
Март
‘24

В ожидании 
новой физики
Дмитрий Казаков
Лаборатория теоретической физики им. Н.Н. Боголюбова
Дмитрий Казаков

August

‘25

Non-Renormalizable Interactions 
Beyond the Leading Order

Dmitry Kazakov 

Bogoliubov Laboratory of Theoretical Physics


Joint Institute for Nuclear Research Dubna

BLTP

В ожидании_e.




The questions:

 Are renormalizable theories just low-energy efficient theories, or does the 
principle of renormalizability limit the class of permissible interactions?

 What to do with gravity which is not renormalizable?

Non-renormalizable theories are not accepted due to:

 UV divergences are not under control - infinite number of new types of  
divergences

 The amplitudes increase with energy (in PT) and violate unitarity

However:

 Quantum field theory is formulated for all types of interactions 
independently on renormalizability

 R-operation equally works for NR theories and leads to local 
counter terms resulting in finite amplitudes

 We attempt to address these issues in NR theories and to 
show that one can work with NR interactions beyond tree level
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RG = (1�K)R0G

Z = 1�
X

i

KR0Gi

Renormalization

BPHZ  R-operation

Bogolyubov-Parasiuk Theorem:   In any local quantum field theory to get the UV 
finite S-matrix one has to introduce local counter terms to the Lagrangian in each 
order of perturbation theory - R-operation

In renormalizable case this is equivalent to the operation of multiplication by a 
renormalization constant Z 

L ) L+�L

Z ! Ẑ

Ẑ is a function (polynomial) of momenta (s,t,u for the 4-point case)  and/or  the fields

Kazakov,18

In non-renormalizable case the BP theorem is still valid and the counter terms are 
also local (at maximum are polynomial over momenta)

• Multiplication operation is replaced by acting of an operator  
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R0Gn =
A(n)

n (µ2)n✏

✏n
+

A(n)
n�1(µ

2)(n�1)✏

✏n
+ ...+

A(n)
1 (µ2)✏

✏n

+ lower pole terms

A(n)
k (µ2)k✏

BPHZ  R-operation

terms appear after subtraction of (n-k) loop counter terms  

n loops n-1 loops

1 loop1 loop

counter


term

n-1 loop

counter


term

+ +…+

Statement: R0Gn is local, i.e. terms like logk µ2/✏m should cancel for any k and m

=
<latexit sha1_base64="9JOgyzxA/9kFE5pl7RLiKLx5w+Q=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU9mVoh6LXjxWsR/SLiWbZtvQJLskWaEs+yu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn67SeqNIvkg5nE1Bd4KFnICDZWekx7BHN0f5r1yxW36s6AlomXkwrkaPTLX71BRBJBpSEca9313Nj4KVaGEU6zUi/RNMZkjIe0a6nEgmo/nR2coROrDFAYKVvSoJn6eyLFQuuJCGynwGakF72p+J/XTUx45adMxomhkswXhQlHJkLT79GAKUoMn1iCiWL2VkRGWGFibEYlG4K3+PIyaZ1XvYtq7a5WqV/ncRThCI7hDDy4hDrcQgOaQEDAM7zCm6OcF+fd+Zi3Fpx85hD+wPn8ASBbj/o=</latexit>

R0 n loops

Locality:
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• Due to locality all higher order divergences are related to the lower ones
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  These recurrence relations can be promoted to the RG equations for the scattering 
amplitudes, effective potential, etc  which sum up the leading divergences (logarithms)  
and to find out the high energy/field behaviour 

The Local Counter Terms 

A(n)
n = (�1)n+1A

(n)
1

n

Consequence:

The leading divergences are governed by 1 loop diagrams!

Leading divergences:

SubLeading divergences:

Coefficients of 
<latexit sha1_base64="PPwyKyhfHy3JYcE3IME5bKbqLY4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU90VRY9FLx4r2A/oriWbpm1oNglJVihL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2jA3lTNCGZZbTttIUJzGnrXh0O/VbT1QbJsWDHSsaJXggWJ8RbJ0UBmchVYZxKR5Ft1zxq/4MaJkEOalAjnq3/BX2JEkTKizh2JhO4CsbZVhbRjidlMLUUIXJCA9ox1GBE2qibHbzBJ04pYf6UrsSFs3U3xMZTowZJ7HrTLAdmkVvKv7ndVLbv44yJlRqqSDzRf2UIyvRNADUY5oSy8eOYKKZuxWRIdaYWBdTyYUQLL68TJrn1eCy6t9fVGo3eRxFOIJjOIUArqAGd1CHBhBQ8Ayv8Oal3ov37n3MWwtePnMIf+B9/gCzwJF4</latexit>

1/✏n

The sub leading divergences are governed by 2 loop diagrams!

