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Background (mean) field formalism

Generating functional ~ Z[J] = fDLp exp h( Sle] — /d:c cp(m)J(x))

mean field
6I'[¢]

Effective action e TLO)/h = /D‘P exXp — ( Slel+ [ dx C'D(m) — ¢z )) 5p(x) )
guantum field

Loop expansion Slel = I'le]l = S[é] 4+ Al _ioopl @] + H2 T 100pl @] + ..

Inverse propagator _ 629[9]

--- action Hessian H(V)o(z,y) = sod(x) 6p(y)’

Vertices S(”)(xl, ) = o"5l¢]

6¢(w1)...0¢(xn)



One-loop and two-loop orders

1 1
1
I'5_j00p = g/dmldmdwsdm G(z1,20) S (21,20, 23, 24) G(23, 24)
1
+12/dfﬂ1d$2dfﬂ3 dy1dyody3 S (21, 20, 23)

x G(z1,y1) G(x2,32) G(x3,y3) S (41,92, y3)

1
Fl—luu]'.r — _} Propagators and
- vertices in external
background field !




Heat kernel and proper time method

o0
G=-FX V)= [ drK(),
Proper time method 0

1 1 jood
STrInF(V) = - /OO—TTrK(T)
2 2Jo0 T

K(r L,Yy) = e_TF(V)(S r,Y),
Heat kernel and its (r]z,y) (z,y)

functional trace TrK(r) = / detr K (T| T,T)

Operator (V) = F%(V) acting in the space of fields ¢ = @A(m)

) ) i = A .
Generic matrix notation 2 = Pp S?qxxlarla;)ntrt
’Alembertian

Minimal second order operatorin  f(V) = -0 — P + 1 R+m?1, O=¢"V,V,
curved spacetime 6

Generalized “curvatures” R=P, Ru, R0
and covariant derivatives



Heat kernel (Schwinger-DeWitt) expansion for minimal second order operators

Synge world
function
_Sﬁ‘(v) Al 2(56 y) 1/2 U(wiy) o n ~
e 6(x,y) = (ars)12 (y)e™ Z s" an(z,y)

Schwinger-DeWitt (Gilkey-Seely) coefficients and their coincidence limits

Eio(a:,:r) = ia al(ﬂ?,iE) = p:

~ 1 .o 1. 1
ar(z,z) = E(RQWS ~R2,+0OR)I+ SR+ 5P2 + S0P,

d

4 1/2
One-loop divergences Fg,l.ve loop = 302, /d T g /2ty ar>(z,xr), e=2-— 5 — 0

Applicable only to minimal second order operators of the form F(V) = -0+ P |



Applications to non-minimal and higher-derivative operators by alternative
methods bypassing the use of heat kernel.

For instance --- the method of universal functional traces (l. Jack and H. Osborn
(1984), G.A.Vilkovisky & A.B., Phys. Rept. 119 (1985) 1)

Trin (ON 4+ P(V))=N Tr In0O+ Tr In (1 + P(V)E}ﬁ)

1
=N Tr InD—|—TrP(V)D—N—|—---

4

H <l i
rdiv — Z fd4$7g’?f;1 H vm...vumﬁé(%y)‘
m,n

4 o

universal functional traces

div

1 div _1)n
V.V—6(z,y) | = (1)
[n y=x F(n)

div

> 1 0%
V...V/ dr" e o(x,y)

Schwinger-DeWitt expansion



UV divergences of several universal functional traces with [ — F (V)

i div 1

——0 =~ 42p
F(V) (@.9) y=z 167r2£g
1 div 1 1 1 R
v 5 ‘ L 1/2(—v p_lovp )
”F(V) (.9) T16m2e? 27 TG vH
dIV 1
Jes gt?1,
F2(V) () | 167T
i 5( ) dIV 0
\Y =0,
PP Y =
1 div 1 1
v,V 5 ‘ 1/2(R1__ 5 R)
w UFQ(V) (QU y) - ]_671'2 g 6 LV 29‘[“/ + "
Diagrammatically — tadpoles in external Ve...V.G(z,y) .
background field: y=a

