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Holographic QCD - phenomenological approach

Perturbation methods are not applicable to describe QCD phase diagram
Lattice methods do not work, because of problems with the chemical
potential.
AdS/CFT [What is wrong with exact AdS/CFT applications to QCD]
Holographic QCD - phenomenological model(s)

One of goals of Holographic QCD – describe QCD phase diagram

Requirements:
reproduce the QCD results from perturbation theory at short distances
reproduce Lattice QCD results at large distances (∼ 1 fm) and small µB
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Holographic QCD vs exact AdS/CFT
Maldacena,1998

What is wrong with exact AdS/CFT applications to QCD:

QCD is not conformal, conformal invariance is restored only in high energy
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Holographic QCD vs exact AdS/CFT

Maldacena,1998
What is wrong with exact AdS/CFT applications to QCD:

QCD is not conformal, conformal invariance is restored only in high energy

I. Aref’eva Conformal Anomaly in HQCD in Strong Magnetic Field AQFT25 12 August 2025 3 / 23



Holographic QCD vs exact AdS/CFT

Maldacena,1998
What is wrong with exact AdS/CFT applications to QCD:

QCD is not conformal, conformal invariance is restored only in high energy

No confinement in BHAdS5
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Holographic model of an anisotropic plasma in a
magnetic field at a nonzero chemical potential

I.A, K. Rannu, P.Slepov, JHEP, 2021

S =

∫
d5x

√−g

[
R− f1(ϕ)

4
F 2
(1) −

fB(ϕ)

4
F 2
(B) −

1

2
∂Mϕ∂Mϕ− V (ϕ)

]
ds2 =

L2

z2
b(z)

[
− g(z) dt2 + dx2 + dy21 + ecBz2dy22 +

dz2

g(z)

]
A(1),m = At(z)δ0m, At(0) = µ, F(B) = dx ∧ dy1

Giataganas’13; IA, Golubtsova’14; Gürsoy, Järvinen ’19; Dudal et al.’19

b(z) = e2A(z) ⇔ quarks mass “Bottom-up approach”

Heavy quarks (b, t):
A(z) = −cz2/4 Andreev, Zakharov’06

A(z) = −cz2/4 + pz4 IA, Hajilou, Rannu, Slepov, EPJ C (2023)83
Light quarks (d, u)

A(z) = − a ln(bz2 + 1) Li, Yang, Yuan’17
φ - dilaton, α(z) = eφ(z) - running coupling in HQCD
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Holographic Equation of Motions
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We choose (LQ): f1 = e−cz2−A(z) = (1 + bz2)a e−cz2 ,
B.C.: At(0) = µ, At(zh) = 0; g(0) = 1, g(zh) = 0; φ(z0) = 0 We have to fix z0.
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Origin of 1-st order phase transition in HQCD
g(z) blackenning function. The form of g(z) depends on A(z).

Due non-monotonic dependence of T = T (zh) = g′(z)/4π
∣∣∣
z=zh

on zh,

the entropy s = s(T ) is not monotonic
As a consequence the free energy F =

∫
sdT undergoes the phase transition

1-st order phase transition describes transition
from small black holes → large black holes
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The swallow-tailed shape
Physical quantities that probe backgrounds are smooth relative to zh
⇒ their dependence on T should be taken from stable region
Non-monotonic dependence of T = T (zh) gives the 1-st PT for corresponding
characteristic of QCD
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1-st order phase transition in HQCD. 1/3

LQ
3D plot T = T (µ, zh). The brown part of the surface corresponds to the hadronic
phases, the blue one corresponds to the quark-gluon plasma and the green one to

the quarkyonic phase. 3D plot T = T (µ, zh)

I.A., A.Hajilou, P.Slepov, M.Usova, PRD (2024) 110, 126009;
[arXiv:2402.14512]
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1-st order phase transition in HQCD. 2/3