Coefficients of 
<latexit sha1_base64="oDZHKLDsNTGi6l2hTdMpeBvZDdg=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi3VXFD0WvXisYD+gXUs2nW1Ds8mSZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXB4N/WbI1CaSfFoxgkEMekLFjFKjJW6ruufdyDRjEvxlIkzf9J1y17FmwEvEz8nZZSj1nW/Oj1J0xiEoZxo3fa9xAQZUYZRDpNSJ9WQEDokfWhbKkgMOshml0/wiVV6OJLKljB4pv6eyEis9TgObWdMzEAvelPxP6+dmugmyJhIUgOCzhdFKcdG4mkMuMcUUMPHlhCqmL0V0wFRhBobVsmG4C++vEwaFxX/quI9XJart3kcRXSEjtEp8tE1qqJ7VEN1RNEIPaNX9OZkzovz7nzMWwtOPnOI/sD5/AHaHpMn</latexit>

1/✏n�1

 These properties allow one to write down the recurrence relations connecting the 
subsequent orders of the counterterms and to evaluate them algebraically without 
calculating the diagrams. This can be done in renormalizable and non-renormalizable 
theories. The difference is a more complicated structure of these relations in NR case.

<latexit sha1_base64="VwV5nkDjbyn8XLa7JEFX2JGgNVo="></latexit>
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Two loop example

=

 
A(2)

2

✏2
+

A(2)
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1
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1
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A(1)
1
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A(2)
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✏2
� (A(1)

1 )2

✏2
+ 2

A(2)
2

✏
log(µ2/s)� (A(1)

1 )2

✏
log(µ2/s){

non-local terms to be cancelled

A(2)
2 =

1

2
(A(1)

1 )2Leading divergence is given by the one-loop term

= �1

2

(A(1)
1 )2

✏2
+ ...

• These statements are universal and are valid in non-renormalizable theories as well.


• The only difference is that the counter term         depends on kinematics and has to be 

integrated through the remaining one-loop graph.


• As a result           is not the square of          anymore but is the integrated square .


• This last statement is the general feature of any QFT irrespective of renormalizability

�4
4

A(1)
1

A(2)
2 A(1)

1
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Leading divergences in Scattering Amplitudes 

Quartic vertices

Cubic vertices

<latexit sha1_base64="Oxy6iDb2P9u1CIFRjFE4HxCZIV0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eGqJx/Tsjyd9Iolt+LOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4aWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6R5VvHOK+5dtVS7zuLIwxEcQxk8uIAa3EIdGkBAwDO8wpujnBfn3fmYt+acbOYQ/sD5/AEm3Y/7</latexit>

A(n)
n

<latexit sha1_base64="XJv86A8VWAjTB1KjSHfR2kd0+ds=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eGq5z2mZXk66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOKdV9y7aql2ncWRhyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QPI7I++</latexit>

A(n)
1

<latexit sha1_base64="XJv86A8VWAjTB1KjSHfR2kd0+ds=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eGq5z2mZXk66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOKdV9y7aql2ncWRhyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QPI7I++</latexit>

A(n)
1
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The Recurrence Relation for the Scattering Amplitude 

This is the generalized RG equation valid in any  (even non-renormalizable) theory!

n�2X

k=1

n A_n = - 2 A_n-1 - A_k A_n-1-k

• This is the general recurrence relation that reflects the locality of the counter 
terms in any theory 


• In renormalizable theories A_n is a constant and this relation  is reduced to the 
algebraic one


• In non-renormalizable theories A_n depends on kinematics and one has to 
integrate through the one loop diagrams

Taking  the sum one can transform the recurrence relation

into integro-diff equation

X

n

An(�z)n = A(z)

Kazakov,20

<latexit sha1_base64="97z0bUmD+ptBEW3xN+pW8kdYoMo="></latexit>

d

dz
A(z) = b0{�1� 2

Z

�
A(z)�

Z

�
A2(z)}

<latexit sha1_base64="MqQ3bOeh3YCF1doClDktKfTI2dg=">AAACC3icbVDLSgMxFM3UV62vUZduQovgxjJTELsRiy50WcE+oFNLJpNpQ5OZIcmIdZi9G3/FjQtF3PoBunPlr5g+QG09cOHknHvJvceNGJXKsj6NzNz8wuJSdjm3srq2vmFubtVlGAtMajhkoWi6SBJGA1JTVDHSjARB3GWk4fZPh37jmghJw+BSDSLS5qgbUJ9ipLTUMfOOLxBOvDTxblN49PNyWNh1eHxVSjtmwSpaI8BZYk9IoXL89X6zXz6rdswPxwtxzEmgMENStmwrUu0ECUUxI2nOiSWJEO6jLmlpGiBOZDsZ3ZLCXa140A+FrkDBkfp7IkFcygF3dSdHqienvaH4n9eKlV9uJzSIYkUCPP7IjxlUIRwGAz0qCFZsoAnCgupdIe4hHYfS8eV0CPb0ybOkXiraB0XrQqdxAsbIgh2QB3vABoegAs5BFdQABnfgATyBZ+PeeDRejNdxa8aYzGyDPzDevgF5gp71</latexit>

d

dz
=

d

d logµ2
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SYM_D
S-channel

D=6 N=2
Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

t0 = t(x� y)� sy

S3 = �s/3, T3 = �t/3

T-channel

nSn(s, t) = �2s

Z 1

0
dx

Z x

0
dy (Sn�1(s, t

0) + Tn�1(s, t
0))

n � 4

Exact all-loop recurrence relation

D=8 N=1
Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

S1 =
1

12
, T1 =

1

12

nSn(s, t) = �2s2
Z 1

0
dx

Z x

0
dy y(1� x) (Sn�1(s, t

0) + Tn�1(s, t
0))|t0=tx+yu

+ s4
Z 1

0
dx x2(1� x)2

n�2X

k=1

2k�2X

p=0

1

p!(p+ 2)!

