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A bit of history

5012 Spin chains I classical

H Ʃ α 8,5in β 5 5in giantum
ith

S T s.it
sur generators
in some representation

2 1

Baxter Yang
1970 Integrable spin chains Fadden Kalish

sklyaninTakhtaj.am
spin β 0 Heisenberg Bethe1931

spin 1 β α Takhtajan Babuji.am 1982 1
























































































Gappedorgaple.rs
solublehyBetheausat7

The above two spin chains are
gapless

So maybe always so

No Haldane 1983 Mapping to a 5 011 sigma model

Phase diagram ty4

Takhtajan Babujianlsp.in 1 integrable

Haldane Spin 1 Heisenberg Affleck 1986T.it
lIiDsnmnuai

2
















































Haldane meets symplectic geometry

Path integral for spin chain Z J DY est
814 classical action

geometries quantization coherent state Bertin 1575

Perelman 1977

5012

One spin

45 apt Ё

Selassie ft
II Zizi

AT 555
dA PDFS 3



Two spins Us and
5 2 5 2

I IN НА

Selassie 81151in gkspinly.si intt

spin spin couplingдудудрудрудудурдру
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Antiferromagnetic Niel vacuum

Min Hilaire I т

92 gzg.at tozkl
o

Key point embedding is Lagrangian

RE я S 1,50
Weinstein 1571 In a neighborhood of Le NIA

N
O.intiEt7EEir E.dpini
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The sigma model

Near L Heeacs.ae const 51 ftp.pjt 52043

Selassie jdtlstpigi sttg.ly pipj 5olp3

Limit p s a
sigma

model

Selassie tttgijlglgi.gl

Metric
g 8in 94421119

152012
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Back to spin chains

Generalize A и eplxkplzl.lt 2 0

ДВ 2011

5 Aix Aix A

Flagmanifold Meanie I In Hittite
Minima z 2 z ft 2 52 o

SU n spin chains generalized Haldane conjectures

Affleck did 2017 Affleck DB Wamer 2022

Field theory avatars discrete't Hooft anomalies

Tanizaki Sulejmanpasir 2018
Omori Seberg Shao 7



Some more geometry DB Kazuhiko 2024

Recall m

hТАЁдtт nobis this
neighborhood

CIP A x It
Consider the divisor Dealer Т Т

Then alar D S SELSEY

open subset
in Cpt

sympletomorphinslimo.IT
lPt Heeasiiel Hgeodesin 8



у

Construct the
map

A Ф D Apt

т Т TEL IntoJak

V24TM.TN й Райтта ТТ

H P spin chain

geodesic flow
t

Generalization N P divisor

D Detfl.ttoyND opensuhsetinT Fn 9
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2 107 sigma models

Representations

5054
extensions



ID sigma models

MIG A
М

Manifold Hettie
Gauge field

L fdtttGIANXIXT JHAIH.IT SUSY

Novikov Schaefer 58

Classical Magnetic geodesics kordyukoutaima.no2020

Quantum Generalized Laplacian Δ
Bochner Dolbeault.de Rham
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Integrable compact semisimple

М Homogeneous G.IN

Symmetric space YES

Geodesic get e tylo Attie G

Non symmetric YES for NORMAL metric

Lie 6 hom meh

geG ds 415dg m Idg m Bolan
Jovanovic 2004Hanako 1976

In general open question Mistake Fomenko 4978

thimm4981Arvanitoyeorgossour.is
2016 11



s

Target space
symplectic

М Homogeneous 541
complex
Kahler

6 adjoint orbit
Гд

desun.gesut.SU
n1 t 510cm х UnmА

Flagalien
manifold
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SUSY Spin chain
T

Spins

4

Exact truncation of Δ

Oscillator variables Nicolai 1976 77

Witten 1582
Witten index of spin chain Alvarez Game

index theorems on flags
03
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Ip 52 Recall Apia apex Gpt