2D plots in (µ, zh)-plane for light quarks. Hadronic, quarkyonic and QGP phases are denoted
by brown, green and blue, respectively. Solid gray lines show the temperature indicated in

rectangles. The intersection of the confinement/deconfinement and 1-st order phase transition
lines is denoted by the blue stars. The magenta star indicates CEP
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1-st order phase transition in HQCD. 3/3

LQ HQ
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1-st order phase transition in HQCD, B ̸= 0
1-st order phase transition for “light” and “Heavy”

quarks in Holography
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I.A, Ermakov, Rannu, Slepov,EPJC’23 I.A, A. Hajilou, K.R., P.S.EPJC’23

QCD Phase Diagram from Lattice
Columbia plot
Brown et al.’90 Philipsen, Pinke’16)

Main problem on Lattice: µ 6= 0

И. Арефьева КХД фазовые переходы в области NICA Сессия отделения ЯФ РАН 4 / 15
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HQCD: EoS

HQCD for light quarks

How to get thermodynamical parameters
from given numerical solution
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EoS for zero magnetic field

Pressure p = −F , F = F = −
∫
sdT

∣∣∣
µ=const

- free energy

Density
ρ = − µc(

1− ec z
2
h

)
Entropy [density of entropy]

s =

(
[L]

zh

)3 (
1 + bz2h

)−3a

4[G5]

Energy
ϵ = sT − p+ µρ

[ϵ] = GeV 4, [F ] = GeV 4, [µρ = GeV 4]
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EoS for zero magnetic field.
Numerical calculations with our solution

Entopy: s
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EoS for zero magnetic field.
Numerical calculations with our solution

Pressure:
−p = F = −

∫
sdT
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EoS for zero magnetic field.
Numerical calculations with our solution

Pressure:
−p = F = −

∫
sdT

0.05 0.10 0.15
T

-1.×10-6

-5.×10-7

0

5.×10-7

1.×10-6

F
F(T)

0.05 0.10 0.15
T

-1.×10-6

-5.×10-7

0

5.×10-7

1.×10-6

F
F(T)

Pressure on the
right of 1-st order
phase transition:

cB = 0, μ = 0.4

μ = 0.557

μ = 0.6

μ = 0.7

μ = 0.8

μ = 1

0.1 0.2 0.3 0.4 0.5 0.6
T

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

F

cB = 0, μ = 0.4

μ = 0.557

μ = 0.6

μ = 0.7

μ = 0.8

μ = 1

0.02 0.04 0.06 0.08 0.10
T

-0.00001

8.×10-6

6.×10-6

4.×10-6

2.×10-6

F

cB = 0, μ = 0.4

μ = 0.557

μ = 0.6

μ = 0.7

μ = 0.8

μ = 1

0.0005 0.0010 0.0015 0.0020
T

-0.00001

-8.×10-6

-6.×10-6

-4.×10-6

-2.×10-6

F

0.0 0.5 1.0 1.5 2.0 2.5

0.00

0.05

0.10

0.15

0.20

µ (GeV)

T
(G
eV

)

F(GeV4)

-0.00100

-0.00050

-0.00010

-0.00005

-0.00001

-5.0×10-6

-2.5×10-6

-1.0×10-6

-1.0×10-7

I. Aref’eva Conformal Anomaly in HQCD in Strong Magnetic Field AQFT25 12 August 2025 10 / 23



EoS for zero magnetic field.
Numerical calculations with our solution

Density
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EoS for non-zero magnetic field

Pressure p = −F , F = F = −
∫
sdT

∣∣∣
µ=const

- free energy

Density

ρ = − µ (2c− cB)

2
(
1− e(2c−cB)z2

h/2
)

Entropy [density of entropy]

s =

(
[L]

zh

)3 (
1 + bz2h

)−3a

4[G5]

Energy
ϵ = sT − p+ µρ

[ϵ] = GeV 4, [F ] = GeV 4, [µρ = GeV 4]
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EoS for non0zero magnetic field.
Numerical calculations with our solution

Free energy
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Holographic Running coupling
α(z) = eφ(z) I.A. A.Hajilou, P.Slepov, M.Usova, 2402.14512

Light Quark Model
φ(z) - dilaton field φ(z) is defined up to a constant: φ(z)

∣∣∣
z=z0

= 0.