dp

dt0p
(Sk(s, t

0) + Tk(s, t
0))⇥

⇥ dp

dt0p
(Sn�1�k(s, t

0) + Tn�1�k(s, t
0))|t0=�sx (tsx(1� x))p

S-channel T-channel

Bork,Kazakov,Kompaneets,Vlasenko, 13

Borlakov,,Kazakov,Tolkachev,Vlasenko, 15

Exact all-loop recurrence relation
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D=6 N=2

d

dz
⌃(s, t, z) = s� 2

z
⌃(s, t, z) + 2s

Z 1

0
dx

Z x

0
dy (⌃(s, t0, z) + ⌃(t0, s, z))|t0=xt+yu

<latexit sha1_base64="L4iBcufaVLrOPN2cnHdRHfzkw9Q="></latexit>

⌃(s, t, z) = z�2
1X

n=3

(�z)nSn(s, t)

<latexit sha1_base64="m9tIEhJuquhUBQdoR4Fjll/eTgU="></latexit>

⌃(s, t, z) =
1X

n=1

(�z)nSn(s, t)D=8 N=1

d

dz
⌃(s, t, z) = � 1

12
+ 2s2

Z 1

0
dx

Z x

0
dy y(1� x) (⌃(s, t0, z) + ⌃(t0, s, z))|t0=tx+yu

�s4
Z 1

0
dx x2(1� x)2

1X

p=0

1

p!(p+ 2)!
(
dp

dt0p
(⌃(s, t0, z) + ⌃(t0, s, z))|t0=�sx)

2 (tsx(1� x))p.

RG Equation

SYM_D

Linear equation

Non-linear equation
11



Solution of RG Equations -  Genaral Case

<latexit sha1_base64="97z0bUmD+ptBEW3xN+pW8kdYoMo="></latexit>

d

dz
A(z) = b0{�1� 2

Z

�
A(z)�

Z

�
A2(z)}

In the r.h.s. one has a second degree polynomial:


• Two real roots - solution is an exponent (decreasing or increasing depending on a 
theory and kinematics)                                                                           SYM_6


• Degenerate real root - solution with a pole at low (Asymptotic Freedom) or high 

(Zero Charge) energies depending on a kinematics                                          

• Two complex roots  - solution with infinite number of periodic poles in both 
directions                                                                                                  SYM_8


�4
D
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Solution for the four-fermion theory in D=4 dimensions see talk by A.Borlakov
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Effective Potential in Scalar Theory 

<latexit sha1_base64="v8dq1BdTCaMMFQQpE01xqf3/QSY="></latexit>

Z(J) =

Z
D� exp

✓
i

Z
d4x L(�, d�) + J�

◆

<latexit sha1_base64="jhzQR1Vh2RymvzMyNVT6n1u3zPI=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei1IUlkaJuhKIbcVXBXrANZTKdtEMnmTAzKZTQN3HjQhG3vok738Zpm4W2/jDw8Z9zOGd+P+ZMacf5tnIrq2vrG/nNwtb2zu6evX/QUCKRhNaJ4EK2fKwoZxGta6Y5bcWS4tDntOkPb6f15ohKxUT0qMcx9ULcj1jACNbG6tp2s3R/en3GOlz00ZPhrl10ys5MaBncDIqQqda1vzo9QZKQRppwrFTbdWLtpVhqRjidFDqJojEmQ9ynbYMRDqny0tnlE3RinB4KhDQv0mjm/p5IcajUOPRNZ4j1QC3WpuZ/tXaigysvZVGcaBqR+aIg4UgLNI0B9ZikRPOxAUwkM7ciMsASE23CKpgQ3MUvL0PjvOxelCsPlWL1JosjD0dwDCVw4RKqcAc1qAOBETzDK7xZqfVivVsf89aclc0cwh9Znz+9UpHM</latexit>

W (J) = �i logZ(J)

<latexit sha1_base64="hDPm/+AN02K4+FDDcATUlC+lM/s=">AAACEXicbVDLTgIxFO3gC/GFunTTSEyGhWTGEHVjQnShYYWJPBIGSad0oKHtTNqOgRB+wY2/4saFxrh1586/scAsFDxJ05Nz7s299/gRo0o7zreVWlpeWV1Lr2c2Nre2d7K7ezUVxhKTKg5ZKBs+UoRRQaqaakYakSSI+4zU/f7VxK8/EKloKO70MCItjrqCBhQjbaR21vauEefI9qIezV/Aul3OH3tUaNi5Lw5g2R7kJ4752tmcU3CmgIvETUgOJKi0s19eJ8QxJ0JjhpRquk6kWyMkNcWMjDNerEiEcB91SdNQgThRrdH0ojE8MkoHBqE0zywzVX93jBBXash9U8mR7ql5byL+5zVjHZy3RlREsSYCzwYFMYM6hJN4YIdKgjUbGoKwpGZXiHtIIqxNiBkTgjt/8iKpnRTc00LxtpgrXSZxpMEBOAQ2cMEZKIEbUAFVgMEjeAav4M16sl6sd+tjVpqykp598AfW5w8u5Jq7</latexit>

�(�) = W (J)�
Z

d4xJ(x)�(x)

Generating functional for Green functions

IPI generating functional

Legendre transformation

Effective action

Shifted Classical action

Field dependent mass Interaction vertexClassical external field

<latexit sha1_base64="Gu9BWCZTehFWqzearc71UTIfiR4="></latexit>

S[�+ �̂] = S[�] + �̂S0[�] +
1

2
�̂2S00[�] +

1

3!
�̂3S000[�] + ...

