y))} - hy_ﬁ{W(z,y) * C(y)}

Consistency of the previous equation implies that the following holds due to equation
imposed on C' and W

d2C = h,y,ﬁ{C(y)*w[W(z, 0l }*h,y+‘7<7r [W(z,y)})—h,y,ﬁ{C(y)*w[W(z,y)*W(z, y)]}
—hy 5{W(zw) + Cw) } xhoyyq (W] ) + by 5 {W ()« Wzm) « Cl) }+

thyra(Wizy) shoy 5{Cw Wz w)] }—hyra(Wzw) by p{Wzy)+Cw)}.
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Consistency check
wwC' . ..C ordering is almost kinematic
dgc‘ch = hy_p{w s Wyon-1%C} — hy_s{w* W on-1+C}=0.
wCwC'...C is less obvious
2| = —hy s {w@) W} hoyig (7 [Waon ()] )+
+ hy—p{ Wao (2 9) * Wen—1 (2,9) * C() }+

+ hy+a(w(y)) * hfyfﬁ{C(y) # 7 [Woon (2,9)] }—

= hyig(Wac®) *hy—p{Woorn—1 (20« CW) -

To proceed we need explicit expression for W, which follows from
AW +WxA+AxW +d,A=0.

Weoo = w * Cx ApttDp -

And for higher orders the following russian doll-like formula is valid

WwCN =—Ap (chN—l * A) .
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Consistency check

= hyra(Woo®) *hy-p{ Woon -1 (z0) x Cw) } =
= —wx Cxhyig dprbta by 7H hy—py iy (W1 %C) =
=—w*C*xhg Ayipi+t1 D—y+p; Y *Py—pys (chN_1 * C’) =
= —w*Cx ho( A yipitts Doyipy V¥ Ry —pry i (Woon—1 % C))

Twist in the arguments is valid due to
3
he Aphg ¥ = 2/d37'+ 6(1 ZT, )(b—c¢)ala—c)® exp{ —i(Tic+ m2b+ Tga)ayo‘} .
=1

Using russian doll-like representation for W -~ and star-exchange relations one obtains

d.C

oN =wxCx* {(h—y+p1+t1 —hyip) Apnya <7"[ WwON—1]% AV N 'Y>+
+ hy+PN+1 ( Dpi4ty Bpy ¥ * W, CNfl)_

- hPN+1 < A—ytprts D—y+py V* hy+PN+1 (WwCN—l)} *C
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Consistency check

Next steps in simplification are rather technical but impossible without new sort of
identities that generalizes projection identity

d: (F(z Y)* be 7) =hy—(T(z,y)) *v VI(z,y) € C",

dz (e v *D(z,9) =v*hy—cl(2,9),

which after some algebra allows to bring r.h.s. to the form
w*c*{_h*?ﬂrpl A —ytpy 4ty (W[chNfl]* Apnyi 7) +hy+pN+1 (AP1+751 Apy V*WL,.;CNfl )}*C .
The remaining terms vanish due another new identity

hyte(baby v *T(2,y)) = h_ytb A—y+ta (W[F(z,y)]* Ac ’Y) VI(z,y) € c.
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Conclusion

Results and open questions
e Consistency for orderings wwC' . ..C and wCwC ...C is checked
explicitly. It rests on new star-exchange-like identities for limiting
star-product. Are there more?
o Discovery of identities that generalize projection identity makes A
less unique objects as it was before and provides freedom for
constructing full theory including mixed sector (work in progress)

o Connection with Vasiliev theory through new "differential" 0
(work in progress)
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