Functional differentiation yields
polarization (self-energy) operators:
H(z.y) = — V.. V,G(x.y)| =Va..V.C(,y)Cly.2)
T Y= —Vp... NV Ulat = WVi... Vo Gle,y)Gly, x) =

/)= 5P y) 2 y )Gy



Another example of indirect methods --- dimensional reduction on a static
background with a generic 3-metric in Horava gravity

792 n — i A.O. Barvinsky, A.V. Kurov, S. M. Sibiryakov,
Tr4ln( 107 + F(V)) - /dt Tray F(V) Phys.Rev.D 105 (2022) 044009,

\ arXiv:2110.14688

3D functional trace

How to proceed with the square root of the 6-th order differential operator?

6
_ 1
F= Y Ry > @iVi-Voo(-2)7F R, =O(l—a)
a=0 6>2k>a

Pseudodifferential operator — infinite series in curvature invariants R(a)

00 K, 1
VE=Y Ry . aa,kvl---v2k—a(_A)k_3/2
a=0 k>a/2



Infrared problem in massless models

IR divergentat m > d/2

1 1 poodr 1 &7 dy 12
ETI’ In F(V)——E /0 ?TrK(T) == W ngo Jd’TT 2 /dﬂ?g (QC') Gm(ﬁj,.’ﬂ)

Evisceration of DeWitt am(z,2) =Y v2ERm=k — ¢ R (~0)"R + O[R]
coefficients

Z/dwgl/z(zs) am(z, )" = /dmgl/z(:r) {mzcm(—ﬂj)miﬁ-l— ] = /d:cgl/z(a:) [D%f(—ﬂ:l)iﬁ-l— ]

\ J

Y
f(=r0)

oC

(0@
_d_ d
Yem [arm 3 -0 ) [amn i) <o IRfinite
m 0 0 T

We look for functorial properties of DeWitt expansion---keeping them intact:
functoriality.
Avoid proper time integration in the infinite range.



Nonminimal operators

(V) = HA(V), 1=64

A(V) = D92V, Vayy, + O( VN T1), DU-o2v of 1

Examples:

Vector field in
curved spacetime

Proca operator
in curved spacetime

4D Horava gravity
(not causal, but
spatial part D%Z(V)
is O(3)-invariant)

HYV) = —06 +aVoV, + R, a#1

HX(V) = —06¢ 4+ VV, + RY

3D covariant

~ Laplacian
A (V) = =61 02 + D (V)

4ug(1 -\ 1
ijl(V)=— [VS‘Sijkl 4+ va( ) + V5gijgkl] A3+ [21/5 _ ;]5((fvj)vl)A2

I(1+§)

o

g;; Vv a2 + {41/4 +vs + ]WN;‘)QMAP

— [41/4 + 2v5 + é]v(ivj)v(kv”a + [ ~ 200 lower derivative terms} ,
a



A.B., A.Kurov, W.Wachowski,,

Minimal higher-derivative operators ArXiv-2408.10990
Generalized _olzal) o(x,x) )

2 3
exponential functions ¢ <7 7 Z EN ( 2 1/N

Split form of the 2N-th

order minimal operator F(V)=(O+ P)N +W(V), W(V)= O[VQN_l]

_ 1 © m
A ~ o g ~ /
Rp(rlz,2') = a1/ d/z{ Y ov Yy En g Nbml —2T1/N)am,k(F\:E,:E)

Negative powers !

i (Flo,2') = Y O (V) | AY2(2,0") (-0 + Pla, )
[ -

special differential operators SDW coefficients
(fully algorithmic procedure) of =+ P




Three steps for the construction of {ﬁk(v)}n

1) Multiple nested commutators:

BV =W, (W)= .. |[W 8V m], . ], k>0

N vy

k
2) Local differential operators:
U (V) =1,
7 (=1)" Vi (V) -+ 3, (V)
V)= : ; k>0
K(V) i klz:k'n kil - kpt (B1+ 1) (k1 4+ ko+2) - (k1 + - +Ekn+n)
n+k|=k

3) n-th order SYNGIFICATION of 0,(V), U(V) = {Uk(V)}n:

Replacement of n covariant derivatives in each of their monomials by Synge world
function vectors v, + —V,0(z,2')/2

1 o

Var-Vas},, = G g

(Val— kcral)... (Vaj— kcraj)

k=0
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Lack of systematic approach, manifest covariance in curved spacetime, and universality

We will consider a systematic method for nonminimal operators of causal theories.



Principal symbol
Causality condition

Eigenvalues of the
principal symbol

Heat kernel of the
operator truncated
to principal symbol

Projectors onto

lambda-eigenspaces

Projector structure for
spin s theory

Causal theories

D(V) = D(ip) = (=1)V D" 92N pg, .. pagy,

det D(ip) = C(p* )™, p* = g"papy _
Wave equation
~ N characteristic surface is a
D(ip)p; = Ai(p?) " @i light cone p?® = 0
ddp
Ri(r|z,y) = in(a—1)

A=uajar - -as, B="biby---bs



Leading order approximation

Promot'lon to curved 8.0 = gup(T),  pa — —iVa, p2 = —ga’bvavb
spacetime

From momentum space to coordinate space:

. dp e
Ry(r|z,y) = [ o2 ea=y) ()N
(2m) [ L& Va.Va
_ , 8 )8
x Y e ™) 1, (n) ; (-0)
1

To generic minimal (—D)N |:> F=FV)=(-0O0+ F’)N — (_D)N + O[R]

operator

~

1

_ _ A Q1.0 -
Quasi-projectors II; = II;(V) = 7, V“1“’v""’28[F(V) &

II;1T; = 6;; + O[R]

N curvature corrections




Subtraction procedure source of IR

divergences

The goal --- to avoid IR problems of 7 — o0

~ 00
i — ]' /d’T TS—le—TF
Fs  T(s) !

-
KH(T) ~ ZHZ.B—T)\@'F =1+ Zﬂz (G—T)\iF _ 1) -1 — ZHiF)\i/dTl e—Tl)\@'F
1 i ; 5

Repeat n times

nl(cr)k

Ky(r) ~ Z ZH(FA)k+( 1)”/(1” ZH(F)\)R —Tp A F
k=0

\ )
|

ZH (FX)F = O[R] @ ]d”r(...)s]dq?dm... Tnf_ldm(...)

" )

Zk!

k=0

H* local differential operator



~0a1...a o —
ILF" = 71"V ,..Va,, F"7°(V)  local for n>s or n=s

Leading order 5 (_T)k; 7 |
approximation Ks(1) = Z o Hk + /dnq- Zni(—F)\i)s_l_l o~ TnAF
(not the flat-space one) k=0 ™ 0 0

Perturbation theory

(- + ) Ey(r) = ()

Ws(r) = (—I)S/Tdsfr{
0

I H (PN + X HIL(FN) = (P! e—frsw}
A N

Ws(r) = O[R] @ commutators ~ R, VR

K(r) = Keo(r) + 3 KM (r)

n=1

K (7) = / 0 Ky () Ws (7 — 71)Ws(r1 — 70) We(ra — 7). Ws (71 — )
0



Typical perturbation (n) o e o
term multilinear in Ks (T)N/dTo---dTnKe TOF We ™M L. WeTT

operator exponent e~ 7 ~o ! e

“vertices”

4

Convolution of kernels . ./ddmf WKp(r|z, e YWKp(r' |2/, 2") - -

INSTEAD:

| |
Kgn)(,r) ~ /dTO ce dTnKe_TOF We—'rlF o We_T”F vl
Commutation of all

operator exponents n
to the right _ N 0 i ae— _
o the rig [e TF,W}:Z( |) [F,[F,--'[FaW]“-]]e TF
n=1 n-
—_—
U FL[F - [F,W] )] = O V'R 4 %"
Linear map
. _ !
from minimal to e TH(V) = /dT"B(T, T R[V)e ™ F(V)
nonminimal Substitute
differential operator Schwinger-DeWitt
expansion