<latexit sha1_base64="85Mg+sd9b6jIZnk32qI500sdEg0="></latexit>

ei�(�) =

Z
D�̂ ei(S[�+�̂]��̂�0[�])
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Effective Potential in Scalar Theory 

Is the sum of all vacuum 1PI diagrams

Shown are UV divergent vacuum diagrams in arbitrary scalar theory up to three loops 
<latexit sha1_base64="W9nUnsGiBnHtSaFuhUzy6AnnHgo=">AAACEHicbVDLSsNAFJ3UV62vqks3g0WsC0MiUt0Uim5cVrAPaNIwmU7SoZNJmJkIJfQT3Pgrblwo4talO//GaZuFVg9cOJxzL/fe4yeMSmVZX0ZhaXllda24XtrY3NreKe/utWWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6Tjj66nfueeCEljfqfGCXEjFHIaUIyUlrzycdvLSBBM6qEj08jLeN2a9B3KAzWG1dPwpM9h2+Mm9MoVy7RmgH+JnZMKyNH0yp/OIMZpRLjCDEnZs61EuRkSimJGJiUnlSRBeIRC0tOUo4hIN5s9NIFHWhnAIBa6uIIz9edEhiIpx5GvOyOkhnLRm4r/eb1UBZduRnmSKsLxfFGQMqhiOE0HDqggWLGxJggLqm+FeIgEwkpnWNIh2Isv/yXtM9OumbXb80rjKo+jCA7AIagCG1yABrgBTdACGDyAJ/ACXo1H49l4M97nrQUjn9kHv2B8fAP+9Jvn</latexit>

Veff = g
1X

n=0

(�g)nVn.

<latexit sha1_base64="g/tw2rJzQumARuu0NefGKVA8/8I="></latexit>

L =
1

2
(@µ�)

2 � gV0(�)

<latexit sha1_base64="UTayeau2W9KX7dqJzNQb2bSuUoI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0x5kGIazQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLcGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/Hcy5AqZEVNLKFPc3krYmCrKjE2oZEPwVl9eJ+2rqler1h6uK43bPI4inME5XIIHdWjAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gByUI+p</latexit>

Veff

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

<latexit sha1_base64="UdzNR2ls8Aa+DDRMA9zPaWv2fFE=">AAACAnicbVBNS8NAEN34WetX1ZN4WSyCp5pIUY9FLx4r2A9o2rLZTNqlm03c3RRKKF78K148KOLVX+HNf+O2zUFbHww83pthZp4Xc6a0bX9bS8srq2vruY385tb2zm5hb7+uokRSqNGIR7LpEQWcCahppjk0Ywkk9Dg0vMHNxG8MQSoWiXs9iqEdkp5gAaNEG6lbOBx2hQsPCRtivyNwvWuf+W7cZx3jFe2SPQVeJE5GiihDtVv4cv2IJiEITTlRquXYsW6nRGpGOYzzbqIgJnRAetAyVJAQVDudvjDGJ0bxcRBJU0Ljqfp7IiWhUqPQM50h0X01703E/7xWooOrdspEnGgQdLYoSDjWEZ7kgX0mgWo+MoRQycytmPaJJFSb1PImBGf+5UVSPy85F6XyXblYuc7iyKEjdIxOkYMuUQXdoiqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AYBGWyA==</latexit>

vn ⌘ dnV0/d�
n
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Recurrence relations for the leading poles

Action of R’-operation on divergent diagram

<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

Kazakov, Iakhibbaev, Tolkachev  22

<latexit sha1_base64="CWS7H/QoiquzQjvTyKYF7mn59Ko=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCF0tSpHos2oPHCvYD2hA22227dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL4g5U9pxvq3c2vrG5lZ+u7Czu7d/YBcPWypKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxjczv/1ApWKRuNeTmHohHgo2YARrI/l2se5XenXKNUYtPxXn7tS3S07ZmQOtEjcjJcjQ8O2vXj8iSUiFJhwr1XWdWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fvoUnRqljwaRNCU0mqu/J1IcKjUJA9MZYj1Sy95M/M/rJnpw5aVMxImmgiwWDRKOdIRmOaA+k5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qqU3Wq5endRql1nceThGE7gDFy4hBrcQgOaQOARnuEV3qwn68V6tz4WrTkrmzmCP7A+fwDNF5MU</latexit>