Spectrum Ee 111 1 1 011,2

Ye spherical harmonies

542 representationher

Truncate to first 5 1 harmonics 1 0,1 5

s

e
he 4011s

Spin chain К



Schwinger Wigner oscillators д monopole
charge

Spin chain Tamm 1931

stg Wu Yang 1976

Hamiltonian Casimir I 512 52 51,52

α alkali Gaj Gai atjl
SABSij.at

а 5 Aia Stg
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Hamiltonian H ai.az а а

Let go
Construct ground state

with 4 0

SEE EYin.iglas.liadf.inigt 5

Eemla.lt a 10

Representation
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10 sigma models with N 2 SUSY

La model de Rham Hull 1999
Ivanov Smileya 2012

real superfields

L J to Gan DX БИ WIX

Q Ende

26 model Dol beat

2 complex chiral super field

L JIOLGABDZADEB WIZ.tl
ё get 17



SUSY extension harmonic oscillator

La model L JIO DX DX 1
2

House QQ Nicolai 1976

Let a a bosonic 4,4 2 fermionic

a a 1 44,4 3 1

Set Q a 4 Qt art

Hsus etat 4 4
18



SUSY extension N 2 D model bosons

Now set
212 4 at a aI

б

real parameter
c

e fermion

Constraints C aia 4142 5 0

C ai.az 414 5 9 0

С Q 6,03 0

Hsusy Truncation of Dolbeau.lt Δ on CIP
19



Killer de Rham N 4 K model

Да 01 212412
aioaryainrarQ

drtiai.az
5012
doublet

twice as many
fermions

No monopoles
412,4

Constraints C aia 414 Dion 0

C ai.az 414 41 5 0

Qa QB O QA.AE SABHy
Truncation of de Rham Δ on Cpt

20



D model in N 2 superspare

Super derivatives D Б Б Б о

Superfields Asi Grit Ari Grit

coupling

Б Д 991 Д superconnection

IF Ivanov
Krivonos 1997

Flatness БВ ВВ О
Торран

L fdot ATA II А 5412 FI terms

Free Lagrangian Г sfdon.IS ok ac

2



K model in N 2 superspare
Same fields

Ai.INT
Coupling

Д LITTLE
Only tithe is chiral Батл 0

do ТА Б А ТУ Ти

5 do лиг е с

Single Flem 22



013 2024

Flags the spin chain
kutouchikor.SU

n

3oo Enis scullin ftp.h

ĸг Cept
2

H Ʃ LAI 5A 51
ALB

n

El parameters

Representations lls 52

Ffg magnetic
charges

Matri 65 Дз II dual
TOMB SAB

23



Supercharger
cubic terms needed for Q 0

D model

Q Ʃ LABYIBAIOAB ILABLBIYABY.tt
ALB ALB.CC

α A

K model
a 11 5012 doublets

Q Ʃ LABEABGIOABIE.cl tTEAB YAISBe
ALB

di3 SARAB

SUSY algebra Killer constraint Ё IALB.CC



The Witten index D model

W Str get go.su n

Independent of β β
a W 571g но

п 2
get β 0 W 5T 9 constrained

Fockspace
а на C aia 4142 5 70

9 c C ai.az 414 5 9 0

Fermion number 0 UsoUsg Fermion number 1 noUsgs

W XSXstq Xs 1Xstg.tt Хд
I get zero energy statesIndependent of s of the truncation 25



Index general case

До 5A 51 ДА

V W Try constrained

Forkspace

s Usn 1 Oscillator

partition function

ZHIA STHIIETH.PTl uyneulnlgenwatore

II.IE 4 Hits
2



2 Set Cj o by residues

W Zan Weyl formula
for

qui.int

и
92

93 Borel Bott Weil theorem

K model W Euler characteristic n
2



Conclusion Outlook
Yamaguchi 1579

magnetic Kawabata 1588

Computing spectra oft Δ on flags

Diagonalzing spin chains

infinite spin limit pro

SUSY extension nonlinear chiral multiplet

Ivanov Кrivonos Tappan 1997

Index theorems via oscillator partition function



Is this an integrable problem

Explicit solution
DB Katonah kor 2024

Generalization to a dim
groups

loop groups etc

Relation to 20 sigma models

Gross Neven models

ДВ 2020
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