Proca model operator (without mass term)

HY(V) = —06¢ 4+ V*V,, + RY

. . scalar field
Choice of minimal F{(V) = —06¢ + R -
operator F

VoF§(V) = -0V, FYV)V’'=-vO
50 a remarkable
1 1 :
Vool =_"v, b yb=_yo< properties
Fv) O F(V) 0

degenerate
symbol

Projectors and

: 1 1
eigenvalues of the I = 5% — V=V, A\ =1, I, =V°=V,, =0
principal symbol N U

) - T
Leading order g, (r)= [~ |¢ 4+ VIV, = [T ]+ VO dry €10,
= exact answer 0

W1 =0
How important is a good choice of minimal F !



Smoothness of heat kernel

, A , _0($=w:) i1 [o(z,2)]? singular for relevant and
Kg(r|z,z') ~ /dT e 2N T o marginal EFT operators with
5 i y=m+4+1-d/2<0

UV source
of the problem

B(r, 7, R| V) ~VV.-..Vi(z,2') + i = singular at ¢/ — g
o(x, $f)} (contradicts boundedness of

well-defined heat kernel)

Better subtraction scheme?




Modified subtraction scheme and perturbation theory

1 > e_ﬁTF, 5>0
replace the

subtracted term NT
L (e—T/\iF_ e—BTF) _ BTF _ / dri e T1F
foks
sk N T
K(r) o kP )=y Zer-mte "+ Y [atrm-p e nnl
k=0 """ '

7’,87'
ﬁ;éo

every term contains operator exponent

effects only perturbation d (B) _
terms B_BKS (r) = O[R]

kO, w00, 1M = &, W), k)



Nonmimimal vector field operator with a nondegenerate symbol

H{(V) = -06f + aV'V, + R},  a#1

Projectors and

T 1 1
— £a a _ J— _
eigenvalues 1=10,-V avba A1=1, Il =V EV},, =1-«

Leading order is exact, choice of 3 = 1 (simplifies---annihilates the contribution of 117)

(1-a)T
[KH} z,('r\:n,x’) = [KF] Z,(T]ﬁc,m’) — VeV / drq K_D('r\m,xl)
minimal part ' @ nonminimal part
(1—a)T 1/2
[ an K_wa,m’)—‘“@ gi’;}f 41201 Z I(rm =44 1,0(,2)) am(-0] 2,2)




. s n] —(1—-—aq)7 "
Regularity I(fr,fy, a) =77 Z (— i) (d-a) o—0
o\ 2T n!(n —7)
Coincidence limit of the full heat kernel
a 1 2(:[7) 00 a
[Kulylnm = £ 5 {ontF o],
. . m—4 . . m—2+41
\_'_I
derivatives

Degenerate principal symbol case (Proca), o =1

Heat kernel is singular:

I(T,’}’, 0)

AN o d
=—(=)M[=y,— )= o0, 020, y= 1—— < forUV (relevantand
(2) ( ! 27) R y=m 2 < marginal terms)

a=1



Conclusions

Systematic approach to heat kernel of nonminimal causal operators:

principal symbol eigenvalues + auxiliary minimal operator F

Y

LO heat kernel + subtraction scheme + perturbation theory
+ commutator algebra of operator exponents

e

direct use of Schwinger-DeWitt expansion coefficients

Unfinished issue: when F is higher-derivative F = (—D)N +---, N>2
oo
()
KF(T|$3$’):m§1T—m+...’ ('..) m’:.’E:O

Ky(r|z,2) ~V-- - VKp(r|z,2"), is Kp(r|z,2) regularat +—0 ?

Non-causal operators, generalized causality ?