D2�Vn�1
<latexit sha1_base64="gkLGMS5Y+xU8JgiapZ24Sfx62m0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSpHos2oPHCvYD2hA220m7dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeY3M797iNIxWLxoKcJeBEZCRYySrSRfLvc9GuDJnBNcMfPJjPfrjhVZwG8TtycVFCOlm9/DYYxTSMQmnKiVN91Eu1lRGpGOcxKg1RBQuiEjKBvqCARKC9bHD7D50YZ4jCWpoTGC/X3REYipaZRYDojosdq1ZuL/3n9VIfXXsZEkmoQdLkoTDnWMZ6ngIdMAtV8agihkplbMR0TSag2WZVMCO7qy+ukU6u69Wr9/rLSuMnjKKJTdIYukIuuUAPdoRZqI4pS9Ixe0Zv1ZL1Y79bHsrVg5TMn6A+szx/lhJKf</latexit>

D2�Vk

<latexit sha1_base64="VUNzxGWt4O/MFpMfrRjnaqsk0FU="></latexit>

n�Vn =
1

2
v2D2�Vn�1 +

1

4

n�2X

k=1

D2�VkD2�Vn�1�k, n � 2
<latexit sha1_base64="UqbzI+XeCyAP3QWBxBIqHDyHvtU=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQPIXdEKIXIagHjxHMA7LrMjuZTYbMPpjpDYQQvPgrXjwo4tWv8ObfOEn2oIkFDUVVN91dfiK4Asv6NnIrq2vrG/nNwtb2zu6euX/QVHEqKWvQWMSy7RPFBI9YAzgI1k4kI6EvWMsfXE/91pBJxePoHkYJc0PSi3jAKQEteeaRc8MEENz07EsnkIRiu4KHXvmh7JlFq2TNgJeJnZEiylD3zC+nG9M0ZBFQQZTq2FYC7phI4FSwScFJFUsIHZAe62gakZApdzx7YYJPtdLFQSx1RYBn6u+JMQmVGoW+7gwJ9NWiNxX/8zopBBfumEdJCiyi80VBKjDEeJoH7nLJKIiRJoRKrm/FtE90EKBTK+gQ7MWXl0mzXLKrpepdpVi7yuLIo2N0gs6Qjc5RDd2iOmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzA+fwBB65Vt</latexit>

�V1 =
1

4
v22

<latexit sha1_base64="WRRCK7SFo6kDgoi2wdsBtER2ncw="></latexit>

n�Vn =
1

4

n�1X

k=0

D2�VkD2�Vn�1�k, n � 1, �V0 = V0
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RG pole equation for arbitrary potential

<latexit sha1_base64="U7Qnadr7OidgHwQr+mhlhECiEtc=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Woi5akFHUjFHXhsqJthSaWyWTSDp08mJkINeQr3Pgrblwo4lbc+TdO0yy09cCFwzn3cu89TsSokIbxrRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o/OJ370nXNAwuJHjiNg+GgTUoxhJJfX1KrQ8jnDiQuuaDnyUJu5DelrNRGg2YOWiX8+tw7t6Xy8bNSMDnCdmTsogR6uvf1luiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYSfZWCg+U4kIv5KoCCTP190SCfCHGvqM6fSSHYtabiP95vVh6J3ZCgyiWJMDTRV7MoAzhJCPoUk6wZGNFEOZU3QrxEKlEpEqypEIwZ1+eJ516zTyqNa4a5eZZHkcR7IF9UAEmOAZNcAlaoA0weATP4BW8aU/ai/aufUxbC1o+swv+QPv8AfVPnVc=</latexit>

d⌃

dz
= �1

4
(D2⌃)

2
<latexit sha1_base64="TlI+IrcgDqBHZ7X1UdtnJ4YWKLU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSoG6HoxmVFe4HOMGTSTBuaZIYkI5ShbnwVNy4UcetbuPNtTKddaPWHwMd/zuHk/GHCqNKO82UVFhaXlleKq6W19Y3NLXt7p6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLya1Nv3RCoaizs9SojPUV/QiGKkjRXYe94t7XNUcY69ZECPLlqBU8kpsMtO1ckF/4I7gzKYqRHYn14vxiknQmOGlOq6TqL9DElNMSPjkpcqkiA8RH3SNSgQJ8rP8gvG8NA4PRjF0jyhYe7+nMgQV2rEQ9PJkR6o+drE/K/WTXV07mdUJKkmAk8XRSmDOoaTOGCPSoI1GxlAWFLzV4gHSCKsTWglE4I7f/JfaJ1U3dNq7aZWrl/O4iiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s92lrwZrN7IJfsj6+AfK+lUs=</latexit>

⌃(0,�) = V0(�)

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .

<latexit sha1_base64="cDE1ZcWl67SsW3i6SCfEAtAbEkE=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSyCp5JIUS9C0YvHCvYDmlA220m7dLMJuxulxv4ULx4U8eov8ea/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V67st1WUSAotGvFIdn2igDMBLc00h24sgYQ+h44/vs78zj1IxSJxpycxeCEZChYwSrSR+uXK46UbSELx0IVYMZ5pVbtmz4CXiZOTKsrR7Je/3EFEkxCEppwo1XPsWHspkZpRDtOSmyiICR2TIfQMFSQE5aWz06f42CgDHETSlNB4pv6eSEmo1CT0TWdI9Egtepn4n9dLdHDhpUzEiQZB54uChGMd4SwHPGASqOYTQwiVzNyK6YiYJLRJq2RCcBZfXibt05pzVqvf1quNqzyOIjpER+gEOegcNdANaqIWougBPaNX9GY9WS/Wu/Uxby1Y+cwB+gPr8wcZ35Pq</latexit>

z =
g

✏

RG pole equation

Effective potential

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

This a non-linear partial differential equation!