There are 3 choices: a) z0 = 0 b) z0 = f(zh) c) z0 = zh

z0 = 10 exp[−zh/4] + 0.1

IA, K.Rannu, P.Slepov, JHEP’21
With this boundary condition the temperature dependence of σs fits the known
lattice data Cordaso, Bicudo 1111.1317
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Holographic Running coupling for T ̸= 0, µ ̸= 0

I.A. Hajilou, Slepov, Usova, PRD, 2024

3D plot of α(z;µ, T ) Density plot of logα(z;µ, T )
Light quark model, z = 0
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Running Coupling for Light Quark Model

Density plots of logα(E;µ, T ) at different energy scales.
All values of E on the top of each panel show fixed value of energy E-coordinate.
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Automodel behaviour of Running coupling

α(T, µ) = fup(T
2 + cµ2)
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Automodel Behaviour of Running Coupling

α(T, µ) = fbelow(T
2 + cµ2)
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Jet Quenching as function of T and µ for LQ

⟨WA(C)⟩ ∼ e
− 1

4
√
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q̂ = L2

πα′a ,

a =
∫ zh
0
dz z2e−2As(z)√

g(z)(1−g(z))
.

IA, A.Hajilow, A.Nikolaev, P.Slepov
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We see that junction in JQ is exactly on the
line of the first order transition (as should be)
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Jet Quenching in conformal regime for LQ
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Figure 5. (A) We calculate the JQ parameter for the LQ model, with ⌫ = 1 and cB = 0,

along vertical lines (constant µ) in the (µ, T )-plane at µ = 0.04, 0.3, and 0.7 (GeV). Segments

of these lines are colored blue (QGP), brown (hadronic), and green (quarkyonic) according

to the phase traversed. The resulting plots of log a versus temperature are displayed in the

bottom panels (B, C, D), using the same color scheme.
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Figure 6. The dependence of log aT 3 on T for the isotropic LQ model, with ⌫ = 1 and

cB = 0, at fixed chemical potentials: (A) µ = 0.04 GeV, (B) µ = 0.3 GeV, (C) µ = 0.7 GeV.
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Jet Quenching in conformal regime for LQ
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Conclusion

Conformal anomaly goes to zero for LQ on the right of PD.
Phase structure in (T, µ,B, ν)-space;
B - characterizes the magnetic field,
ν -anisotropy

Dependence of the phase structure in (T, µ,B, ν) - space on quark mass

Jumps in physical quantities (jet quenching, energy loss, etc.) at the
first-order phase transition and their dependence on B and anisotropy
parameter ν.
Smooth variation of physical quantities (running couplings, jet quenching
parameter, etc.) across the confinement-deconfinement transition.
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Backup. The expected more detailed QCD phase
diagram

    Sym

Neutron
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0.3GeV
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phase transition

transition

 

CEP Deconfined

    (QGP)
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Parameter of the chiral symmetry breaking < ψ̄ψ >

< ψ̄ψ >= 0 ⇐⇒ χ-symmetry
< ψ̄ψ > ̸= 0 ⇐⇒ broken χ-symmetry
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Backup. β function

Beta-function β(α) for QCD at 2-loop level for
T = 0, µ = 0 at different Nc and Nf in red lines,
and holographic β-function for light quarks at
µ = 0, T = 0.003 (light blue) and heavy quarks
µ = 10−5, T = 0 (dark blue); [µ] = [T ] = GeV.

2-loops QCD β-function:

β(α) = −b0 α2 − b1 α
3,

b0 =
1

2π

(
11

3
Nc −

2

3
Nf

)

b1 =
1

8π2

(
34

3
N2

c −
(
13

3
Nc −

1

Nf

))
,

Nc # of colors, Nf #of flavors.
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