Kazakov, Iakhibbaev, Tolkachev  22

JHEP  v 2304 (2023) 128 

<latexit sha1_base64="WnQvzt0/VDJacQ/3ZqVJOExfIJM="></latexit>

⌃(z,�) =
1X

n=0

(�z)n�Vn(�)



RG Equations in Subleading Order

Scattering Amplitude

<latexit sha1_base64="vwRFIwQ35kclxEwxVq4XqpKheD4="></latexit>

d2S2(s, t, z)

dz2
= s

d

dz
(S1 + T1)⌦ (S2 + T2)

+s2(S1 + T1)⌦ (S2 + T2)⌦ (S1 + T1)

+s(S1 + T1)⌦⌦(S1 + T1)

<latexit sha1_base64="gF4sNN4YcREBCusChoYxuRf3G6o=">AAACG3icbVBNS8NAEN3Ur1q/oh69LBahopSkKHoRRC8eK22t0JSw2WzapZsPdidCDf0fXvwrXjwo4knw4L9xW3Oo1QcDj/dmmJnnJYIrsKwvozA3v7C4VFwurayurW+Ym1s3Kk4lZS0ai1jeekQxwSPWAg6C3SaSkdATrO0NLsd++45JxeOoCcOEdUPSi3jAKQEtuWbNCSShmd9wK+oQDu/3R5l/PzpTuNJw7YOma+87MfCQTQmuWbaq1gT4L7FzUkY56q754fgxTUMWARVEqY5tJdDNiAROBRuVnFSxhNAB6bGOphHR67rZ5LcR3tOKj4NY6ooAT9TpiYyESg1DT3eGBPpq1huL/3mdFILTbsajJAUW0Z9FQSowxHgcFPa5ZBTEUBNCJde3YtonOizQcZZ0CPbsy3/JTa1qH1et66Py+UUeRxHtoF1UQTY6QefoCtVRC1H0gJ7QC3o1Ho1n4814/2ktGPnMNvoF4/MbH9ue7A==</latexit>

dS(s, t, z)

dz
= s(S1 + T1)⌦ (S1 + T1) Coefficients of 

<latexit sha1_base64="PPwyKyhfHy3JYcE3IME5bKbqLY4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU90VRY9FLx4r2A/oriWbpm1oNglJVihL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2jA3lTNCGZZbTttIUJzGnrXh0O/VbT1QbJsWDHSsaJXggWJ8RbJ0UBmchVYZxKR5Ft1zxq/4MaJkEOalAjnq3/BX2JEkTKizh2JhO4CsbZVhbRjidlMLUUIXJCA9ox1GBE2qibHbzBJ04pYf6UrsSFs3U3xMZTowZJ7HrTLAdmkVvKv7ndVLbv44yJlRqqSDzRf2UIyvRNADUY5oSy8eOYKKZuxWRIdaYWBdTyYUQLL68TJrn1eCy6t9fVGo3eRxFOIJjOIUArqAGd1CHBhBQ8Ayv8Oal3ov37n3MWwtePnMIf+B9/gCzwJF4</latexit>

1/✏n

Coefficients of 

<latexit sha1_base64="oDZHKLDsNTGi6l2hTdMpeBvZDdg=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi3VXFD0WvXisYD+gXUs2nW1Ds8mSZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXB4N/WbI1CaSfFoxgkEMekLFjFKjJW6ruufdyDRjEvxlIkzf9J1y17FmwEvEz8nZZSj1nW/Oj1J0xiEoZxo3fa9xAQZUYZRDpNSJ9WQEDokfWhbKkgMOshml0/wiVV6OJLKljB4pv6eyEis9TgObWdMzEAvelPxP6+dmugmyJhIUgOCzhdFKcdG4mkMuMcUUMPHlhCqmL0V0wFRhBobVsmG4C++vEwaFxX/quI9XJart3kcRXSEjtEp8tE1qqJ7VEN1RNEIPaNX9OZkzovz7nzMWwtOPnOI/sD5/AHaHpMn</latexit>

1/✏n�1

 Equation for the subleading order function as well as for all the 
subsequent orders is always  linear!

 This seems to be in contradiction with the usual RG equation but is not!



RG Equations in Subleading Order

Effective potential

- leading order

- subleading order
<latexit sha1_base64="OjuatSQXHrsi54nOOYV37HBwWAU=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILrTMCGJ3FhV0WcFeoDMOmTTThmYyY5IplqEv4cZXceNCEbeiO1e+ipm2iLb+EPj4zzlJzu9FjEplmp9GZmZ2bn4hu5hbWl5ZXcuvb9RkGAtMqjhkoWh4SBJGOakqqhhpRIKgwGOk7nVP03q9R4SkIb9S/Yg4AWpz6lOMlLbc/N6Zy21yE9MetH2BcGJHSCiK2DUf/DC0ow7VhpsvmEVzKDgN1hgK5eOv99v90nnFzX/YrRDHAeEKMyRl0zIj5STprZiRQc6OJYkQ7qI2aWrkKCDSSYZbDeCOdlrQD4U+XMGh+3siQYGU/cDTnQFSHTlZS83/as1Y+SUnoTyKFeF49JAfM6hCmEYEW1QQrFhfA8KC6r9C3EE6HKWDzOkQrMmVp6F2ULQOi+alTuMEjJQFW2Ab7AILHIEyuAAVUAUY3IEH8ASejXvj0XgxXketGWM8swn+yHj7BmUXozw=</latexit>

Dn ⌘ @n

@�n

 Equation for the subleading order function as well as for all the 
subsequent orders is always  linear!

 This seems to be in contradiction with the usual RG equation which is 
non-linear, however, the proper form of the usual RG equation is also 
linear!!

<latexit sha1_base64="S5m4xOSXwQAg4b0YzW20x8O5kpc="></latexit>

d⌃1(z,�)

dz
= �1

4
(D2⌃1(z,�))

2

<latexit sha1_base64="zMOoWrQwKP5QmxbjYAO3qJYblzQ="></latexit>

d⌃2(z,�)

dz
= D2⌃1(z,�)D4⌃2(z,�)D2⌃1(z,�)

+ D2⌃1(z,�)D3⌃2(z,�)D3⌃1(z,�)

+ D2⌃1(z,�)D4⌃1(z,�)D2⌃2(z,�)

<latexit sha1_base64="mN/wRx5rT3JJM4fF4Z0ilaPQJOA=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuELQMsbFM0DwgWcLsZDYZMjO7zswKYclP2FgoYmvhX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8p0qzSN6aUUx9gfuShYxgY6VW54b1Be563XzBLbpToGXizUmhfFT7Zu+Vj2o3/9npRSQRVBrCsdZtz42Nn2JlGOF0nOskmsaYDHGfti2VWFDtp9N7x+jUKj0URsqWNGiq/p5IsdB6JALbKbAZ6EVvIv7ntRMTXvopk3FiqCSzRWHCkYnQ5HnUY4oSw0eWYKKYvRWRAVaYGBtRzobgLb68TBrnRa9UdGs2jQrMkIVjOIEz8OACynANVagDAQ4P8ATPzp3z6Lw4r7PWjDOfOYQ/cN5+AHR/k0g=</latexit>

⌃1

<latexit sha1_base64="omisDCil4Ewk3lOPhICRntMvpo0=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMJuQLQMsbFM0DwgWcLsZDYZMjO7zswKYclP2FgoYmvhX/gFdjZ+i5NHoYkHLhzOuZd77wlizrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOrid+8p0qzSN6aUUx9gfuShYxgY6VW54b1Be6WuvmCW3SnQMvEm5NC+aj2zd4rH9Vu/rPTi0giqDSEY63bnhsbP8XKMMLpONdJNI0xGeI+bVsqsaDaT6f3jtGpVXoojJQtadBU/T2RYqH1SAS2U2Az0IveRPzPaycmvPRTJuPEUElmi8KEIxOhyfOoxxQlho8swUQxeysiA6wwMTainA3BW3x5mTRKRe+86NZsGhWYIQvHcAJn4MEFlOEaqlAHAhwe4AmenTvn0XlxXmetGWc+cwh/4Lz9AHYDk0k=</latexit>

⌃2

RG Equations in subleading orders see talk by D.Tolkachev



<latexit sha1_base64="SM3nocizR643v/mY95qBFnxsefo="></latexit>

�L1 ⇠ �2(s+ t+ u)�4(
1

✏
+ c11)

<latexit sha1_base64="ULmX5uIv13EyXE6VgReTv13oLUg="></latexit>

�L1 ⇠ �2@2�2�2(
1

✏
+ c11),

Loop Expansion (non-renormalizable case)

UV divergences 
within dim reg 

<latexit sha1_base64="L/f+FT+WdL9IAYqkKUyKoyeeKIQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4xkUcCK5kdemHC7Ow6M2tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJb3ZpygH9GB5CFn1Fip3U2G/KHSq/aKJbfszkFWiZeREmSo94pf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+Z3zslZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQmv/AmXSWpQssWiMBXExGT2POlzhcyIsSWUKW5vJWxIFWXGRlSwIXjLL6+S5kXZq5Yrd5VS7TqLIw8ncArn4MEl1OAW6tAABgKe4RXenEfnxXl3PhatOSebOYY/cD5/AHG5j5c=</latexit>
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Structure of UV divergences in NR Theories 

(Local Counter Terms)
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How to fix the (infinite) arbitrariness?

• In renormalizable models:  fix the four-point function at one point - 1 constraint


This allows to fix the coupling and to calculate the four-point amplitude at arbitrary 

kinematics and  to calculate the other amplitudes.


• In non-renormalizable models: fix the four-point function at some interval of s, t and u


(for an analytical function this means to fix the whole function)


This fixes the infinite # of arbitrary coefficients (one dimensional, the first raw), however, 

the whole massive of coefficients is two dimensional.  To fix the other coefficients in 

multi-point amplitudes one  considers the contributions of these amplitudes to the four-

point function and figures out their values from there. Then one can calculate

<latexit sha1_base64="du+L6EYlrMoxZ1G6yekTgUtniNA=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQUpGKroRii50WcE+oB2GTJppQ5PMkGSEMnTlxl9x40IRt36DO//G9LHQ6oEbDufcy809YcKZNgh9ObmFxaXllfxqYW19Y3PL3d5p6DhVhNZJzGPVCrGmnElaN8xw2koUxSLktBkOrsZ+854qzWJ5Z4YJ9QXuSRYxgo2VAne/c42FwEGlpAN0bGyltnoBOrqwT+AWURlNAP8Sb0aKYIZa4H52ujFJBZWGcKx120OJ8TOsDCOcjgqdVNMEkwHu0balEguq/WxyxggeWqULo1jZkgZO1J8TGRZaD0VoOwU2fT3vjcX/vHZqonM/YzJJDZVkuihKOTQxHGcCu0xRYvjQEkwUs3+FpI8VJsYmV7AhePMn/yWNk7J3Wka3lWL1chZHHuyBA1ACHjgDVXADaqAOCHgAT+AFvDqPzrPz5rxPW3PObGYX/ILz8Q2jZpaq</latexit>

�4(s0, t0, u0, g0) = g0 fixed

<latexit sha1_base64="4/y+rgdWl/V54Ntn/i2yxyoBPVU=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJUKCWRih6LHvRYwX5AG8Jmu2mX7m7C7kQptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut7Wyura+sZnbym/v7O7t24WDpo5TRWiDxDxW7RBrypmkDWDAaTtRFIuQ01Y4vJ76rQeqNIvlPYwS6gvclyxiBIORArvQvcFC4KBa0mUop+X+aWAX3Yo7g7NMvIwUUYZ6YH91ezFJBZVAONa647kJ+GOsgBFOJ/luqmmCyRD3acdQiQXV/nh2+sQ5MUrPiWJlSoIzU39PjLHQeiRC0ykwDPSiNxX/8zopRJf+mMkkBSrJfFGUcgdiZ5qD02OKEuAjQzBRzNzqkAFWmIBJK29C8BZfXibNs4p3XnHvqsXaVRZHDh2hY1RCHrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYQ/YH1+QNcK5LD</latexit>

�4(s, t, u, g) fixed infinite # of constraints

<latexit sha1_base64="UWrBYRAUeseTq3Ghgw8r8VRO6Qk=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxChRASqdpl0YUuK9gLtCFMppN26EwSZiZCCX0JN76KGxeKuBXc+TZO2yDa+sPAx3/O4cz5g4RRqRzny1haXlldWy9sFDe3tnd2zb39poxTgUkDxywW7QBJwmhEGooqRtqJIIgHjLSC4dWk3ronQtI4ulOjhHgc9SMaUoyUtnzT6l4jzpFfKUtLWanV950TC+bm+Q9VLWjbtm+WHNuZCi6Cm0MJ5Kr75me3F+OUk0hhhqTsuE6ivAwJRTEj42I3lSRBeIj6pKMxQpxIL5teNYbH2unBMBb6RQpO3d8TGeJSjnigOzlSAzlfm5j/1TqpCqteRqMkVSTCs0VhyqCK4SQi2KOCYMVGGhAWVP8V4gESCCsdZFGH4M6fvAjNU9s9s53bSql2mcdRAIfgCJSBCy5ADdyAOmgADB7AE3gBr8aj8Wy8Ge+z1iUjnzkAf2R8fAPeAZt4</latexit>

�4(s, t, u, g0),�6,�8, ...

<latexit sha1_base64="rWu9zt8N6ag7QcWi+ZXe3RuLj2M=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBRQiJeuiy60GUFWwttCJPppB06k4SZiVBKN76KGxeKuPUx3Pk2TtsstPWHgY//nMOZ84cpZ0q77rdVWFpeWV0rrpc2Nre2d+zdvaZKMklogyQ8ka0QK8pZTBuaaU5bqaRYhJw+hIPrSf3hkUrFkvheD1PqC9yLWcQI1sYK7IPODRYCBxcVlFO1ghzHCeyy67hToUXwcihDrnpgf3W6CckEjTXhWKm256baH2GpGeF0XOpkiqaYDHCPtg3GWFDlj6YHjNGxcbooSqR5sUZT9/fECAulhiI0nQLrvpqvTcz/au1MR1V/xOI00zQms0VRxpFO0CQN1GWSEs2HBjCRzPwVkT6WmGiTWcmE4M2fvAjNU8c7d9y7s3LtKo+jCIdwBCfgwSXU4Bbq0AACY3iGV3iznqwX6936mLUWrHxmH/7I+vwBeFqUYQ==</latexit>

�6,�8, ...
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Resume

 The UV divergences in non-renormalizable theories are local and can be 
removed by local counter terms like in renormalizable ones

 The main difference is that the renormalization constant Z depends on 
kinematics and acts like an operator rather than simple multiplication

 Based on locality of the counter terms due to the Bogoliubov-Parasiuk  
theorem one can construct the recurrence relations that define all loop 
divergences starting from one loop

 The recurrence relations can be converted into the generalized RG 
equations just like in renormalizable theories

 The RG equations allow one to sum up the leading (subleading, etc) 
divergences in all loops and define the high-energy/field  behaviour

 The arbitrariness of subtractions can be reduced to ONE amplitude as a 
function of kinematical variables. Then the other amplitudes are calculated 
unambiguously.


